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PREFACE 


The aims and character of the present text are summarized 
in the following paragraphs. The object here is not so much 
to present a complete review of the book as to emphasize 
the purpose of the authors in matters of arrangement and 
presentation, and to indicate features not to be found in some 
other texts. 

Flexibility. The authors have endeavored to obtain a 
maximum of flexibility by the inclusion of sufficient material 
for a year’s course so arranged as to be available for shorter 
courses. A class meeting three hours a week for one semester 
can cover the ground of the first eight chapters if starred 
sections are omitted. It is easy to vary this program, either 
by further omissions or by proceeding more rapidly, so as to 
include topics presented in later chapters. Superior students 
should have time for the starred sections, and they will also 
find abundance of additional material in Chapters IX—XVII. 

Accuracy of statement. A textbook in mathematics should 
not only be written in a clear and simple style but, since 
one of its main purposes is to teach accuracy of thought, 
it should be especially distinguished by accuracy of state- 
ment. In order that the present volume might conform to 
these requirements, parts of it have been revised many times. 
The attempt has been made to phrase every explanation, 
every set of directions for working exercises, so that there 
should be no doubt as to what is meant; to use clear-cut 
definitions carefully stated in advance, and to stick to them; 
to give complete and satisfactory proofs. The authors are, 
however, aware that in spite of their efforts some slips are 
sure to have eluded their vigilance. 

Unification. A good technique in elementary algebra and 
trigonometry is essential to success in the study of analytic 
geometry. Some texts make a point of employing a minimum 
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of formulas derived from these sources; for example, they 
take pains to avoid using the addition formulas for the sine 
and cosine. In the present volume another plan is followed. 
An introductory chapter contains formulas and tables from 
algebra and trigonometry to which frequent reference is 
subsequently made. Instead of banishing determinants the 
authors use them in many places, though in the earlier chap- 
ters they supply alternative formulas. Reduction and ad- 
dition formulas for the trigonometric functions are freely 
employed. In this way the three subjects, algebra, trigo- 
nometry, analytic geometry, are presented as a closely-re- 
lated whole. 

The authors have tried to exhibit a similar unity among the 
various topics of analytic geometry itself. The chapters of 
this book are tied together, not by means of formal reviews 
but by cumulative use of material from earlier chapters, 
especially in the more difficult problems. 

Generality of proofs. It is obviously undesirable to give 
proofs in such a form that they apply only to a particular 
figure. This has been avoided here. Generality has been 
secured in some cases by basing proofs on trigonometric 
formulas which are true for angles of any magnitude. 

Fullness of explanation. This text is not of the desiccated 
sort which promises to provide a short course but fails to do 
so because its abbreviated explanations must be supple- 
mented by the instructor. Although this book is of about 
the standard length, the authors hope that they have made 
their proofs and discussions sufficiently complete. More 
illustrative examples are here solved than is usual in other 
analytic geometries. This book is therefore well adapted 
for home study. 

Exercises. The exercises are so arranged that simpler 
problems of a formal type precede more difficult ones. They 
are so numbered and subdivided that it is natural to assign 
a whole exercise as part of a lesson rather than part (a) of 
one exercise, part (c) of another, and so on. 
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The set of answers at the end of the book refers only to 
odd-numbered problems. A few answers to such problems 
are omitted when to give them would destroy the usefulness 
of the exercises. 

It will be observed that there are many pairs of problems 
in which the odd-numbered exercise, whose answer is given 
at the end of the book, is similar to the even-numbered one 
whose answer is not given. The instructor may thus follow 
his preference for one type or the other without omitting 
essential exercises. 

Polar coérdinates. Polar codrdinates are introduced in 
the first chapter and their use is developed simultaneously 
with that of rectangular codrdinates in separate divisions 
placed at the ends of some of the following chapters. It is 
possible to omit these divisions at first, and to take them up 
together toward the end of the course. However, the ar- 
rangement here adopted represents the authors’ preference. 

Other features. In order to make close connection with 
algebra and trigonometry, the authors have devoted Chap- 
ter I to elementary curve-plotting such as the student of mod- 
ern texts in those subjects may have already practised. A 
fuller treatment, more characteristic of analytic geometry, is 
given in Chapter VIII. These two chapters are, the authors 
hope, an improvement on the formidable second chapter of 
some texts. 

Chapter XIII, on curve fitting, contains an explanation of 
the method of least squares. The treatment is practical 
throughout and includes instructions for simplifying compu- 
tation. The use of logarithmic and of semi-logarithmic 
paper is illustrated. For the statistical material given in the 
tables the authors are indebted to several of their colleagues, 
and especially to Professor F. L. Brown of the University of 
Virginia. 

Chapters XIV—XVII present a brief treatment of solid 
analytic geometry, including what is necessary for the study 
of certain parts of the calculus. : 
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PLANE ANALYTIC GEOMETRY 


FORMULAS FROM ALGEBRA AND TRIGONOMETRY 


1. Quadratic equations. The roots of the quadratic equa- 
tion 


Av? + Be +C=0 (A #0) 
are 


BNE HRA i = V BPH BAC 
2A a | 2A 


ny = 


When A, B, C are real, the roots are 
real and unequal if B? — 4AC > 0, 
real and equalif B* —4AC = 0, 
imaginary if B? — 4AC <0. 


2. Determinants. The expression 


(1) 


a by 
ag by 


is called a determinant of the second order, and its value is, 
by definition, as follows: 
a by 


ah be = Abo — dob. 


The numbers a, b;, a2, b, are the elements of the determi- 
nant. 


A determinant of the third order is written and defined as 
follows: 


a4 bh OG 
(2) lar be ol =a : ig or : “il a, H os 
ley egre 3 «C3 3 C3 | 2 C2 


= aybecs — dibsco — aebic3 + aebsc, + asbice — asbec1. 
1 
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The minor of an element is the determinant that remains 
when the row and column in which the element lies are 
deleted. The minor of an element of (2) is designated by 
the corresponding capital letter; for example the minor of 
a; is Aj, the minor of @ is C2, and we have 


be & 


A a bs C3 


y 2 


ay b; : 
a3 bs 


The following identities hold, where D is the determinant 
in (2): 


D = mA, — a@Ao + azAz 
— b,B, + beB, — b3Bs3 


aC, — eC, + C3C3. 


Ill ll 


Ill 


Determinants of higher order and their minors are simi- 
larly defined. Thus for a determinant of the fourth order 
we have 


ay b; Cy dy 
ie bs _ ds = aA, = aA, + a3A — asA 
a3 bs C3 ds S a 


a4 bu C4 d4 


where the minor A, is the third order determinant remaining 
when the row and column of a are deleted, and similarly 
for the other minors Az, A3, A4. 


3. Solution of simultaneous linear equations. The solu- 
tion of two simultaneous linear equations, that is, equations 
of the first degree,* 


* We recall the following definitions from algebra: If an equation can 
be put in the form of a sum of terms equal to zero, where each term is of 
type az”y” (m and n positive integers or zero), then the degree in 2, y of a 
term is the sum of the exponents m and n; the degree in z, y of the equation 
is the same as that of the term of highest degree. 


FORMULAS 3 
(1) aye + by = dy, 
aoe + bey = de, 
can be expressed in determinant notation as follows: 
d, b a dy 
9 dy be ae dy 
x =———) =——_—__- 
( ) ay bi ay by 
a, be a, be 


Similarly, for three simultaneous linear equations 


ax + by + oz = dh, 


(3) age + boy + 2 = da, 
asx + bsy + C32 = ds, 
the solution can be written 
dy by Cy ay dy Ci ay bi dy 
dy be C2 (0D) dy C2 a2 be dy 
4) ds bg ¢s a3 dz ¢3 as bs ds 
x =———  y = ——__ 2 =": 
( a by C4 : ah 4 m bb G4 
dz be Ce a, be Ce dz bz Ce 
ag bs C3 a3 bs C3 a3 bs C3 


Analogous formulas give the solution of n linear equations 
in 2 unknowns. 

A necessary and sufficient condition that the simultaneous 
linear equations 


ar + by + az = 0, 
ax + boy + ez = 0, 
a3¢ + bsy + C32 = 0, 


have a solution other than x = 0, y = 0, z = 0, is that 


| an by Cy 
a2 bo &|=0 
a3 bs C3 
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4. Logarithms. If a number JN is expressed as the zth 
power of a number a, 


N = a’, 
then the exponent « is called the logarithm of N to the base 
a; we write 
logs = =. 


Thus by definition 
qle.V = N, 


Logarithms to the base 10 are called common logarithms 
and are usually written without the subscript 10. As a 
direct consequence of the definition of a common logarithm, 
we have 

log: 1 = 0, log 10 = 1. 


Important properties of logarithms to any base are expressed 
by the formulas 


log. MN = log.M + log; log. ¥ = log.M — log.N; 


log.M" = nlog.M; log, /M = * ogaM; 
_ log, ee 
log,.N = Tog’ logab = ee 


The common logarithm of N is written as the sum of a 
positive or negative integer or zero, called the characteristic, 
and a positive decimal called the mantissa. Thus we have 
log .023 = — 2 + .362. When the characteristic is negative, 
as here, we often write it as a positive integer minus 10 or a 
multiple of 10. Thus log .023 = 8.362 — 10. The mantissa 
is usually an unending decimal, shortened to three, four, or 
five digits. To find the characteristic of log N, first find how 
far it is from the first figure of N that is not a zero to the 
figure (which may be a zero) just before the decimal point. 
If the latter figure is k places to the right of the former, the 
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characteristic is k, if k places to the left, the characteristic 
is — k. The mantissa of N is the logarithm of the number 
obtained from N by moving the decimal point immediately 
to the left of the first figure of N that is not a zero. Tables 
of logarithms are tables of mantissas only. 

A table of logarithms to three places will be found on 
page 10. 


5. Angles. An angle BAC is generated by rotating a 
ray (a line extending in but one direction from an end-point) 
about its end-point A, from the initial side AB to the 
terminal side AC. The point A is called the vertex of the 
angle. The rotation may include one or more complete 
revolutions. We so choose our measurement of angles that 
a counter-clockwise rotation generates a positive angle, and 
one in the opposite direction generates a negative angle. 
Thus in Figure 1 the first and second angles, as indicated 


Cc 
Cc 


Fie. 1 


by the curved arrow, are positive, the second including a 
complete revolution, while the third is negative. 

In one system of measure (degree measure) the unit of 
measurement is the degree, an angle defined as the ninetieth 
part of a right angle. The sixtieth part of a degree is a 
minute, and the sixtieth part of a minute is a second. Thus 


| 
So) 
S 
° 


1 right angle = ' 
1° = 60’, 1’ = 60”. 
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In radian measure the unit angle is the radian, an angle 
such that when its vertex is placed at the center of a circle 
its sides intercept an arc whose length is equal to that of 
the radius. By comparing the measures of an angle of half 
a complete revolution we find 


180° = w radians, 


and from this it follows that 


a 7 . : 
1° = 180 radians = .0174533 radians, 


d 180° 
1 radian = = 57.29578° = 57°17'45!’. 

If @ is the radian measure of an angle whose vertex is at 
the center of a circle of radius 7, and if s is the length of the 
intercepted arc, we have 


s=70. 


6. Trigonometric functions. To define the trigonometric 
functions of an angle @ we place it so that its initial side OX 
is horizontal and extends to the right of O. On its terminal 


Yi 
iP 
ie 
y M « 
Oo| * MX M «Ol X y 


Fig. 2 


side we take any point P and drop the perpendicular PM 
to OX (as in the first and fourth figures above), or to OX 
produced (as in the second and third figures). In the right 
triangle OM P, the length of OP is designated by r, and is 
considered positive. If OM extends to the right (in the 
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direction of OX), its length is designated x, but if OM ex- 
tends to the left, « is taken as the negative of its length; 
similarly y is the length of MP if MP extends upwards 
(with the same direction as OY in Figure 2), but if the direc- 
tion from M to P is downwards, y is the negative of the 
length MP. 

With these conventions, we define the trigonometric func- 
tions of @ as foliows: 


sine of 6 = sin 9 = 4, 
cosine of 0 = cos § = =, 
tangent of 9 = tan@ = u, 
cotangent of 8 = cot @ = ? 
secant of 8 = sec § = =i 
cosecant of 0 = csc 0 = 7 


The lines OX, OY, when pro- 
duced, divide the plane into four 
regions called quadrants; we num- 
ber these from 1 to 4 in counter- 
clockwise order, the first quadrant 


being that bounded by the rays Ten). @T cos) = 
OX, OY. Since z, y, and r are all Cot }* See | * 
positive for angles whose terminal Others— | Others— 
sides are in the first quadrant, it 

follows that all the trigonometric Fic. 3 


functions of such angles are posi- 

tive. When OP is in one of the other quadrants, x or y, 
or both, may be negative. The accompanying diagram 
shows which of the functions are positive, and which nega- 
tive, for angles terminating in each of the four quadrants. 
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A table on page 11 gives the radian measures, and the Formulas for the double angle and for the half angle 
values to three places of the trigonometric functions, of ne Rea 
angles from 0° to 90°. sin 2a = 2 sin @ cos a, a 3 oT /* 7 > = 

7. Trigonometric identities. se Qa 1+ cosa 

Reduction formulas PE ee ee eee e i/ ye 
sin (90° — 6) = cos 6, sin (90° at 6) = cos @, a /1 — cosa 
cos (90° — 6) = sin 8, cos (90° + 6) = — sin 8, = 2cos*'a — I, = on V 1 + cosa’ 
tan (90° — 6) = cot 6, tan (90° + 0) = —cot 0, — 
sin (180° — 6) = sin @, sin (180° + 6) = — sin 6, oes 1— cos @ 
cos (180° — #) = — cos 8, cos (180° + 6) = — cos 6, gm do phd ~ sin a 
tan (180° — 6) = — tan 6, tan (180° + @) = tan 6, ' 
sin (— @) = — sin 0, sin (360° + @) = sin 6, tan Sai a _2tana OE a 8 
cos (— @) = cos 0, cos (360° + 6) = cos 6, 1 — tan* a i 
tan (— 6) = — tan 6, tan (360° +6) = tan @. 


Formulas for triangles whose sides are a, b, c, and whose 


Formulas involving one angle Gpndaite angle ate, 8.0 


Oe - 1 
cot 0 = fan 9’ See = cos 9’ Se = in 0 % ; a eS me 
: =— =——) Law of sines. 
9 sin 6 9 = 208 ff) sn A sinB  sinC 
—- cos 0” st ia sin 0’ a? = b? + c? — 2be cos A, Law of cosines. 
sin? 6 + cos? 6 = 1, Area = d5c sin A. 
1 + tan? 0 = sec? 0, 
OA 2 
Poa oie Y. 8. The Greek alphabet. 

Addition formulas Letters Names Letters Names Letters Names 
sin (a + B) = sinacos B + cos asin B, Aa alpha kee state. P p rho 
sin (a — 8) = sinacos B — cos asin B, BB beta Kx _ kappa 2os_ sigma 
cos (a + B) = cosa cos B — sin asin B, Ty gamma Ad lambda Abarr tau 
cos (a — 8) = cosa cos 8 + sin asin B, Aéb delta Mu mu Tu. upsilon 

sai hi 
tan (a + 6) = tone + tan 8 Ee epsilon = Ny nu 6 phi 
1 — tana tan B ZE zeta me xi aX |) opi 


tan a — tan B Hy eta Oo omicron Wy psi 
ee 1+ tana tan B 00 _ theta II7 pi Qw omega 
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9. Tables. III. Natural values of trigonometric functions 
I. Three-place common logarithms of numbers Degrees | Radians 
0 2 2 3 4 5 6 7 8 9 
0° .000 
1° 017 
2° .035 
3° .052 
4° .070 
5° .087 
10° 175 


15° 


Radians | Degrees 


IV. Exact natural values of trigonometric functions 
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CHAPTER I 
COORDINATES AND GRAPHS 


Geometry and algebra developed historically as two 
separate divisions of mathematics. The ancient Greeks 
had discovered, by the time of Euclid (300 8.c.), practically 
all of the propositions now taught in high school geometry. 
They accomplished this, however, with almost no use of 
algebraic methods. The origins of algebra, on the other 
hand, may be traced to the Hindus, and after them, to the 
Arabs of the earlier Middle Ages. 

The revival of learning which inaugurated the Modern 
Age in Western Europe influenced mathematical study pro- 
foundly. Advances of especial importance were made in 
algebra, and the time came when the traditional wall between 
that subject and geometry was broken down. ‘The first 
treatise in which this was done systematically, and which 
was thus the first Analytic Geometry, was the “Geometry ” 
of René Descartes, published in 1637. 

The union of geometry and algebra in analytic geometry 
made possible the development of modern mathematics, and 
thus of all the other sciences to which mathematics is in- 
dispensable. This union was brought about by the use of 
coordinates, which, as we shall see, enable us to describe a 
point, a fundamental element of geometry, by a pair of 
numbers, objects of study in algebra. 

The present chapter contains a review of certain topics 
regarding codrdinates and their applications, which are 
presented in college algebras and trigonometries. In later 
chapters, particularly in Chapter VIII, the subjects here 
introduced will be more completely discussed. 

12 
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1. Rectangular codrdinates. Rectangular coérdinates en- 
able us to locate a point P in a plane in terms of the dis- 
tances of that point from two mutually perpendicular lines, 
called codrdinate axes. These 
two axes, OX, the x-axis, and 


5 
OY, the y-axis, intersect at a 
point O called the origin. We ae P 
shall consider OX as_ hori- 
zontal, and OY as _ vertical. 7 MX 


From P we drop the perpen- 

dicular PM to the z-axis, and 

the perpendicular PN to the Pied 

y-axis. Choosing a suitable 

unit of measurement for lengths on the axes,* we define the 
rectangular codrdinates (x, y) of P in terms of the lengths 


OM, ON, as follows: 


a = OM if P is to right of OY, 

xz = — OM if P is to the left of OY, 
y = ON if P is above OX, 

y = — ON if P is below OX. 


If P is on the z-axis, we have y = 0, and if on the y-axis, 
then x = 0. We refer to x as the x-coérdinate, or abscissa, 
of P, and to y as the y-coérdinate, or ordinate, of P. 

When codrdinate axes and the unit of measurement have 
been chosen, each point of the plane has one and only one 
pair of coérdinates, and but one point corresponds to a given 
pair of codrdinates. Thus, by the interpretation of pairs of 
numbers as coérdinates, every pair of real numbers is rep- 
resented by a point. Imaginary numbers, however, are not 
represented by points in this way. 


* Although it is possible to use different units for the two axes, we shall 
not do so in this book, since many of the formulas of analytic geometry 
require that the units be the same. 
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2. Plotting a point. Paper cross-ruled horizontally and 
vertically, as shown in Figure 5, is useful in measuring the 
coordinates of a given point, and in plotting (that is, locating 
and marking) a point whose coérdinates are given. 


In Figure 5, if the distance between consecutive rulings 
is the unit, 


the coordinates of Pare «x = 3,y = 4, 


the codrdinates of P’ are « = — 2,y = 3, 

the codrdinates of P’” are x = — 4.5,y = — 2.5, 
the codrdinates of P’”’ are x = 2.3, y = — 3.6, 
the codrdinates of A are x =5,y = 0, 

the coordinates of Oare x =0,y =0 


A customary notation places the coérdinates in a paren- 
thesis, with the abscissa first; in this way the points which 
we have plotted are more briefly designated as follows: 
P(3, 4), P'(— 2,3), P’(-— 4.5, — 2.5), P’"(2.3, — 3.6), 
A(5, 0), O(0, 0). 

In order to plot a point P whose codrdinates are given, 
proceed to the right or left from O on OX as many units as 
indicated by the abscissa, then go up or down as many units 
as indicated by the ordinate and mark the point thus reached. 
For example, to plot (— 2,3) we go from O two units to 
the left, then three up. Clearly we would have reached the 
same point if we had first gone three units up from O, then 
two units horizontally to the left. 


COORDINATES AND GRAPHS 15 


EXERCISES 


Use cross-ruled paper. For the first six Exercises indicate in the figures 
(as in Figure 5) the cobrdinates of each point plotted. 


1. Choose as unit the distance between consecutive rulings; then 
plot the following points: (2, 4), (— 3,1), (— 5, — 2), (14, — 34), 
(— 2.5, 0.5), (— 2, 0). 


2. Using the same unit as in Exercise 1, plot the following points: 
(8, 1), (C= 2/5), (4s 8, = 24), = 15,45), 100). 

3. Use twice the distance between consecutive rulings as unit, and 
plot the following points: (2, 3.5), (4, — 23), (— 3, — 44), (8.3, — 4.6), 
(0, 5.5). 

4. Use five times the distance between consecutive rulings as unit, 
and plot the following points: (1, 2), (2,14), (— 14, 2), (— 0.2, — 1.3), 
(= tao. 

5. A rectangle has its center at the origin and one vertex at the 


point (— 1, 2). If two sides are parallel to the z-axis, find the coérdi- 
nates of the other vertices. Plot the vertices. 


6. A square whose side is of length 2 has one vertex at the origin, 
another on the upper y-axis, and another on the z-axis to the left of the 
origin. Find the coérdinates of the vertices and plot them. 


7. In what quadrant (see page 7) does a point lie: 
(a) If both coérdinates are positive ? 
(b) If both coérdinates are negative? 


(c) If the abscissa is positive and the ordinate negative ? 
(d) If the abscissa is negative and the ordinate positive ? 


8. On what line do all points lie for which 2 = 0? What is the value 
of the ordinate of every point on the z-axis? 

9. What is the locus of points (a) for which 2 = — 5? (6) For 
which y = 1? 

10. What is the locus of points for which y = x? 

11. What equation holds between the x- and y-codrdinates of every 
point on the line that bisects the angle between OX and the negative 
y-axis ? 

12. What are the codrdinates of a point on the line joining (0, 0) 
and (a, b), situated half-way between those points? 


13. Find the fourth vertex of a parallelogram if three of the vertices 
are (0, 0), (a, 0), (0, b) (three solutions). 
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3. Graphs of equations in rectangular codrdinates. By 
a solution of an equation in « and y, we mean a pair of 
numbers, a value for « and a value for y, which satisfy the 
equation. Thus the equation 


(1) 22 —-y=s 


has the solution (2, 1), since if we substitute 7 = 2.7 = 
we have 2-2 —1= 3; other solutions are (8, 3) and (4, 5). 

An equation in « and y has, in general, infinitely many 
solutions. Thus, no matter what number 2 may be, a 
solution of equation (1) is given by & = M1, y = 2x, — 3, 
since 

Qr, — (2m, — 3) = 3. 

The quantities x and y vary as we pass from one solution 
to another, hence they are called variables. Fixed numbers, 
such as the numbers 2 and 3 in equation (1), are called 
constants. 

We obtain a geometric representation of a solution (2, y) 
of an equation by plotting the point (a, y). The points 
which thus represent solutions of an equation form a locus 
which is defined more explicitly as follows: 


The locus, in rectangular codrdinates, of an equation in two 
variables, x and y, is the locus of all points whose codrdinates 
(x, y) satisfy the equation. 


We obtain a picture of such a locus by plotting a number 
of its points and connecting them by a smooth curve. This 
curve is called the graph of the equation. 

To draw the graph of an equation we must first obtain a 
number of solutions.. This may be done by solving the 
equation for y in terms of 2, substituting a number of values 
for x, and computing the corresponding values of y. In some 
cases it is more convenient to solve for x in terms of y. 

For example, if we solve equation (1) for y we have 

\ 


yy = 2a — "3: 
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We see that 
ifz = 0, then y = 2-0-3 = — 8, 
itz = 1 theny = 2" 2—3:-= = 1, 


and we may similarly compute other solutions. The follow- 
ing table presents a convenient arrangement of results: 


When the points (— 4, — 11), (— 3, —9), 
and the others given by this table are 
plotted, it is seen that they all lie on 
the straight line shown in Figure 6. 
This line is the graph of the equation 
22 —y = 3. 


Example 1.— Draw the graph of the equa- 
tion y? = 1 — a. 


Solution. — Solve for x in terms of y; this 
gives 


z=1-y. 


Let y have the values shown in the table below, and compute the 
corresponding values of 2. 


FA PEEP 
H- T | sett Bit o x 
Fig. 7 


The graph is given by Figure 7; of course it cannot all be shown since 
a complete graph would extend indefinitely far to the left. Note the 
advisability of using one or more values of y between — 1 and 0, and 
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between 0 and 1, in order to get a better estimate of the shape of the 
corresponding part of the curve. This curve is called a parabola. 


Example 2. — Draw the graph of the equation 92? + 16y’ = 144. 
Solution. — Solving for y we have 
16y? = 144 — 92’, 
y? = 2(16 — 2’), 
y= +3 V16— 2. 


The following is a table of values of x and y to one place of decimals.* 


—— —4|—3.5)-3 |-2 |-1 
(a) From y = +2V16 — 2 2 


y| O}| 1.5) 2.0) 26] 2.9 


Sr ae See ae 
(o) From y = —8V16 — 2!) | 9) 1 5|—2.0]-2.6|—-2.9 


2.9] —2.6] —2.0]0 


In Figure 8 the unit is twice the distance between consecutive cross- 


rulings. The upper half of the graph 


belongs to (a) and the lower half to (6); = Hj yl HH A 
the whole is the graph of the given [1 - at aa 
equation. The form of the equations acne ae Erstct=| aa aca8 


in (a) and (b) shows that « cannot be {+ 
greater than 4, or less, algebraically, HAHAH 
than — 4, if y is to have a real value. (grrr 
Similarly y must be between — 3 and [LAH Or a . + a S 
+ 3. The curve is symmetrical to both — }/- aeaaeeecannue 
the axes and to the origin. It is called et ef te 
an ellipse. 5) al 


Example 3. — Draw the graph of the Tene 

equation 
ge — y+ 2+ 2y4+1=0. 
Solution. — The equation may be written 
y — 2y —(@-+ 1)? = 0. 

This may be solved as a quadratic in y; we use the formula of page 1, 
with y as the unknown, and with A = 1, B = — 2, C= -—(#+ 1)% 
The result is 


24+ V4+ 4(e + 1)? 
2 


* The table of square roots on page 10 may be used to compute y. 
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or 
@) y=1+ vit @ FI 


6) y=1-—V1I+ @4+1)% 
The following is a table of solutions: 


1 
2) 2.4 3.2 
=O 1 


From (b) 


The upper part of Figure9 gives [|+}14 aM an HW 
the graph of (a), the lower part the gf UBD oT Ty hy 
graph of (b), the unit being twice the §=FCCCCC NOTE SCH 
distance between consecutive cross- —-— = : 
rulings. These two loci are said to - 
be branches of the locus of the given 
equation. Each branch extends in- 
definitely far both to the right and 
to the left. The whole curve is 9 -CCRRCECEECCtEee 
called a hyperbola. PSC CR SR ESwE ae 


Fia. 9 


T 
fa 
| 
| 
T 

et 
| 


4. Analytic geometry. Plane analytic geometry is built 
upon the correspondence between points and the pairs of 
numbers (x, y) which are their codrdinates. By means of 
this correspondence geometric problems are reducible to 
algebraic ones, and algebraic formulas and operations may 
be given geometric interpretations. 


Two fundamental problems of analytic geometry are the 
following: 


I. Given a locus defined geometrically, to find a cor- 
responding equation. 
II. Given an equation, to find a corresponding Jocus and 
its properties. 
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We have just been considering the problem of drawing a 
curve which corresponds to a given equation. This is a 
part of Problem II. It is not a satisfactory solution merely 
to plot a few points and sketch what seems most likely to 
be the shape of the curve. In the following chapters we 
deduce from the equations of various types of curves so 
much information as to their shape and properties that 
guesswork is eliminated. 

We shall see in Chapters XIV—XVII how analytic geome- 
try is extended from the plane to space by assigning three 
coérdinates to each point, and how equations in three varia- 
bles are interpreted as loci in space. It is by a generaliza- 
tion of this idea to four or more variables that we obtain 
the notion of n-dimensional analytic geometry. 


EXERCISES 
Draw graphs of the following equations. 
loty=65. 22—y=5. 
3. y = 24 + 4, 4. x = Qy — 4. 
5.5 +e =1. a5 - Fea. 
«= 0. 8 y =0 
22+3= 10. 2y+3=0 
11. 4y = 2°. 12. 4x = 7. 
18. y = 24 — 2. 14. x = 4dy — y?. 
15. 2? + 7? = 25. 16. 2? + 7? = 169. 
17. 2 + 4y? = 64. 18. 222 + y? = 50. 
19. 2? — 4y? = 64. 20. 22? — y? = 50. 
21. ay = 10. 22. 2xy = — 15. 
23. 2? + y? = 62. 24. 22 + y? — 44 + 2y — 20 = 0. 


25. 1627 + 9y?— 324+ 18y = 119. 26. 92? + 25y? — 182 + 50y = 191. 


— 27. ay? = 9. 28. ay + y = 10. 
—~ 29. y = w. 30. y? = 23, 
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5. Simultaneous equations. In algebra two equations in 
x and y are called simultaneous when it is required to find 
one or more pairs of values (a, y) that satisfy both equations. 
To obtain a geometric interpretation of the problem of solv- 
ing two simultaneous equations we draw graphs of the 
equations referred to the same codrdinate axes. A pair of 
real values (x, y) that satisfies both equations corresponds 
to a point that is on both graphs. Hence all real * solutions 
(x, y) of two simultaneous equations in x and y are the co- 
ordinates of points of intersection of their graphs; and the 
coérdinates of all points of intersection are solutions. 
Example. — Solve the simultaneous equations 
e+ y? — 2x = 24, 
oye, 
by finding the points of intersection of their graphs. Check by solving 
algebraically. 


Solution. —In Figure 10 the graphs 
are shown, the unit being twice the dis- 
tance between consecutive cross-rulings. 
The codrdinates of the points of inter- 
section are approximately P(5.7, 1.7), 
P’(—.7, — 4.7). Hence solutions are, 
to one decimal place, x = 5.7, y = 1.7, 
and z = —.7,y = — 4.7. 

An algebraic solution is obtained by 
solving the second equation for y and 
substituting the result in the first. We 
thus have 


i igi aes 4, 
a? + (x — 4)? — Qe = 24, 
22? — 102 — 8 = 0, 
w—5¢4—4=0, 
5+V254+16 54+ V41 
r= - = 
2 2 
= 5.7 or —.7, to one decimal place. 


* We do not plot imaginary numbers. A graph is the locus of the points 
corresponding to all real solutions of an equation. For example, the equa- 
tion «2+ y? + 1 = 0 has no graph. 
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We find corresponding values of y by substituting these values of x in 
the equation y = x — 4. When x = 5.7 we have y = 5.7 — 4 = 1.7, 
and when x = — .7 we have y = — .7 —4 = — 4.7. These results 
agree with the values obtained from the graphs. 


EXERCISES 


Find the real solutions of the following simultaneous equations to one 
place of decimals by drawing the graphs of the equations and measuring 
the coérdinates of points of intersection. Check by solving algebraically. 


~1. 2+ 2y = 6, 2. 3a + y = 6, 
t—y=3. ety =2. 

3. 2x + 4y+5=0, 4. 34 + 2y = 2, 
38a —y—3=0. zt+iy =0. 

5. 2? = 2, 6. 2? = 16y, 
z-—y=1. e+2y+2=0. 

7 @+y = 25, 8. 2? + y? = 100, 
22+ y = 2. ety =2. 

9 2@— y= 4, 10. sy = 8, 
382 — y = 6. z-yt+2=0. 

11. 2 + 4/7 = 16, 12, 7+y=9. 
v—y=9, 92? + 16y? = 144. 

13. 7? = 16x + 48, 14. 2zy = 5, 
47° + y? = 36. z? — 44? = 24. 


Show from their graphs that the following simultaneous equations have 
no real solutions. 


15. z+ y = 10, 16. 2? — 9,7 = 9, 
y+e=0. y = 22x. 


* 6. Oblique codrdinates. The two codrdinate axes are 
sometimes taken so that they are not at right angles to each 
other. Instead of dropping perpendiculars from P to the 
axes we draw PM parallel to the y-axis and PN parallel to 
the z-axis, M and N being the points where these lines meet 
the axes. Then z, the abscissa of P, is the length NP if 
the direction from N to P is the same as that from O to X, 
otherwise z = — NP; similarly y, the ordinate of P, is the 
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length MP if the direction from M to P is the same as that 
from O to Y, otherwise y = — MP. 
Both rectangular and _ oblique 
coordinates are included under the 
term Cartesian codrdinates. 
Although there are problems 
which are most conveniently studied 
by the use of oblique codrdinates, 
the only Cartesian codrdinates used 
hereafter in this book, except in a 
few exercises, will be rectangular. 


POLAR COORDINATES 


7. Polar codrdinates defined. Cartesian codrdinates lo- 
cate a point in terms of its distances from two axes. Polar 
codrdinates are referred to a single ray, OA, called the polar 
axis (or initial line) with its end-point at the pole (or origin) 
O; they locate a point P in terms of its distance from O, and 
its direction as seen from O. 

In the simplest definition of the polar codrdinates * (r, 0) 
of P, we choose units of measurement and take r as the 
length of the line OP, and @ as the 
angle AOP. Here r is positive (ex- 
cept that r = 0 for the point 0), 
and is completely determined for a 
O 4. given point. The angle 0 may be 

os 13 measured in degrees or in radians. 
The coordinate r is called the radius 
vector of P, and @ is termed the vectorial angle of P. 

In another definition of polar codrdinates, r is permitted 
to have negative values. For this definition we prolong OP 
through O and take @ as an angle from OA either to OP, or 


P. 


* @ is the Greek letter “ theta’”’ (see page 9). 
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to the prolongation of OP through O. In the former case 
r is the length OP, in the latter r= — OP. Thus in 
Figure 13 polar coérdinates 
of P are, as there shown, 
(— 1, — 30°); other polar 
coérdinates of the same point 
are (— 1, 330°), (1, 150°), 
(1, — 210°). In more general 
tia. 48 notation, codrdinates of a 
point P given as (r, 0) may 
also be (r, 360° + 6), (— r, 180° + 6), (— r, — 180° + @). 
Hereafter in this book we shall use the definition which 
permits r to be negative. 


8. Relations between rectangular and polar codrdinates. 
If the polar axis OA is taken on the positive z-axis of a 
rectangular set of axes, as shown in 
Figure 14, it follows directly from 
the definitions of the trigonometric 
functions (page 7) that cos 0 = x/r, 
sin 9 = y/r. These equations may 
be written 


(1) 


they are true no matter in what quadrant P lies.* 
To express 7 and @ in terms of z and y, we derive directly 
from the right triangle OM P the relations 


z=rcos 6, 
y =rsin 6; 


Fie. 14 


r=et y?, tan 0 = 4, 
x 
(2) ’ 5 
sin 0 = =, cos 6 = —- 
i oie 
* These equations hold even when r is negative; for if r= — r’, and 


(— 1’, 0) are codrdinates of P, then (r’, 180° + @) are also codrdinates of -; 
and we have 

« = r’ cos (180° + 0) = —r’ cos 0 = rcos 0. 

y =r’ sin (180° + 0) = —?r’ sin@d=rsin#@. 
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These results can be written 
r=+tVxe4+y, 
@) Re ey 


= pin 


= tan JY 
ip 


x 
= cos! -, 
r 


where we use the notation of inverse trigonometric functions; 
thus tan—!(y/x) denotes the inverse tangent of y/x, that is, 
an angle whose tangent is y/z. The second line of (8) states 
that 6 is an angle whose tangent is y/x, whose sine is y/r, 
and whose cosine is x/r. 


Example 1.— Polar codrdinates of a point are (— 10, 130°). Find 
the rectangular coédrdinates. 


Solution. — From equations (1) and Table III, of page 11, we have 
to one decimal place 


xz = — 10 cos 130° = — 10 cos (180° — 50°) = 10 cos 50° = 6.4, 
y = — 10 sin 130° = — 10 sin (180° — 50°) = — 10 sin 50° = — 7.7. 


Example 2. — Find three different pairs of polar coérdinates for the 
point whose rectangular codrdinates are (— 4, 3). 


Solution. — This point is in the second quadrant, hence 6 must ter- 
minate in that quadrant if r is positive, and in the fourth quadrant if 
r is negative. From equations (3) we have 


r=+V9+4+16= +5, 
6 = tan-'(— 3) = — tan~-! 3 = — 87° + n- 180°, 


where n is any integer, or zero. We therefore have the codrdinates 
(— 5, — 87°), (5, — 217°), (5, 148°). 


Example 3. — Change from polar to rectangular coérdinates in the 
equation r = 10 cos 0. 


Solution. — Multiply both sides by 7 in order to introduce the combi- 
nation r cos 8. We thus have 
r? = 10r cos 8, 


and by means of the first equations of (1) and (2) this reduces to 
a+ y = 102. 
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Example 4. — Change from rectangular to polar codrdinates in the 
equation y? = 2x + 1. 
Solution. — By means of equations (1) we change this equation to 
r? sin? 6 = 2r cos 6 + 1, 
and this reduces to the forms 
r? (1 — cos? 6) = 2r cos @ + 1, 
r* = r? cos? 0 + 2r cos 8 + 1, 
r= +(rcos0+1). 
Hence we have 
1 


* ~ 1+ cosd 


= —,,, or -r 
1 — cos 0’ 


9. Graphs of equations in polar coérdinates. We plot 
the graph of an equation in polar coérdinates as we have 
done with rectangular codrdinates, by locating what seems 
to be a sufficient number of points and drawing a curve 
through them. In Chapter VIII we shall improve some- 
what on this method and shall discuss curves which are less 
simple than those of the following Examples and Exercises. 
We may always check a graph by changing the equation in 
(r, 8) to one in (x, y) by means of equations (1), (2), or (3), 
and plotting the resulting equation in rectangular codrdinates. 

For such graphs one may use ordinary paper, laying off 
angles @ with a protractor and measuring distances with 
the ruled edge of the protractor. It is easier, however, to 
use polar coérdinate paper as in Figures 15 and 16. 

Example 1. — Draw a graph of the equation r = 10 cos 0. 


Solution. — By using Table III, page 11, we compute the following 
set of values: 
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The values of cog 9 for angles that are not acute are calculated by the 
aid of the reduction formulas, page 8. Thus 


cos 100° = cos (180° — 80°) = — cos 80°; 
cos 220° = cos (180° + 40°) = — cos 40°; 
cos 320° = cos (360° — 40°) = cos 40°. 


To draw Figure 15 we need use only values of @ between 0° and 180°. 
The point (7.7, — 40°) is the same as (— 7.7, 140°); similarly, the point 
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(— 7.7, 220°) is the same as (7.7, 40°); and, in general, if we take 0 out- 
side the interval from 0° to 180°, the point (7, 6) thus obtained is one 
that corresponds to a value of # in that interval. This last statement is 
true of many equations in polar coérdinates, but by no means of all such 
equations. 

The curve is a circle. 
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Example 2. — Draw a graph of the equation r = 


1 — cos 6 


Solution. — The following is a table of values: 


% 


Oe 


So er 
@ 


Since cos (0 + n - 360°) = cos 8, it is clear that all points on the curve 
correspond to values of 8 between 0° and 360°. 
The curve is a parabola. 
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EXERCISES 
Plot the points whose polar codrdinates are as follows (in Exercises 
5 and 6, angles are given in radians). 


1. A(6, 45°), B(6, — 45°), C(— 6, 45°), D(— 6, 225°). 
A(4, 60°), B(4, 300°), C(— 4, 60°), D(— 4, — 60°). 
A(5, — 70°), B(— 4, 340°), C(— 2, 90°), D(3, 270°). 
A(— 1, — 30°), B(4, 225°), C(— 2, 180°), D(4, — 228°). 
A(4, 3m), B(— 4, 7), C(6, 0.8), D(— 6, 2). 

A(S, — 3m), B(— 5, — 4), C(3, 0.6), D(— 3, 3). 


2 1 » w& Pp 


For each of the following points give three other sets of polar coérdinates, 
including two for which r is negative. 


LAT A(4, 45°), B(1, — 40°), C(2, 270°). 
8. A(10, 30°), B(2, — 60°), C(5, 180°). 


Give the rectangular coérdinates of the points in preceding Exercises as 
indicated. 


9. Exercise 1. 10. Exercise 2. 11. Exercise 3. 


12. Exercise 4. 13. Exercise 5. 14. Exercise 6. 


Give two sets of polar coérdinates in which 0 is between 0° and 360° for 
each of the points whose rectangular coérdinates are as follows. 


(16 A(2, 2), BU, — 1), C(— 3, 4), D(— 8, — 4). 
16. A(4, 4), B(— 1, 1), C(5, — 10), D(— 5, — 10). 
17. A(0, 3), B(— 3, 0), CA, — 2.5), D(— 3.2, — 4.5). 
18. A(2, 0), B(O, — 2), C(— .2, .8), D(-2.1, — 1.7). 


Change to polar coérdinates in each of the following equations, simplify- 
ing the resulting equations where this is possible. 


Lae: -f =z, 20. 2y — 3x = 0. 

21. x =a. 22. y = b. 
ee] 

28. ax + by =c. a. ot, =). 
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25. 2+y—2=0. 26. 2+ y—y=0. 
(aT. ye — 4a = 0. 28. 22 —y =0. 

29. 2? — 7? = 16. (30. 2? + 2y? = 16. 

$1. 2ay =-5. 32. (a? + y?)? = a? — y?. 


Draw graphs of the following equations. After the figure is drawn, 
change each equation to one in rectangular coérdinates, then name the 
curve. 


$38. 0 = 1. 34. 9 = —1. 

(35. r = 10. 36. r = — 10. 

87. r cos 0 = 4. 38. rsin# = — 4. 

39. r(cos 6 + 2 sin @) = 4. 40. r(sin 0 — 2 cos 0) = — 4, 
a 2 

41. r = 10sin 0. 42. r= i 

43. r2 sin 20 = 25. 44. r? cos 20 = 16. 
: 64 

45. r = 10 (sin 0 — cos @). 46. r= TP3smeo 


CHAPTER II 


PRELIMINARY FORMULAS 


10. Directed line segments. A line is said to be directed 
if we call all its segments measured in one direction positive 
and all segments measured in the opposite direction negative. 
Segments on such a line are also said to be directed. 


A B C 
=>—> HH 
Le Q 

Fia. 17 


When we designate a directed segment by AB, we mean 
that this segment is to be measured in the direction from 
A to B. Thus in Figure 17 the line PQ has its positive 
direction indicated by the arrowhead; the segments AB, 
BC, AC are measured in the positive direction on PQ, and 
hence are called positive segments, while BA, CB, CA are 
negative. 

When a unit of measure has been chosen, positive segments 
on a directed line are measured by positive numbers and 
negative segments by negative numbers. Thus in Figure 17, 
if the length of segment AB is the unit, the measure of 
segment AB is 1, of AC is 3, of CB is — 2. 

We shall hereafter use the symbol AB to denote either 
the directed segment AB or its measure, but where neces- 
sary we shall indicate which is meant. We shall use the 
symbol AB for the length (never negative) of AB, as in 
Chapter I. 

If AB is positive, then AB = AB. 

If AB is negative, then AB = — AB, 

In either case AB = — BA. 
31 
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11. Directed segments on a codrdinate axis. The co- 
ordinate axes are directed lines, and coérdinates are the 
measures of directed segments on the axes. Thus in Fig- 
ure 4, page 13, the codrdinates (2, y) of P are the measures 
of the directed segments OM and ON. In the notation of 
§ 10, 

z= 0M, y = ON. 


Let M, and Mz be two points on the z-axis with abscissas 
2, and a, so that 


$$) pt 
M, M, O Zz 
Fia. 18 


(1) 1 = OM, te = OMz. 
If the points O, Mi, Mz have the relative positions shown in 
the first part of Figure 18, it is clear that 

(2) MM, = OM, — OM,. 


Moreover, this equation is true, not merely for this case, but 
for all other relative positions of O, M;, My. For example, 
if they are as shown in the second figure, then 


M.M, = M,0 + OM, = OM, 4 OM, 


= OM, = OM;; 
and for the third figure 
M,M, = — M2M, = — (M.0 — M,0) = —- M.0+ M,O 
= OM, — OM,. 


The points O, M,, Mz may be arranged in any one of three 
other orders, and two or all three points may coincide. The 
student should draw figures and verify relation (2) for each 
of these cases. 
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From equations (1) and (2) we have 
(3) MM, =X. — Xi. 


Similarly, if VN, and N»2 are two points on the y-axis with 
ordinates y; and yo, then 


(4) N,N, = Y2 — Yi. 


12. Distance between two points. Let Pi(x, y:) and 
P2(22, yz) be any two points. Drop perpendiculars to the 
axes from P,; and Py; 
let the feet of these 
perpendiculars be M,, 
M, on the x-axis, and N,, 
N2 on the y-axis. Let Q 
be the intersection of the 
lines P:N; and P2,M2, as 
shown in Figure 19. 

Applying the theorem 
of Pythagoras to the Fia. 19 
right triangle Pi\QP2, we have 


(1) PiPy = PiQ’+ QPe. 


Obviously P.Q = MM, QP, = NiN2. Hence, by for- 
mulas (3) and (4) of § 11, we have 
PQ = MMe = (em — 2)°, 
QPy = NiNy = (y. — y1)*. 
From (1) and (2) it follows that 

(3) PP; = V(x — m1)? + Ye — yi)® 

Since 

(% — 21)? = (tm — m)*, (ye — m1)? = (H — y)%, 
we also have 
PP2 = V(@i =m)? + GM — y)* 


(2) 
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If P, and Py, are on a line parallel to a coédrdinate axis, 
P,QP:2 is no longer a triangle and our proof of (8) is not 
valid. One readily verifies, however, that the formula is 
still correct. It is thus true without exception. 


Example. — For the triangle whose ver- 
tices are Pi(1, — 1), P2(8,1), Ps(1, 3) find 
the measures of the projections* of the 
directed segments PiP:2, P2P3, P3P: on the 
coérdinate axes; also find the lengths of 
the sides of the triangle. 

Solution. — Denote by M,M2, M2M;, 
M;M,, the respective projections on the 
a-axis, and by N,; No, N2N3, N3N,, those 
on the y-axis. Then 


M,M,=3-1=2, N,N2 = 1 — (- 1) =2, 
M:M; =1-—3 = —-2, N2N3; = 3-1 =2, 
M;M,=1-1=0, N3:Ni = —1-—3= —4, 


PP, = V(3 — 17 +01 — (— 1} = 2v32, 
P,P; = V(1 — 37 + [3 — 17 = 2v2, 
PP; = Vil — 1? +[—1— 3} =4. 


The triangle P,P2P; is isosceles, since two of its sides are equal, and it 
is a right triangle since PyP.’ + P,P; = P;Py. 


EXERCISES 
A figure should be drawn for each exercise. 


Find the measures of the projections on the codrdinate axes of the 
directed segments AB, BC, CA when points A, B, C are as follows. 


1. A(3, — 4), B(2, 0), C(— 6, — 8). 

2. A(— 5,0), B(— 4, — 1), C(2, 3). 
—3. AQ, 0), B(— 1, — 4), C@, 0). 

4, A(4, 2), B(0, 0), C(— 4, — 2). 


* By definition, the projection of the directed segment P;P2 on the z- 
axis is MiM2; its projection on the y-axis is NiN2 (Fig. 19). 
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Find the lengths AB, BC, CA, when A, B, C are given as follows. 
5. As in Exercise 1. 6. As in Exercise 2. 


7. As in Exercise 3. 8. As in Exercise 4. 


Prove by using the distance formula that the following points are vertices 
of isosceles triangles. 
> 9 (2, 3), (0, 0), (— 3, 2). 10. (— 2, 0), (0, 4), (5, — 1). 
11. Cg 5), (5, 1), he 3, = 3). 12. (i 4 ew Ns i 2, 3), (1, = A) 


Prove by using the distance formula that the following points are vertices 
of right triangles. 

13. (2, 1), (0, 3), i 2, 1). 14. (0, 0), (2, 3), (6, bcs 4). 

15. (— 3, — 1), (— 5, 3), (7, 4). 16. (2, — 5), (3, 6), (— 3, 0). 

Prove that the following points are vertices of parallelograms; find 
whether each parallelogram is a rectangle or not. Proofs should not depend 
upon mere inspection of the figure; use distance relations. 

“17. io ie 5), (eo 2, 3), < J, i). (0, 3). 

18. (0, 0), (2, — 2), (— 2, — 6), (— 4, — 4). 

19. — a =: 2), (0, 1; (= 3, 2), eS 4, a. ys 

20. dl, = 1), = uF 0), a 4, 6), = 2, 5). 


In the following problems, the coérdinates are oblique. 


* 21. Prove that if w is the angle from OX to OY, the distance from 
Py(2x1, y:) to P2(a2, yz) is given by the formula 


PiP2 = (a2 — 21)? + (yo — ys)? + 2 (a2 — 21)(y2 — yi) cos w. 


* 22. If the angle from OX to OY is 60°, find the distance from 
(3, — 4) to (5, 0). 


13. Inclination and slope of a line. The direction of a 
line | with reference to the axes may be described by giving 
the angle a which it makes with the z-axis. If the line J 
is parallel to the z-axis we take a = 0; if J has any other 
direction, we take the angle a as the least positive angle 
from OX to the line 1, that is, the least positive angle through 
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which OX may be rotated to bring it into coincidence with 
l. This angle @ is called the inclination of the line 1. 


So, amie P, (%,, Y.) 


Fig. 21 


Another way of describing the direction of a line is to 
give its slope, m, which by definition is the trigonometric 
tangent of the angle of inclination, 


(1) : m = tana. 


We now prove the following formula: 
The line joining two points P(x, yi), Po(xe, ys) for which 
X2 ¥ x, has the slope 


(2) m= 22H, 
Xo = Ry 


We have, from the definition (1) and Figure 21, 


QP: _ NiN2 


3 = => —_ = . 
(3) m = tana P.O ~ MMs 


ei we have proved (§ 11, equations (4) and (3), p. 33) 
that 


NiNe = ¥2 — Yi; M,Me2 = % — x. 


Substituting these expressions in (3), we obtain (2). 
For Figure 22 we have 
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a 2 up = eee — OP, 
-y * Pie See 
_ QP2 _ NiN2 | 
PQ MM, 


Hence equation (2) follows as before. 


(ed 


nee Pala Ye) _ 


Fia. 22 


If we change signs in numerator and denominator of the 
fraction in (2) we obtain 


Yi — ¥2 
(4) ne ee 
Since (4) is equivalent to (2) we may use either to obtain 
the slope of the line passing through P; and P». 

If a. = 2, the line P,P: is parallel to the y-axis and its 
inclination is 90°; such a line has no slope.* A line whose 
inclination is nearly 90° has a slope which is numerically 
large. 

If the slope m is positive, the inclination @ is acute; if m 
is negative, a is obtuse; if m = 0, then a = 0 and the line 
is parallel to the x-axis, or coincident with it. 


* Such a line is sometimes said to have an infinite slope, m = ». This 
last equation is, however, merely symbolic. 


38 ANALYTIC GEOMETRY 


Example 1.— Find the slope and inclination of the line through 
(1,0) “4, =2). 


Solution. — By formula (4), 


Hence the slope is — 3 and the inclination @ is an angle whose tangent 
is — 3. This angle is designated in trigonometry as a value of the in- 
verse tangent of — 3, that is, a is a value of tan“(— 2). To finda 
with the aid of Table III, page 11, we note that a is in the second 
quadrant and is the supplement of the acute angle a’ whose tangent is 


3 = .667. We have a’ = 34° (to the nearest degree). Hence 

a = 180° — a’ = 146°. 

Example 2.— Draw a line through (2, 4) 
with slope — 3. 


Solution. — First locate the point P,(2, 4). 
Next plot a point P: such that (in the notation 
of Figures 21 and 22) 


Pid nae 
To do this draw P,Q = 4, then QP, = — 3, as 
in Figure 23. The line P,P; is the required line. 


EXERCISES 


Prove the formula for the slope of the line joining Pi(x1, yi) and 
Ps(xa, yo), with figures as follows. 


1. P, in the first quadrant, P: in the second, yz greater than y. 

2. P1 in the second quadrant, P, in the fourth. 

8. P, in the fourth quadrant, P, in the second. 

4. P, in the third quadrant, P, in the fourth, y2 less than 4. 

Find the slope and the inclination of each of the lines through the follow- 
ing points. 


~5. (a) (— 2, — 2), (3, 3); @) (— 1,0), @, = 2); 
(c) (2, — 5) (4, 1); (d) (— 1.6, — 2.4), (3, 5). 
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6. (a) (2, — 3), (6, 1); (b) (2, 3), (— 1, 8); 
(c) (— 8, 4), (5, 0); (d) (— .6, 2.8), (— 2, 1). 
Draw lines through the following points, with the slopes indicated. 
-— 7, (0,2); m =1. 8. (— 1,0); m= 4. 
— 9% (— 8,2); m= 10. (— 2, — 4); m= —}. 
11. (2,4); m= — x. -12. (6, — 2);m = — 10. 


14. Parallel lines. Perpendicular lines. When two lines 
i, and i, are parallel they have the same inclination and 
therefore the same _ slope.* 
If the two lines i, and l, are 
mutually perpendicular, one 
of them must have an in- 
clination 90° greater than 
that of the other. If ay is 
the inclination of J, and ae 
that of l, we have either 


Fia. 24 
(1) a, = 90° + (ao) 
or 
(2) a2 = 90° + a. 
If (1) holds, then 
m, = tan a = tan (90° + ay) 
1 Ko 
ee Ors tear gee! 
if (2) holds, we have 
1 
Mm, = tan ad, = — cot a, = ae 


In either case, the product of the slopes, myme, is — 1. 


* An exception to this statement occurs when both lines are parallel to 
the y-axis, and therefore have no slope. Similar exceptions should be made 
later in this section and elsewhere when formulas are given involving slopes. 
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We summarize these results as follows: 

If two lines of slopes Mi, Me are parallel, their slopes are 
equal; m; = my. 


If two lines of slopes m1, Mz are perpendicular to each other, 
the product of their slopes is equal to — 1; mymp = — 1, 


The converse of each of these statements is also true. 

To prove this last statement we observe that if m, = m, 
then the lines have the same inclination and hence ae 
parallel. If my, = — 1, the argument above, on perpen- 
cular lines is reversible, with the conclusion that either 


a, = 90° + Qe 
or 


a2 = 90° + a, 
so that the lines must be perpendicular. 


15. Angle between two intersecting lines. Two inter- 
secting lines 1,, J, of inclinations @1, &, make with each other 


Fie. 25 Fia. 26 


various positive and negative angles. In order to be specific 
we Gofine the angle @ from 1, to b as the positive angle, less 
than 180 , through which 1; must be rotated in order to 
coincide with lb». 

The following formula holds, both when ay is greater than 


@%, as in Figure 25, and when ay is less than @, as in Fig- 
ure 26: : 


(1) tang = 22 —™m . 
1 aS mM, 
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The proof of this formula for the case of Figure 25, where 
= a2 — a, depends on the use of the last addition formula 
of page 8. We have 


t if =a tbeaie Cee ayn) te get eg ees 
‘go aa ss : 1+ tana,tana, 1+ mm 


In the case of Figure 26 we have 
Qi i + 6 = 180°, 
6 = 180° + (Q2 og) a). 


Since tan (180° + A) = tan A (see a reduction formula, 
page 8), it follows that 


tan 6 = tan (a2 — a), 


and we complete the proof as above. 

An exception presents itself when 8 = 90°, since tan 6 has 
then no value; this case, where the lines are perpendicular 
to each other, has been discussed in § 14. 

Cases where one of the lines is parallel to the y-axis also 
present exceptions. If, for example, a = 90°, then m2 does 
not exist and (1) cannot hold; but here we have the relations 
9 = 90° — au, or 0 = 270° — ay, so that 


tan 6 = cot a, = 23 
mM 


Example 1.— Find the interior angles of the 


triangle whose vertices are A(— 2, 4), B(2, 2), aaraum a 
C(2, — 2). 9. 
imanenn 
Solution. — The slope of the line AB is B22; 
Ee ae ae : I - 
ae ated similarly the slope of AC is Goat 


— 3. The angle CAB is the angle from AC to 
AB, hence we have, from formula (1), 

slope AB —slopeAC  _ —4—(—#) 
1+ (slope AB)- (slope AC) 1+ (— 3)(- 3) 


tan A = 


From Table III, page 11, we have 
A = 30° (to the nearest degree). 
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s 
To find angles B and C, note that BC is parallel to the y-axis, and 
use the relations 
B = 270° — inclination AB, C = inclination AC — 90°, 


apt) 7 ane 2 
ton B= slope AB — oi a te slope AC ~ 3° 
Hence 


B = 117°, C = 34° (to the nearest degree in each case). 


Example 2. — If l; has the slope 3, find the slope of the line J, such 
that the angle from 1; to lz is 45°. 


Solution. — If we designate the slope of lz by mz, we have 


Ces ™m — 3 
tan 45° = ein 
But tan 45° = 1, hence 
ya a4 
1+ 4m, 
1+ 3m=m-—} 
™m=3. ° 
EXERCISES 


Find the angle from 1, to lk when the following data are given. 
1. J, has the slope — 3, lz has the slope 3. 
2. 1, has the slope 3, , has the slope 0. 


3. 1, passes through points (— 3, 0), (8, 3), l2 passes through 
(0, 0), (8, — 4). 


4. l, passes through points (a + 8, b), (a, b — a), l passes through 
(a, b), (0, 0). 

Find the interior angles of each of the triangles whose vertices are the 
following points. 

6. A(— 1,1), BG, 1), C3, — 3). 

6. A(— 2, 2), B(— 2, ~ 2), C(2, — 2). 

7. A(— 2,1), B(2, — 1), C(8, 4). 

8. A(— 2, — 1), BQ, 1), C(5, 0). 
—~9. A(O, 0), B(— 1, 2), CB, 1). 

Ve-1 Vi-1), 

Poe i 2 


10. A(— 1,0), B(O, — 1), | 


PRELIMINARY FORMULAS 43 

In each of the following problems find m, the slope of line l, when m, 
the slope of lh, and 6, the angle from I, to l, are as follows. 

din = 2 0 459, 125m = — 2; 0 = 13572 

183.971 = 1; 6 = '90°; 14; any = Oy OF = 1507; 

Prove by means of slopes that the following points are vertices of parallelo- 
grams; find whether each figure is a rectangle by using the test of § 14. 
—15. (— 2, — 2), (-— 1, 1), (2, 4), @, 1). 

16. (0, 0), (1, 2), (2, — 1), (8, 1). 

17. (2, 0), (6, 4), (2, 8), (— 2, 4). 

18. (— 6, — 4), (0, — 2), (6, 4), (0, 2). 

-19. (a,b), @t+c,b+d), (a+d,b—c), at+e+db—c+d). 

20. (— a, — b), (a, b), (c, d), (c — 2a, d — 2b). 


16. Point of division. Mid-point. If Po(xo, yo), Pi(t, y1), 
Po(a, y2) are three points on a directed line, the point 
P, is said to divide the segment P,P, in the ratio 1,/re 


Fia. 27 
provided that 
Flo Te 
o PoPs~ 71 


We shall prove the following theorem which expresses the 
coérdinates of Po, the point of division, in terms of 7, 72, and 
the codrdinates of P; and P». 

If Po(Xo, yo) divides the directed segment from P1(x1, y1) to 
Po(Xe, ye) in the ratio 1/2, then 


_ 1X2 + 1X1 _ nY2 + TY 
(2) aa Ti + fe ; oe. m1 + 7 
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There are two cases to consider; the first is shown in 
Figure 27, where Py is between P; and P2 and is therefore 
called a point of internal division; the second is illustrated 
_ in Figure 28, where Pp is a point of external division, lying 
outside the segment P,P: In both cases we drop perpen- 


Fie. 27 Fig. 28 


diculars P:M,, P.M,, P,M, to the z-axis. These three 
parallels, according to a theorem of geometry, intercept 
proportional lengths on all lines which they interscct ; hence 
we have * 


| 


3) PiPy _ MM 
PoP, Mo 


If Po is a point of internal division (Fig. 27 ) the segments 
P,P, and PoP» have the same direction; hence for the ratio 
of their measures we have 


PiPo _ PiPo 
4 a ; 
(4) PoP; ~ PP, 
Similarly 
(5) MiM) _ MM 
MM, MM, 


* We recall that PiPo is the length of the segment from P; to Po, and is 
positive or zero, while PiPo is the directed segment from P; to Po, or the 


measure of that segment. In the latter sense, P:Po is equal either to PiPo 
or to — PiPo. 
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From (3), (4), and (5) it follows that 


6) P:Py _ MiMo 
PoP.» M,.M.2 


Equation (6) also holds if Po is a point of external divi- 
sion (Fig. 28). Here, however, P;Py has the direction op- 
posite to that of PoPs; it turns out that (4) and (5) are 
replaced by . 


Pep Pe, i dae oti MiMy _ MM, 


(4’) i eee ——; 
PoP2 PoPe MM, MM, 


and (3), with (4’), again gives (6). 
Since 
M,M, = Cou WH, and MM, = % — Xo, 


equation (1) can be written, with the aid of (6), 


XL — Uy "1 


% — Xo T2 
We solve for 2», as follows: 
Y2€q — ek, = 1X, — 1X0, 
(m1 + 12)@—o = ra, + ret, 


MX. 1 Pot 


% = 
pb oon p 


We prove the formula for yo similarly, dropping perpen- 
diculars to the y-axis instead of the x-axis. 

It is to be noted that, from equations (4) and (4’), if Po is 
a point of internal division the ratio 7/rz is positive, and if 
Po is a point of external division 7/7: is negative. The con- 
verse is also true. 

If Po is the mid-point of the segment P,P2, then we have 
P,P, = PoP: and 7; = 72; hence the codrdinates (xo, yo) of the 
mid-point of the segment whose end-points are (x1, yi), (Xa, y2) 
are given by the formulas 


(7) Xo = 4(t1 + %), Yo = 31 + yp). 
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Example. — On the line joining P(2, — 1) and P2(— 4, 1) find the 
points which are one-half as far from P; as P: is from P. 

Solution. — There are two such points. One is the mid-point of the 
segment P,P, hence its coérdinates are given by the equations 


Z = 3(2 — 4) = - 1, yo= 3(—1+4+1) = 0. 


The other point to be found is external to PiP2; if it is designated 
Po'(ao', yo’) it is easily seen that segment P,P)’ is opposite in direction 
to Po’ P2 and its length is one-third the length of Po’P: Hence we 
have, 11/r2 = PiPo'/Po'P2 = — 1/3, and we can take r; = — 1, 72 = 3. 
Formulas (2) give 


re fess BO 


Zo =GEs = 6, 
th DO Pe 
2 —-i+3 were: 


The two points are Po(— 1, 0) and P,’(5, — 2). 


EXERCISES 


1. Find the coérdinates of each of the points dividing the segment 
from (0, — 1) to (— 2, 3) in the following ratios: (a) 1/2; (b) 2/1; 
(c) 1/— 2; (d) — 1/2. 

2. Find the codrdinates of each of the points dividing the segment 
from (— 2, 0) to (3, — 2) in the following ratios: (a) 2/3; (b) 3/2; 
(c) — 2/8; (d) 3/— 2. 


—— 3. Prove that if the three points Po(xo, yo), Pi(x1, y1), P2(a2, ye) 


are on a straight line, and if PiPo/PiP: = h/k, then 


h 
=a+ acca #1); ye vi = a o> Yi). 


Consider the case where Pp is external to P,P: as well as the case where 
it is internal. 


4. Find the coérdinates of a point Po which is on the line joining 

(— 2, — 3) and (1, 0), if Po is three-fourths of the way from 
(— 2, — 3) to (1, 0). 

—— 5. Find the codrdinates of two points Po, Po’, on the line joining 

Bi 3, 2) and P2(3, — 4), if Po and Py’ are each three times as far 
from P; as from P. 


6. Find the codrdinates of two points Po, Po’, on the line joining 
Pi(— 2, 0), P2(4, 6), if Poand Po’ are each four times as far from P; as 
from P2. 
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. 7. Find the codrdinates of the points that trisect the segment whose 
end-points are (2, — 1), (— 4, 8). 
8. Find the mid-points of the sides of the triangle whose vertices 
are (— 1, 2), (3, 4), (2, — 1). 


9. From a theorem of plane geometry, the medians of a triangle 
meet in a point two-thirds of the way from a vertex to the mid-point of 
the side opposite that vertex. Use this theorem to find the coédrdinates 
of the point of intersection of the medians of the triangle whose vertices 
are (0, 0), (2, 0), (3, = 4). 


10. By the method indicated in the preceding Exercise, find the 
codrdinates of the point of intersection of the medians of the triangle 
whose vertices are (— 2, 0), (0, 2), (0, — 1). 


- 11. If the vertices of a triangle are (2x1, y1), (a2, y2), (#3, ys), find the 
coérdinates of the point of intersection of the medians, using the theorem 
of plane geometry stated in Exercise 9. 


12. Prove by using the distance formula of page 33 that (ao, yo) as 
given by formula (7), page 45, is the mid-point of the line joining (x1, y:), 
(x2, Y2). 

13. Prove by using the distance formula of page 33 that if (ao, yo) 


is given by formula (2), page 44, then PiPo/PoP: = + 11/72. When 
are we to take the + sign and when the — sign in this equation? 


*17. Analytic proof of geometric theorems. The methods 
of analytic geometry can be used in the proof of theorems 
concerning general properties of figures. Often the analytic 
proof is much briefer than a proof in the style of elementary 
geometry. 

Where a property to be proved is independent of the posi- 
tion of the figure we place our coérdinate axes so as to make 
coérdinate relations as simple as possible; for example, the 
z-axis may be taken along a side of a figure and the origin 
either at a vertex or at the mid-point of a side. In proving 
a general proposition true for all figures of a given class we 
give literal values such as (a, b), (c, d), + - + to the co- 
ordinates of the points that determine the figure, and prove 
that the proposition holds for all values of a, b, c,d,: + -. 
The following example will illustrate the procedure. 
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Example. — Prove that the diagonals of a parallelogram bisect each 
other. 


Solution. — Let the parallelogram be ABCD, the vertices being in 
the order shown in Figure 29. We place the axes so that the origin is 
at the vertex A, and the side AB 
D(a+b,c) is’on the z-axis. The codrdinates 
of A are (0,0); those of B can be 
written (a, 0). The position of C is 
unrestricted if we designate C as 
the point (b, c). The codrdinates 
of D, however, are now determined 
in terms of a, b,c. Since D and C 
are equidistant from AB and on 
the same side of AB, the ordinate 
of Disc, and since CD = AB, the 
abscissa of D must be a + b. The codrdinates of the vertices are shown 
in Figure 29. } 
By formula (7), page 45, the mid-point of AD has the coérdinates 


_O0+04+8 _O+¢ 
Bete Ft ee RX. 


C(b,c) 


A(0,0) B(a,o) X 


Fia. 29 


x 


the mid-point of BC has the codrdinates 
a+b O+c 
oe i. 
Since these mid-points coincide, the diagonals AD and CB bisect each 
other. 


EXERCISES 


Prove that if the axes are suitably placed the following statements are 
true. 


1. The vertices of any right triangle may be taken as (0, 0), (a, 0), 
(0, 6). 

2. The vertices of any triangle may be taken as (0, 0), (a, 0), (b, c). 

3. The vertices of any triangle may be taken as (a, 0), (6, 0), (0, c). 

4. The vertices of any rectangle may be taken as (— a, — bd), 
(a, a d), _ a, b), (a, b). 


Prove the following propositions analytically. 


5. The line segment joining the mid-points of two sides of a triangle 
is parallel to the third side and has half the length of the third side. 
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“» 6. The diagonals of a rectangle are equal. 


7. The three vertices of a right triangle are equidistant from the 
mid-point of the hypotenuse. 


~ 8. The diagonals of a square are perpendicular to each other. 
9. The lines joining mid-points of consecutive sides of a quadri- 
lateral form a parallelogram. 


10. If the diagonals of a convex quadrilateral bisect each other, the 
quadrilateral is a parallelogram. 


~— 11. The sum of the squares of the four sides of a parallelogram is 


equal to the sum of the squares of the diagonals. 


POLAR COORDINATES 


* 18. Distance between two points. If polar codrdinates 
of two points P;, Ps, are (71, 01), (72, 62) respectively, the 
following formula holds for the distance between the points: 


(1) P,P,” = 1:2 + m2 — 2rro cos (0, — 62). 
This follows from the law of cosines (page 9) applied to 
the triangle OP, P2 (Fig. 30), which gives the relation 

(2) PiP.” = OP; + OP,’ — 2 0P, - OP, cos P,OP,. 
If, as in Figure 30, 

3) OP,=n, OP2,=m, ZPOP; = 0, — 62, 
formula (1) readily follows from (2). 


In all cases where both 7 and r are positive we have Z P.OP, = 
+ (0:— 0.) + n- 360°, where n is zero or a positive integer, so that we 
can always deduce (1) from (2). Formula (1) is true also when either 
1, or 72 is negative, or when both are negative. This may be proved by 
examining the forms which equations (3) take in all possible cases. 
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Another method of proving (1) is to change from rectangular to 
polar coédrdinates in the distance formula of page 33, and to reduce the 
result to formula (1) by trigonometric processes. This is left as an exer- 
cise for the reader. 


MISCELLANEOUS EXERCISES 


1. Prove that the two triangles whose vertices are (x1, yi), (a2, ye), 
(xs, Ys), and (a1 a8 ay as b), (a2 te a, Y2 oe b), (zs ate a, Ys =f b), Te- 
spectively, have their corresponding sides equal, and are congruent. 


2. Prove that the two triangles whose vertices are (x1, y1), (x2, Ye), 
(as, ys), and (21 — a, — yi + b), (a2 — a, — y2 +b), (as — a, — ys + Dd), 
respectively, have their corresponding sides equal. 

8. Prove that the points (0, 0), (2, 2), (— 2, 6), (— 4, 4) are vertices 
of a parallelogram by showing (a) that opposite sides are equal; 
(6) that opposite sides are parallel; (c) that the diagonals bisect each 
other. 


4. Prove (a) by means of distances, (b) by means of slopes, that the 
points A(1, — 3), B(— 2, 3), C(O, — 1) lie on one straight line. 


5. If A, B, C are as in Exercise 4, in what ratio does B divide AC? 
In what ratio does A divide BC? 


6. Prove (a) by means of distances, (b) by means of slopes, that 
the points (2a — b, c), (b, 2a — c), (a, a) lie on one straight line. 

7. If (a1, y1), (a, yr), (as, Ys) are vertices of a triangle, prove 
that the three medians meet at the point whose codrdinates are 
(a1 + 2 + 23)/3, (yi + yo + ys)/3. 

Hint. Show that this point divides each median in the ratio 2 : 1, 

8. The middle point of a segment is (2, — 3) and one end is (0, — 2). 

Find the coérdinates of the other end. 


9. Prove that (— 1, — 2), (6, 2), (7, — 1) are vertices of an isosceles 
triangle. Find the base angles. 
10. If; is the line on which (a, 6), (1, 2) lie and Jz is the line on which 
(1, 2), (4, 8) lie, determine a so that the angle from 1; to i is 45°. 


11. Three vertices of a parallelogram are (0, 0), (1, 2), (2, 6). Find 
the coérdinates of the three points each of which could be the fourth 
vertex. 

12. The base angle a of an isosceles triangle is such that tan a = 4, 
and the extremities of the base are (— 1, — 2), (3, 0). Find the codrdi- 
nates of the two points each of which could be the vertex. 
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13. The line joining A(— 1, 4), B(2, 0) and the line joining C(1, 3), 
D(— 3, 0) meet at H(a, b). Find a, b by using the equations 


slope of AH = slope of AB, _ slope of CE = slope of CD. 


14. In what ratio is the segment from (— 1, — 1) to (4, 3) divided 
by the point at which it intersects the z-axis? 


15. The slopes of two lines are 1 and 7 respectively. Find the slopes 
of the bisectors of the angles between those lines. 


16. Find the center of the circle that passes through the points 
(ce 4, = 10), (13, bs — A 2 3). 

17. For the triangle whose vertices are A(— 1, 2), B(8, — 1), 
C(2, 8), find the coérdinates of the point D in which the side BC is met 


by a perpendicular to it through A. 
Hint. BD has the same slope as BC, while AD is perpendicular to 


BC. 
18. Prove that the area of the triangle PiP2P3; in Figure 31 is 


Ps (%35Y3) 


Fie. 31 


mys 
Xa y2 1 


Z(ary2 — Gey + Lays — Layo + L3yi — LiYs) = F 
v3 Ys 1 


Hint. Area PiP:P; = Area P:P;MiM;+ Area P3P2M3M, — Area 
P,P2MiM>2. The area of a trapezoid is equal to one-half the sum of 
the parallel sides multiplied by the distance between those sides. 


19. Find the formula for the area of triangle PiP,P; when P3 is 
below P:P; instead of above as in Figure 31. Prove that the result is 
the negative of that given in Exercise 18. 

20. Find the area of the triangle whose vertices are (0, — 3), (2, 1), 
(4, 0). 


CHAPTER III 
EQUATIONS OF STRAIGHT LINES 


19. Standard forms. An equation of a straight line is, 
by definition, an equation in x and y which is satisfied by 
the codrdinates of every point on the line, and which is not 
satisfied by the coérdinates of any point not, on the line. 

Whenever data are given which determine a line it is 
possible to find an equation of the line. In the present 
chapter we shall obtain, for example, an equation of a line 
through a given point with a given slope, an equation of a 
line through two given points, and an equation of a line 
with a given direction and at a given distance from the origin. 
When these data are expressed in general notation, the cor- 
responding equations are said to be standard forms. It is 
possible to compare a given equation with a standard form 
and thus to find properties of the corresponding line, such 
as its direction, its distance from the origin, or where it cuts 
the axes. 

It will be noted that all the standard forms which we shall 
derive in the following sections are of the first degree. This 
suggests the theorem, proved in § 25, that the locus of every 
equation of the first degree is a straight line. 


20. Lines parallel to the axes. A line parallel to the y- 
axis and passing through the point (a, 0) has the equation 
x= 4, 
since this equation holds for every point on the line, and for 

no other points. 
Similarly a line parallel to the z-axis and passing through 
the point (0, b) has the equation 
y = 0b. 
52 
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The z-axis has thee equation y = 0, and the y-axis has 
the equation x = 0. 


Z1. Point slope fom. The line which has the slope m ani 
which passes through the point (X1, yi) has the equatio.: 


(1) y — yi = mx — x). 


To prove this theorem we first note 
that equation (1) is trueif x = 1, y = ym. 
Next, let (x, y) be any point of the line 
other than (2, y1). It follows from the 
theorem of page 36 that 


_ Pew. Fig. 32 
(2) saa am od 


If we multiply both sides of (2) by (« — a1) we obtain equa- 
tion (1). Hence equation (1) holds for every point on the 
line. ; 

On the other hand, if (z, y) is not on the line, equation (2), 
and therefore (1), cannot be true; for (2) states that the slope 
of the line passing through (x, y) and (a, y:) is m, and this is 
true only of points (x, y) on the given line. 

Thus (1) is true for every point on the line, and for no 

oints. 
a ae of the first degree that can be put into the 
form (1) is an equation of a line whose slope can be read off 
as m, and which passes through (2, yi). 


Example. — Show that 2x — y + 2 = 0 is an equation of a straight 
line; find the slope of the line. 
Solution. — The equation can be written 
y — 0 = Az — (— 1)], 
hence this is an equation of a line of slope 2 passing through the point 


(— 1, 0). 


‘ 
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22. Two point form. The line passing through two points 
(1, Yi), (2, ye) has the equation 


Se a ed a 
CE bt Bala e (x — ): 
Here we must except cases where 2, = %; the line is then 
parallel to the y-axis, and its equation is x = x. 
Equation (1) is only another way of writing the point 
slope form, for by the theorem of page 36, we have 


= 4 
m= # Yi. 
t — 2 


If (1) is multiplied through by 2 — a and the resulting 
equation is rearranged, we can express the equation in de- 
terminant notation (page 1) as follows 


toy eee: 
(2) Xi aie | = 10: 
X. Yo 1 


Equation (2) holds even when 2; = 2». By reference to Exercise 18, 
page 51, it will be seen that if (2) holds, then the triangle whose vertices 
are (x, y), (x1, yi), (x2, yx) is of area zero. We thus have another proof 
that if (x, y) satisfies (2), then the point is on the line passing through 
(x1, Yi); (22, Yo). - 


Example. — Find an equation of the line which passes through the 
points (— 3, 2), (2, — 1). 


Solution. — By using the two point form we have 


> tend 
= ae yao Oe 
by — 10m — Be — 9, 


32 + by —1=0. 


We could also have first computed the slope as — 3/5, and have used 
the point slope form thus, 


y—2= — 3(e+ 3). 
We could then simplify the result as before. 
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EXERCISES 


Draw a figure for every problem. 
1. Find an equation of each of the lines all points of which are 


(a) three units distant to the left from the y-axis; ; 
(b) one unit distant from the z-axis and below that axis. 


2. Find equations of lines all points of which are 


(a) two units distant from the Axis : 
(b) two units distant from the y-axis. 


—~ 3. Find an equation of each of the lines through a point given as 
follows, and with the slope specified: 


-(a) point (0,0), slope = — 1; 
(b) point (1,0), slope = 2/3; 
—(c) point (0, — 2), slope = — 5/4; 


(d) point (— 1, — 3), slope = 1/2. 


4, Find an equation of each of the lines through a point given as 
follows, and with the slope specified: 
(a) point (0,0), slope = — 3/2; 
(b) point (0,2), slope = 2; 
(c) point (— 3, 0), slope = 2/5; 
(d) point (— 3, 2), slope = — 2/3. 


. §. Find an equation of each of the lines through a point given as 
follows, and with inclination a as specified: 
(a) point (— 1, —1), @ = 45°; 
(b) point (0, 2), a = 60°; 
(c) point (— 1, — 1), @ = 135°; 
(d) point (0, 2), @ = 120°. 


6. Find an equation of each of the lines through a point given as 
follows, and with inclination @ as specified: 
-(a) point (— 2,0), @ = 45°; 


(b) point (1, — 1), @ = 30°; 
(c) point (— 2,0), @ = 135°; 
(d) point (1, — 1), @ = 150°. 


7. Find an equation of each of the lines through two points given 
as follows: 
(a) (— 1, 0), @, 0); 
(c) (EF 5, 0), (2, Sa 3); 


(d) (0, 1), (0, = 3). 
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8. Find an equation of each of the lines through two points given as 
follows: 


(a) (1, 0), (— 3, 0); (6) (1, — 4), (— 8, 2); 
CERO) (nl eb) (d) (0, — 2), (, 2). 

9. Find the slope of each of the lines which have the equations 
(a) «— 2y = 0; (b) 2y + 8a —1=0; 
(c) e=y+1; (d) y = 0. 

10. Find the slope of each of the lines which have the equations 
(a) 2+ y = 0; (o) 4a —y = 4; 
(c) 5a + 6y —7 =0; @) 5+¥a1. 


11, Find an equation of each of the lines through the point (— 2, 0) 
and 


(a) parallel to the line x — y = 4; 
(6) perpendicular to the line « — y = 4. 


12. Find an equation of the perpendicular bisector of the segment 
whose end-points are (0, 4) and (2, 0). 


13. Prove that the quadrilateral bounded by the lines 
z—2y=0, 22+3y=0, 2x =4y4+3, 6y =7— 4z 
is a parallelogram. 


14. Find equations of the two diagonals of the parallelogram given 
in Exercise 13. 


15. Prove that the quadrilateral bounded by the lines 
y+3x=0, «-—3y+2=0, 5 — 2y — 62’ = 0, 3y = x — 2, 


is a rectangle. 


16. Find equations of the medians of the triangle whose vertices 
are (— 2, 3), (4, — 1), (1, 0). : 
17. Find an equation of each of the lines through (3, 0) and 

(a) parallel to the line joining the points (— 2, 0), (0, — 2); 
(b) perpendicular to the latter line. 
18. Find an equation of each of the lines through (— 1, — 2) and 


(a) parallel to the line joining the points (— 1, 3), Gi, 2); 
(b) perpendicular to the latter line. 
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23. Slope intercept form. The intercept of a line on the 
z-axis (sometimes called the x-intercept) is the abscissa of 
the point in which the line intersects that axis. Similarly 
the intercept on the y-axis (the y-inter- 
cept) is the ordinate of the point of 


ag 
7 (0, b) 
intersection of the line and the y-axis. 


The line whose slope is m and whose 
intercept on the y-axis is b has the 
equation 


(1) y = mx + 0b. 


(a,0) 
Fia. 33 


This equation is at once deducible from the point slope 
form. To say that the intercept on the y-axis is b is equiva- 
lent to stating that the line passes through the point (0, 6). 
Its point slope equation is therefore 


y —b = mx - 0), 


which is equivalent to (1). 
It follows that if an equation can be put into form (1), 
it must represent a straight line of slope m and y-intercept b. 


24. Intercept form. The line whose intercept on the X-a218 
is a, and whose intercept on the y-axis vs b, has the equation 
eu is 
(1) 744-1, 
af neither a nor b is zero. 
We deduce (1) from the two point form, since the line 
must pass through the points (a, 0), (0, 6). We thus have 


b-—0 
eed ay dee Dd 
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Every equation of form (1) has as its locus the line whose 
intercepts on the z- and y-axes are a and b respectively. 


Example 1. — Find the slope intercept equation of the line whose in- 
clination is 135°, and which intersects the y-axis in a point 2 units below 
the origin. 


Solution. — We have here 
m = tan 135° = — 1, b= —2, 
and the slope intercept equation of the line is 
y= = 2 = 2; 
Example 2. — Find the inclination and the intercepts on the axes of 
the line x + 8y + 4 = 0. 


Solution. — By solving for y we put this equation in the slope inter- 
cept form 


YS Shee: 
hence m = — 1/3, b = — 4/3. To find the inclination a such that 
tan a = — 1/3, first find from Table III of page 11 the angle a’ such 


that tan a’ = 1/3. We find that a’ = 17°, approximately. Since 
@ = 180° — a’, we have aw = 163°. 
To put the given equation in intercept form we proceed as follows: 


e+ 3y+4=0, 
a+ 3y = — 4, 
+ 2 =1, 
tte a8 7 
Hence the intercepts on the axes area = — 4,b = — 4/3. Note thata 


could also have been obtained by substituting (a, 0) in the equation and 
solving the result. Similarly, substitution of (0, 6) would determine b. 


25. Linear equations. Every straight line either has a 
slope and a y-intercept, in which case it has a point slope 
equation y = mz + b, or else it is parallel to the y-axis and 
has an equation x = a. Hence the following statement is 
true: 


Every straight line has an equation of the first degree. 
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We now prove the converse theorem: 

Every equation of the first degree has a straight line as its 
locus. 

The general equation of the first degree is 


(1) Az + By +C=0, 


where A and B are not both zero. We first consider the case 
where B is zero, and then the case where B is not zero. 
If B is zero then A is not zero, and equation (1) can be 


put in the form 


eae 
t= A’ 


whose locus is a straight line parallel to the y-axis. ; 
If B is not zero, we solve (1) for y and obtain the equivalent 
equation 


saueeme 


This is in the slope intercept form and its locus is a straight 
line of slope — A/B, and y-intercept — C/B. 

Thus the locus of (1) is always a straight line. Though 
not originally for this reason, an equation of the first degree 
is often called a linear equation. 


EXERCISES 


Draw a figure for every problem. 

1. Find the slope intercept equation of each of the lines whose slopes 
and y-intercepts are as follows: 

— (a) slope = 0, y-intercept 


(b) slope = —1, =y-intercept = 0; 
—(c) slope = 2/3, y-intercept = — 4/3; 
(d) slope = — 5, y-intercept = 5/2. 


( 2. Find the slope intercept equation of each of the lines whose inclina- 
tions, a, and y-intercepts, b, are as follows: 
—(a)a=0, b=0; (b) @ 

(c) a = 37/4 radians, b = — 2; (d) a 


45°, b=0; _ 
30°, b = 4/V3. 


ll 
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3. Find the intercept equation of each of the lines whose intercepts 
are as follows, then express each equation in simplest form cleared of 
fractions: 

—(@)a=-—1, b=2; &) a@=—2,b=—3; (c)a=4, b= — 4/5. 


4. Proceed as in Exercise 3 with the following data: 
(@)a=—2, b=1; (0) a = 2/3, b = 2/5; 
(c)a=— 38/4, b= — 2/3, 


6. Find the slope and the y-intercept of each of the lines which 
have the equations 
(a) «—-y=1; () e+y+1=0; 
(c) 2x — 2y = 3; (d) 83+ 2y+5=0. 


6. Find the slope and the y-intercept of each of the lines which 
have the equations 
(@) y+2=0; () y+ 22 — 2 = 0; 
(c) 34 + 2y = 0; (d) 2n + By +2=0. 
7. Find the z- and y-intercepts of the lines which have the equa- 
tions given in Exercise 5. 


8. Find the z- and y-intercepts of the lines which have the equa- 
tions given in Exercise 6. 


9. Obtain an equation of a line whose slope is m and whose z- 
intercept is a. 


10. What is the z-intercept of a line whose slope is — 4/3 and 
whose y-intercept is 2/3? 


11. Find an equation of a line through the point (2, 3) which makes 
equal intercepts on the z- and y-axes. 


12. The point (4, 3) bisects the segment AB of a line whose inter- 
section with the z-axis is the point A, and whose intersection with the 
y-axis is the point B. Show that the line has the equation 3x + 4y = 24, 


13. Find tan 6, where @ is the angle from the line which has the equa- 
tion « + 3y = 0 to the line which has the equation 2x —-y+7=0. ° 

14. Find an equation of a line which is perpendicular to the line 
y + « = 4, and which has the y-intercept — 4. 


15. Find the slope of the line whose z- and y-intercepts are a and hb 
respectively. 


16. Find the z-intercept of a line whose slope is m and whose y-inter- 


cept is b. 
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26. Normal form. For the solution of problems involving 
the perpendicular distance from a line to a point (see pages 
73-80) another standard form is convenient. This is the 
normal form, whose coefficients are expressed in terms of 
the length of the perpendicular from the origin to the line, 
and the angle from the z-axis to this perpendicular. 


Fig. 34 


Let the perpendicular ON intersect the line i at Q, and 
let the length of OQ be p. Let the angle from OX to ON 
be w.* Here w is the positive angle (less than 360°) from 
OX to ON, the latter line being directed according to the 
following rules: If the line / does not pass through the origin, 
then the positive direction of ON is from O toward Q; if 1 
passes through the origin but does not coincide with the y- 
axis, we give ON the upward direction; if | is the y-axis, 
ON has the direction of OX. We call p the normal intercept 
and w the normal angle. Note that there is one and only 
one line which has a given p and a given w. 

The straight line whose normal intercept is p and whose 
normal angle is w has the equation 

(1) xcosw+ysinw — p=0. 

We shall give two proofs of this statement. The first is 
in some ways the more simple of the two, but it assumes 


* The Greek letter ‘‘omega.” 
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that w is not one of the angles 0°, 90°, 180°, 270°; a special 
proof would be required for each of these cases (see Exercise 
17, page 68). 


Fia. 34 


First proof. From Figure 34 we see that the rectangular 
coérdinates of Q are (p cos w, p sin w). The slope of ON 
is tanw; hence the slope of line 1, which is perpendicular 
to ON, is — 1/tanw. The point slope equation of 1 is 

y — psinw = eo (x — pcos). 
tan w 
If we substitute sin w/cos w for tan w and simplify the re- 
sulting equation, we obtain (1) by the following steps: 
COs W 


Re (x — p cos a)» 


ysin@w — psintw = — xcosw + Pp cos’ w, 
xr cos W + y sin w — p(sin? w + cos? w) = 0, 
xcosw + ysinw — p = 0. 
Second proof. Let P(x, y) be any point on the line J. 
Draw OP, and let polar codrdinates of P be (r, 0), so that 
(2) x =rcos 0, y = rsin 0, 
The angle from 0Q to OP is 0 — w. Since ON is perpen- 
dicular to the line 1, we have p/r = cos (6 — w), or 
(3) p = rcos (0 — w). 
Equation (3) holds for every line J, and for all positions of 
Poni. It is, moreover, true only when P is on l. 
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One of the addition formulas on page 8 gives 


cos (9 — w) = cos Ocosw + sin O sin w. 


By using this relation we reduce (3) to the form 


» =rcos 6cosw + rsin sin w. 


With the aid of (2) this becomes, when we interchange sides 
of the equation, 
xcosa + ysin@® = p, 


which is equivalent to (1). 


\_27. Reduction of a linear equation to normal form. When 
an equation of a line is given in the form 

(1) Ax+ By+C=0, 
how shall we proceed in order to express p, the normal inter- 
cept, and w, the normal angle of the line, in terms of A, B, 
and C? We shall answer this question by finding a constant 
k such that 

(2) k(Ax+ By+C) =2zcosw + ysinw — p. 
When equation (1) has been multiplied through by k we say 


that it has been reduced to normal form. 
Another way of stating the identity (2) is to write 


kA = cosa, 
(3) kB = sin w, 
kC = — p. 


In order to determine k, square and add the first two of 
equations (3). The result is 

k?A? + k?B? = cos? w + sin? w = I, 
from which we see that k has one of the two values 


1 


(4) hau ae 
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A closer examination of equations (3) will give us rules 
for the sign of k. We shall prove their correctness after 
first stating them in the fcilowing directions for reducing 
(1) to normal form. 

To reduce the equation 

Az + By +C =0 
to normal form, 
xeosw + ysinw — p=0, 
multiply each term by k = + 1/VA?+ B?. The following 
rules determine whether to take the + or the — sign in this 
formula for k: 

(a) IfC #0, k has the sign opposite to that of C. 

(b) If C = 0 and B # 0, k has the same sign as that of B. 

OLei© = Oland B= 0, koa 7A. 


Rules (a), (6), and (c) follow from equations (3) and our 
conventions regarding w. Thus the last of equations (3) 
shows that if C is not zero, then kC is negative, a statement 
from which rule (a) follows. Under the hypotheses stated 
in rule (b), the last of equations (8) tells us nothing about 
the sign of k, and we turn to the second of equations (8). 
Since C = 0, the line passes through the origin. We recall 
that for such a line we take the normal direction upwards, 
so that sin w is positive. Thus /B is positive, and rule (6) 
follows. In the case covered by rule (c) the line is Az = 0 
and its normal form is x = 0, hence the rule. 

When k has been determined as above indicated, equations 
(3) express w and p in terms of A, B, and C, and thus answer 
the question asked at the beginning of this section. 


Example 1.— Write an equation of a line whose normal intercept is 
5, and whose normal angle is 240°. 


Solution. — Here p = 5, cos w = cos 240° = — cos 60° = — 1/2, 
sin w = — V3/2, and the required equation is 
1 ( ) a 
2(-3)+(--3 Fae, 


s z+ V3y +10 =0. 
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Example 2. — Find the normal intercept and the normal angle for 
the line which has the equation 2x — 4y — 1 = 0. 

Solution. — We put this equation in the normal form by multiplying 
through by + 1/V22 +(-4%=4 1/2V5; our rule requires that 
the multiplier be of sign opposite to that of — 1. Hence the multiplier 
is 1/2V5, and the normal form of our equation is 

V5 V5" 2V6 
It follows that cos w = 1/V5, sin w = — 2/V5, p =1/2V5. The 
angle w is in the fourth quadrant, and is 360° — w’, where w’ is the 


, lies 2 
angle in the first quadrant such that cos w’ = —=, sin w’ = — = d 
gle i qu: u 2,7 WE an 
hence tan w’ = 2. From the table of page 11 we have w’ = 63°; 
hence w = 297°, approximately. 


Example 3. — The point Q(3, 4) is on a circle whose center is at the 
origin. Find the equation of the tangent to the circle at the point Q. 


Solution. — We have 


0Q = p = V+ # =5, 


OY ee: 4 
eee. aR. 0(3;4) 
coswW =F, SINW ==, 
hence the normal form of the required equa- veal 
tion is B g 
3 4 
gr tgy—5=90, LC 


which reduces to 
3x + 4y — 25 = 0. 


* 28. Equivalent forms of equations. If one equation 
has been obtained from another by rearranging terms or 
by multiplying through by a constant other than zero, we 
have called the two equations equivalent forms. If an equa- 
tion is of a certain degree, an equivalent form is of the same 
degree. The two equations have the same solutions; hence 
the geometrical locus of one equation is identical with that 
of the other. 
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A question involving the converse of the last statement 
of the preceding paragraph is this: Must two equations 
of the same geometric locus be equivalent? To show that 
the answer may be negative, consider the following three 
equations, 


ola? = 72) 30; v= 0, a= 0. 


Each is satisfied by points for which x = 0, and only by 
such points, but the three equations are not equivalent, 
though the first two are of the same degree. However, the 
answer would be affirmative if suitable restrictions were 
made on the type of equations considered. We shall not 
attempt a general discussion of this question; the following 
theorem regarding equations of straight lines will, however, 
give an answer for equations of the first. degree. 

All the equations of first degree of a given straight line must 
be equivalent. 

It is in this sense that we may speak of the equation of a 
line. We now prove the theorem. 

First, suppose the line is parallel to the y-axis; then it 
has an equation « = k. Any other first degree equation of 
the line can be written in the form Az + By+C=0. We 
are to show that the two equations 


(1) z-k=0, Ax+ By+C=0, 
are equivalent. 
Two points on the line are (k, 0) and (k, 1) since they 


satisfy the equation « = k. They must satisfy the second 
equation; hence we have 


Ak+C =0, 
Ak+B+C=0. 


It follows that C = —Ak, and B = 0. Hence the equation 
Ax + By+C =0 can be written Ar — Ak = 0, and is 
therefore the result of multiplying the equation s —k = 0 
by A. This proves that the two equations (1) are equivalent. 


EQUATIONS OF STRAIGHT LINES 67 


Next suppose the line is not parallel to the y-axis; then it 
has a slope intercept equation y = mx + b. We are to show 
that any equation Ax + By + C = 0 of the line is equiva- 
lent to the slope intercept equation; that is, we are to prove 
the equivalence of the two equations of the same line 


(2) y—me—-—b=0, Axr+ By+C=0. 
From the first of these equations we see that the line passes 


through the points (0, b) and (1, m+ 6). Substitute these 
values for x and y in the second equation; we have 


Bb + C = 0, 
A+ Bm+ Bb+C =0; 
hence C = — Bband A = — Bm. The second of equations 


(2) can therefore be written — Bmax + By — Bb = 0, and 
is seen to be the result of multiplying y — mz — b = 0 by B. 
Thus equations (2) are equivalent. 

In each case, we have shown that every other equation of 
first degree of the line is equivalent to a certain one; hence 
all linear equations of the line are equivalent. 


EXERCISES 


— ee Write the equation of each of the straight lines whose normal 


angles and normal intercepts are as follows: 
=0°, p=0; = 270°, p =2; 
—ta) w= 0°, p=0; (b) w ? 
(c) w = 45°, p = 0; (d) w = 225°, p = 2. 
2. Proceed as in Exercise 1 with the following data: 
= e =e = 90°, p= 0; 
(a) w = 180°, p=1; (b) w , 
(c) w = 30°, p = 10; (d) w = 150°, p = 4. 
3. Find the normal angle and the normal intercept of each of the 
lines which have the equations: 
wl es = 0; 
(a) x= 90; s i eck teat. Sa 
—(c) e+ y = 2Vv2; (@) y+ V2e + V3 = 0. 
4, Proceed as in Exercise 3 with the equations> 
(a) y = 0; 0) e+ y= 9; 
(c) z—y— V2 =0; (d) 2a + 8y+ 4 =0. 
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‘5. Find the perpendicular distance from the origin to each of the 
lines which have the equations: 


hay = 0; —{b) 32 + 4y = 5; 
_te) s+ y+ V2 =0; (@) — 2y = 4. 
6. Proceed as in Exercise 5 with the equations: 

(a) 2x = 3y; (6) y+5=0; 

(c) y = 2a + V5;  @ Ww@+4y4+5 =0. 


(hy The point (5, 12) is ona circle whose center is at the origin. Find 
an equation of the tangent to the circle at the point (5, 12). 


8. Find equations of the two lines each of which has the slope — 1/2 
and the normal intercept 1. 


— (9. Find the distance between the parallel lines which have the 
equations 32 + 4y = 5, 83x + 4y — 10 = 0. 
10. Find the distance between the parallel lines which have the 
equations 52 + 12y = 10, 5a + 12y +3 = 0. 
11. Find the distance of a line from the origin when 
(a) its intercepts are a = 3,b = — 4; 
(b) it passes through the points (— 1, 2), (2, — 1). 
12. Find the distance of a line from the origin when 
(a) its intercepts area = — 12, b = 5; 
(b) it passes through the points ( — 2, 0), (3, 1). 
13. Find the distance of a line from the origin when 
(a) its slope is — 2 and its y-intercept is — 5; 
(0) its slope is 2/3, and it passes through the point (— 1, 2). 
14. Find the distance of a line from the origin when 
(a) its slope is — 1/2, and its x-intercept is 5; 
(6) its slope is 3/4, and it passes through the point (1, — 2). 
15. Derive the normal form for the equation of a line by expressing 


the intercepts a and 6 in terms of w and p, and using the intercept form. 
In what cases must this proof be modified ? 


16. Derive the normal form for the equation of a line by expressing 
its slope and y-intercept in terms of w and p, and using the slope inter- 
cept form. Are there cases which need another proof? 


17. Finish the first proof of the normal form by taking up the cases 
® = 0°, w = 90°, w = 180°, w = 270°, and showing that formula (1) of 
page 61 holds true in each case. 
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POLAR COORDINATES 


29. Equations of straight lines in polar coordinates. We 
have seen that every straight line has an equation of first 
degree in rectangular coérdinates 


Ag+ By+C =0. 
We change to polar codrdinates by substituting 
£.= 7 cos 0, y = rsin 8, 
and obtain the equation 
(1) r(A cos 0+ Bsin 6) + C = 0. 


If the line is parallel to the y-axis we have B = 0, A e 0, 


and (1) can be written 
(2) rcos 6 = a, 


Similarly a line parallel to the a-axis has the equation 
(3)  rsin 8 = b. 
A line through the origin has the equation 
(4) 6 = a, 

where @ is the inclination of the line. 


Equation (3) of page 62 is the normal form in polar coérdi- 
nates. Interchanging sides of the equation, we write 


(5) r cos (0 — w) = p. 
Here w is the normal angle, and p is the normal intercept. 
EXERCISES 


1. Obtain a polar equation of each of the lines satisfying the follow- 
ing conditions: 
(a) parallel to the z-axis, y-intercept = — 1; 
(b) passing through the origin with slope 1/2; _ 
(c) normal angle = 45°, normal intercept = V2. 
2. Proceed as in Exercise 1 with the following data: 
(a) parallel to the y-axis, x-intercept = 2; 
(b) coincident with the y-axis; 
(c) normal angle = 60°, normal intercept = 5. 
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3. Change from rectangular to polar codrdinates in each of the fol- 
lowing equations: 
(@a)z=1; (6)a+y=0; (© 3e+ 4y—5=0. 
4. Proceed as in Exercise 3 with the equations 
@)y+2=0; ()-2y=0; () c+y-5vV2=0. 
5. Change from polar to rectangular codrdinates and plot 
(a) r=2csc8; (b) 0= 7/4 radians; (c) rcos (@ — 45°) = 5. 
6. Proceed as in Exercise 5 with the equations 
(@) r=2sec 0; (b) 5sin@=4; (c) reos (6 — 60°), = 5. 
7. Find w and p for the line which has the equation 
r(cos @ + sin 0) = v2. 


8. Find a polar equation of a line whose zx- and y-intercepts are 
a=—1,b=2. 


9. Find a polar equation of the line passing through the points 
whose rectangular coérdinates are (1, 0), (— 2,—1). 


10. Obtain a polar equation of the line passing through the points 
whose polar codrdinates are (1, 30°), (2, 45°). 


11, Find the slope of the line which has the polar equation 
r cos(9 — 45°) = 2. 


12. Find the x- and y-intercepts of the line which has the polar 
equation r sin(? — 60°) = 3. 


MISCELLANEOUS EXERCISES *%* 


1. Find an equation of the perpendicular bisector of the segment 
whose ends are (1, — 2), (3, 6). 


2. Find an equation of a line through the point (— 2, 0) bisecting 
the segment whose ends are (0, 2), (8, — 1). 


: 3. In what ratio does the intersection point of the line whose equa- 
tion is + 2y = 4 and the segment from (— 1, — 3) to (9, 3) divide 
this segment? 


( 4. Find the coérdinates of the foot of the perpendicular from the 
origin to the line whose equation is « + 2y = 5. 


| 5. Find the codrdinates of the foot of the perpendicular from the 
point (1, — 1) to the line 3x + 4y — 24 = 0, 
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~ 6. Find an equation of each of the lines which pass through the in- 
tersection of the two lines 3x + y — 1 = 0, + 2y + 3 = 0 and which 
are (a) parallel, (6) perpendicular, to the line 3x + y = 7. 

- 7, Find an equation of a line which is perpendicular to the line 
2x + 3y = 0, and which has the x-intercept 10. 

~ §. Find the z- and y-intercepts of a line whose normal intercept is 
5, and which is parallel to the line 3a + 4y = 12. 


9. Find the slope of each of the lines which pass through the point 
(5, — 3), and whose normal intercept is 3. 


10. Find an equation of each of the lines through the point (3, 4) 
which have numerically equal «- and y-intercepts. 


11. Find the point on the z-axis which is equidistant from the points 
(2, 2), (— 1,'3). 
12. Find thé angle from the line 4x = 2y + 3 to the line 3z + y = 6. 


13. Find an equation of each of the lines through the point (1, — 2) 
that make an angle of 45° with the line 32 + 2y + 1 = 0. 


14. The foot of the perpendicular from the origin to a line has the 
coérdinates (3, — 4). Find an equation of the line. 


15. A line has the normal intercept 4, and the product of its a- and 
y-intercepts is 32. Find an equation of the line (two solutions). 


16. A line passes through the point (7, 1) and is tangent to the circle 
of radius 5 whose center is at the origin. Find an equation of the line 
(two solutions). 


17. The vertices of a triangle are (— 2,0), (8, 3), (4, — 2). Find 


(a) equations of the sides; 

(b) equations of lines through the vertices parallel to the oppo- 
site sides; 

(c) equations of the perpendicular bisectors of the sides. 


18. For the triangle of Exercise 17 find 


(a) equations of the medians; 
(b) equations of the lines through the vertices perpendicular to 
the opposite sides. 


19. For the triangle whose sides are on the lines 
8x —Qy=1, «+y—-2=0, 2-— 3y—4=0, 
find 
(a) equations of the medians; 


(b) equations of lines through the vertices perpendicular to the 
opposite sides. 
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20. For the triangle of Exercise 19 find 


(a) equations of lines through the vertices parallel to the oppo- 
site sides; 
(b) equations of the perpendicular bisectors of the sides. 


21. Prove that the locus of the equation 
(Aix + By + Ci)(Axw + By + C2) =0 
is the two lines whose equations are 
Aw+By+Ci=0, Asz+ By+C.=0. 
22. Using the result of Exercise 21, plot the graphs of 
(a) 2 —ay=0; (b) 2y° — 382y — 22? + 44 2y=0. 
23. Proceed as in Exercise 22 with the equations 
(a) 2 —y+2y—1=0; (6) 2 — zy — 6y — 5y—1=0. 
~~ 24, Find the perpendicular distance from the point (1, — 3) to the 
line which has the equation 8x — 4y = 10. 
Hint. Find the foot of the perpendicular from the point to the line. 
25. Find the radius and the center of the circle which circumscribes 
the triangle formed by the lines 
e+ty=7, 2=3y+3, 2—y+4=0. 
26. Prove that the area of the triangle whose vertices are (0, 0), 
(x1, yi), (2, ye) is equal to + 4 (xiy2 — ays). 
Hint. Find the base and the altitude. 
27. Find the angles of the triangle whose sides are on the lines 
Yt2x2=4, y=3n7, «2— Qy =2. 

28. The sides of a parallelogram are on the lines 
a+y=4,2-—2y7+1=0,c7+y+2 =0, x = Qy —7, 
Prove that a diagonal is trisected by the two lines joining the inter- 

section of the first two sides with the mid-points of the other sides. 


29. A vertex of a square is at (2, — 3) and the slope of the diagonal 
through that vertex is — 1/4. Find equations of the lines on which lie 
the two sides through that vertex. 


30. Two opposite vertices of a square are at (— 1, 1), (3, 4). Find 
the other two vertices. 


CHAPTER IV 
PROBLEMS CONCERNING STRAIGHT LINES 


30. Distance from a line to a point. In order to define 
the distance from a line J to a point P1(x, y:) we drop a per- 
pendicular from P; to J and designate 
the foot of this perpendicular by R; 
then RP; will be the distance from 
btonP te 

The problem of finding the length 
of RP, is more easily solved if we 
treat RP, as a directed segment and 
designate its measure as the directed 
distance d from the line 1 to the point 
Pi(a1, y:).. The positive direction on 
RP, is taken the same as that of the perpendicular ON 
from the origin to the line (RP; and ON are parallel, since 
both are perpendicular to 1). The positive direction of ON 
was defined on page 61 to be the direction from O to the 
line if the origin is not on the line, the upward direction - 
for lines through the origin, and the direction OX for the 
line x = 0. In Figure 36, where P; and O are on opposite 
sides of 1, the directed distance d is positive; if P: and O 
were on the same side of J, then d would be negative. 

_ The following theorem gives a formula for d: 


Fia. 36 


If the equation of | in normal form is 

(1) xcoswm+ysinw —p=0, 
then the directed distance d from the line l to the point P, (ay, y:) 
as given by the formula 


(2) d=x,cosw+yisinw — p. 
73 


74 ANALYTIC GEOMETRY 


In other words, to find d, reduce the equation of | to 
normal form (1), then substitute 2, y, for x, y in the left 
side of (1); the result will be equal to d. 

To prove this formula, let us drop the perpendicular 
P,S to ON. Then the right triangle OSP, will be a triangle 
of reference for the angle NOP, measured from ON to OP. 
If the length of OP; is , and the angle XOP, is 6; (here 
71, 0; are polar coérdinates of P;), the angle NOP, is 0; — w, 
and OS isp +d. The equation 


(3) OS = OP, cos NOP, 
is equivalent to 
p+d=ricos (0, — w), 
= 7,c08 6,cos w@+7r:sin 0; sin w. 
But 
m1 = 7, cosh}, ys = nsin hy, 
so that 
p+d=x,cosw + yi sin w, 
or 
d = x, cosw + yi: Sin w — p. 


The proof here given holds for all possible positions of P; 
and 1; even if P; is on ON, so that OSP, is no longer a 
triangle, equation (3) is still true, and the correctness of 
formula (2) follows. 


Note that if P: is a point (z, y) on l, then d = 0, and equation (1) 
holds. We thus have another proof for the normal form. 

It follows from formula (2) and from § 27, pages 63, 64, 
that the distance from the line 

Az+ By+C=0 

to the point P;(a, y:) is given by the formula 

(4) P ges Ax, + By + C. 

+ VA?+ B 

where the sign before the radical is opposite to that of C 
(if C = 0, see the rules of § 27). 
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Exampie. — Yind the distance from the line e + y — 2 = 0 to the 
point (— 1, 2). 


Solution. — By formula (4) we have 


Thus the undirected distance from the line to the point is V2/2, and the 
point (— 1, 2) is on the same side of the line as the origin, since d is 
negative. 


31. Bisector of an angle between two lines. In elementary 
geometry it is proved that the ray which bisects an angle is 
the locus of points equi- 
distant from the sides of 
the angle. If the sides of 
the angle are each indefi- 
nitely prolonged through 
the vertex, then the angle 
and its vertical angle are 
bisected by one straight 
line. This is called the bi- 
sector of the angle. If we Fic. 37 
consider all the angles be- 
tween two given straight lines, we find that there are two 
bisectors, which are perpendicular to each other. 

To obtain an equation of the bisector of an angle between 
two straight lines, li, 2, reduce the equation of each to nor- 
mal form: 


i: wv cos a, + ysin w — pi = 0, 
lL: 2 cos w + ysin & — po = 0. 


(1) 


Let P(X, Y) be a point on the bisector, and therefore equi- 
distant from |; and l,. Denote the directed distances from 
l, and l to P, respectively, by d; and d:;. Then we have, 
from formula (2) of the preceding section, 


d, = X cos o + Y sin a; = i, 


(2) : 
d, = X cos & + Y sin w. — pr. 
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The undirected distances from l, and from l to P must be 
equal; these undirected distances are the numerical values 
of the directed distances di, dz. If then, d; and d: are both 
positive, or both negative, we have 


(3) d, = ds; 
but if one is positive and one negative, (8) is replaced by 
(4) di = — dh. 


In Figure 37, for example, d; and d; are both positive when 
P is any point on the bisector in the angle illustrated, since 
P and the origin are on opposite sides of both , and l. If 
P were on the part of the same bisector that is in the vertical 
angle (the acute angle in which O lies), d, and dz, would 
both be negative. Hence equation (8) remains true for 
every point on this bisector, and it is true for no other 
points; similarly (4) holds for all points on the other bi- 
sector, and for no other points. 

If we substitute in (3) and (4) the values given by (2), and 
(since this can now be done without confusion of notation) 
replace X, Y by x, y in the resulting equations, we have 
the following equations of the two bisectors: 


(5) weosa, + y sin w, — pi = COS WW. + YSIN W2 — Pa, 


(6) xcosa; + y sin w — pi = — (cos we. + ysin wW. — po). 


Formula (5) gives an equation of the bisector of the angle 
within which (or its vertical angle) the origin lies; formula 
(6) gives an equation of the other bisector. 


The above rule applies to all cases except those where the origin is 
on one of the lines 1), lz. Here equations (3) and (4), expressed in terms 
of x and y, that is to say equations (5) and (6), are still the equations 
of the two bisectors. To tell which is an equation of the bisector of a 
given angle, take a point P on that bisector, and determine by the rule 
for the signs of d; and d, whether (3) or (4) is true; the corresponding 
equation (5) or (6) will be the desired equation. 
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Example 1.— Find the equations of the bisectors of the angles be- 
tween the lines which have the equations 
22—9y+18=0, 3¢—2y—12=0. 
Solution. — The normal forms of the above equations are 
2x — 9y + 18 _ 3a — 2y— 12 _ 9 
— V85 ‘ V13 
Hence, from the preceding formulas (5) and (6), equations of the bi- 


sectors are 
20. — TOU. “Oi hie 


— V85 V13 
2a —9y+18_ _— 3x — 2y — 12 
— V85 V13 


These equations are equivalent to 
(2V13 + 3V85)¢ — (9V13 + 2V85)y + 18V13 — 12V85 = 0, 
(2V13 — 3V85)x2 — (9V13 — 2V85)y + 18V13 + 12V85 = 0. 


The former belongs to the bisector of the angle in which O lies. 


Example 2.— Find the equation of 
the bisector of the acute angle between 
the y-axis and the line which has the 
equation 3x2 — 4y = 0. 


Solution. — The lines are as shown in 
Figure 38. Their equations in normal 
form are 
8a — 4y 


z=0, 0. 


The point P in Figure 38 is to the Fic. 38 
right of the line «= 0; hence by the 
rule of page 73, d; is positive. The other line passes through the origin, 
and, by the rule for such lines, d: is positive. Hence for this point, and so 
for all other points on the same bisector, we have d; = dz. Thus equa- 
tion (5) is the one to use here; the required equation is 
3x — 4y 

a ne 


which reduces to 
2x —y=0. 
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32. Area of a triangle. The area of a triangle whose ver- 
tices are Pi(%1, yi), Po(%2, yo), P3(xs, ys) is equal to one half 
the product of P:P, and the corresponding altitude MP3. 
The length P,P, is given by the formula 


(1) PyP2 = V(@ = %1)? + G2 — y)*. 


To obtain a formula for MP; 
we proceed as follows: The ¥ 
two point equation of the line v2 
through P,P, is 


P,(%5,Y5) 


YS 
Yoh * Be Mh 


P, (My, Yo) 


which becomes, after we mul- 
tiply through by a, — 2 and 
rearrange, os 
(2) — (2 — ya + (a2 — m)y + tiy2 — rey = 0. 
The formula for the distance from this line to P3 is 


—— = (Yo — y~i)X3 + (Xe — t1)y3s + Uys — Loy 
3) MP3 =e. 
ear + V(y2 — 1)? + (@ — 1)? 


By using formulas (1) and (3), we obtain the following 
result for the area S of the triangle P, P2 P3: 


S Lai +P, Pz ? MP3 
= + 3L — (yo — yi)ts + (2 — X1)ys + Uiy2 — rey]. 


By regrouping terms we obtain the equivalent formula 
(4) S= + 3[m(y2 — ys) — x2(yr — ys) + X(ys — Yo) ]- 


Here the + or — sign is to be so taken that the right side 
of (4) is positive. 
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In determinant notation (see page 1), formula (4) becomes 


xi yo 1 
(5)  +Area of triangle P:P,P; = + 43/x, yo 1 
Xs Ys 1 


EXERCISES 


a @® Find the distance (undirected) from the line to the point given 
as follows; in each case state whether point and origin are on the same 
side of the line: 
(a) 4x + 3y = 10, (3, 3); 
(0) 22 — 3y = 7, (— 1, — 1); 
-(c) y = 4, (2, 3). 
( 2.) Proceed as in Exercise 1 for the following lines and points: 
(a) 52 + 12y = 39, (5, 3); 
(6) c+y+3 = 0, (— 1, 2); 
~{e) z+y=0, (aes i2)e 
— (8.) Find the three altitudes of the triangle whose vertices are as fol- 
lows: (— 1, 2), (5, — 24), (— 1, — 7). 
4. Find the three altitudes of ihe triangle whose vertices are (0, 0), 
6, iB ee is aa 4). 
5. Find the equations of the bisectors of the angles between the lines 
whose equations are 3x — 4y + 5 = 0, 54 + 12y = 60. 
6. Find the equations of the bisectors of the angles between the lines 
whose equations are x + 5 = 0, 8a — 15y = 17. 
7. Find the equation of the bisector of the angle from 1, to l if i 
has the equation x + y = 5, and l, has the equation 2x + y + 4 = 0. 
8. Proceed as in Exercise 7 if 1; has the equation x + 4y = 5, and 
has the equation z — y = 0. 
9. Find the equations of the bisectors of the interior angles of the 
triangle whose vertices are given in Exercise 3. 


10. Proceed as in Exercise 9 for the triangle given in Exercise 4. 


Find the area of each triangle whose vertices are given in the following 
Exercises 11-16. 


11| (0, 0), (1, 3), (— 1, 2). 12. (0, — 1), (— 4,5), (3, 2). 
13. (4, 0), (2, 6), (— 2, 2). 14. (—1, 1), 2, — 4), 6, 0). 
15. (3, oe 1); ce 2, 4), 6, 3). 16. ce 6, 0), os 1; 0); ( oy 2, “y 2). 
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17. Find the area of the triangle formed by the lines 
y=2, ytu=0, t+3y—4=0. 


18. Find the area of the triangle formed by the lines 
52+ 3y+6=0, 2¢-—3y—6=0, rz+2y-—3=0. 


19. Prove analytically that the two bisectors of the angles between 
any two lines are perpendicular to each other. 


20. Prove that if consecutive vertices of a convex quadrilateral are 
(ar, yr), (a2, yo), (as, ys), (4, ys), then the area of the quadrilateral is 
equal to 


+ Axis + toys + raya + Lyi — Lyi — Layo — Lays — Lys). 


33. Systems of straight lines. The equation y =x+hk 
contains, beside the variables x and y, the letter k to which 
different values may be given. For each value of k, the 

given equation represents a line. 


y The totality of these lines constitutes 


a system of lines, and k is said to be 
the parameter of the system. All 
the lines of the system have the 
same slope, 1, and are thus parallel 
to each other. 

The example given in the pre- 
ceding paragraph suggests the fol- 


lowing general definition: 
Fie. 40 


If an equation of the first degree 
in x and y contains, beside the variables x and y, a letter k to 
which different values may be given, the corresponding lines 
are said to form a system of lines and k is said to be the 
parameter of the system. 


The lines of a system have a common geometric property. 
Thus the equation x cos w + ysin w — 10 = 0 represents 
the system of lines, with parameter , all of which are at 
the distance 10 from the origin; that is, they are all tangent 
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to the circle whose center is at the origin and whose radius 
is 10. 
As an application of the notion of a system of lines, con- 


_ sider the problem of finding the equation of a line satisfy- 


ing two conditions which do not directly determine the 
coefficients of a standard form. We can solve such a problem 
by first writing an equation that represents the system of 
lines verifying one of the given conditions, and then de- 
termining the parameter (usually by reducing the equa- 
tion to the appropriate standard form) so as to satisfy the 
other condition. This method is illustrated in the follow- 
ing Example 3. 


Example 1. — Describe geometrically the system of lines which has 
the equation « + By = 2. 


Solution. — If we put this equation in point slope form 


it is evident that all the lines for which B is not zero pass through the 
point (2,0); and the same is true when B = 0, since the corresponding 
equation is then z = 2. Therefore, all lines of the system pass through 
the point (2, 0).* 


Example 2. — Show that all lines parallel to a given line 


(1) Aiwz+ Byt+Ci=0 
constitute a system which has the equation 


Solution. — If B, = 0, all lines parallel to (1) have equations of the 
form x = k’, which is equivalent to Aiz = Aik’. We identify this last 
equation with (2) by writing k = — A,k’ and recalling that B, is zero. 

If B, is not zero, every line parallel to (1) has the slope — A1/Bi, and 
therefore has a slope intercept equation 


(3) => ae + b. 
* The system does not, however, include ail lines through (2, 0). The 


line y = O is such a line which is not a member of the system. Similar excep- 
tional cases often occur. 
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Tf we clear of fractions, rearrange terms, and make the substitution 
B,b = — k, equation (8) reduces to (2). 


Example 3. — Find the equations of the lines which are parallel to 
4x + 3y = 0 and tangent to a circle of radius 10 whose center is at the 
origin. 

Solution. — An equation of the sys- 
Y tem of lines parallel to 4x + 3y = Ois, 
by Example 2, 
(4) 4%+3y+k=0. 


The second of the given conditions is 
equivalent to the statement that the 
lines to be found have normal inter- 
cepts equal to 10. The normal form of 
lines Hi is 


k 


BY eat Bhs 


Pay ies 


Fie. 41 From this we see that the normal inter- 

cepts are == k/5. Hence for the lines to 

be found we have + k/5 = 10, or k = + 50. If we substitute these 
values for k in (4) we obtain the two required equations 


42 + 3y —50=0, 42+ 3y+ 50 =0. 
We could also have solved the problem by starting with the system 
of lines of normal intercept 10, 
(5) xeosw+ysinw — 10 =0, 


and determining w so that the slope in (5), — cot w, is equal to the slope, 
— 4/3, of the line 4a + 3y = 0. 


EXERCISES 
Write an equation of each of the systems of lines described as follows. 
Parallel to x — y = 0. 
Parallel to 27 + 3y = 1. 
Passing through the origin. 
Passing through the point (1, 0). 


Having the normal angle 45°. 


a 


. Having the normal intercept p = 5. 
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7. Perpendicular to x — 2y +1 = 0. 
8. Perpendicular to Aiw -+ By + Ci = 


For each of the following systems of lines name a property common to 
all the lines of that system. 


9 ct+k=0. 10. = + y =1. 
ll. kn + y—2=0. 12 2e+y=hk. 
: Bo, 
18) F—-% a1. 14. ke +V1 — By =5 (ke <1). 


Find equations of the lines that satisfy the following conditions. 
15. Inclination = 45°; x-intercept = — 4. 


16. The line passes through (7, — 1) and is tangent to the circle of 
radius 5 whose center is at the origin. 


17. The line passes through (8, 2) and has equal intercepts on the 
axes. 


18. The line has slope 4; sum of z- and y-intercepts is 3. 


19. The line is 10 units distant from the orien: and is perpendicular 
to the line 2x — y = 4. 


20. The line passes through (4, — 4) and forms with the codrdinate 
axes in the first quadrant a triangle of area 4. 


34. Lines through the point of intersection of two given 
lines. 


Let the equations of two intersecting lines be 

(1) Azw+Byt+t%=0, Awr+By+C%=0 
Then the system of lines which has the equation 

(2) ky(Aiw + Bry + C1) + he(Aot + Boy + C2) = & 


is composed of all the lines which pass through the point of 
intersection of lines (1). 

If in (2) we divide through by either k; or kz we see that 
this equation has essentially but one parameter, which may 
be taken as k;/ky or ky/k1; hence (2) is the equation of a sys- 
tem of lines. 
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To show that every line of system (2) passes through 
(a1, yi), the point of intersection of lines (1), we observe that 
(a1, yi) satisfies each of equations (1) and hence, when sub- 
stituted in (2) makes each expression in parentheses equal 
to zero; thus (a1, yi) satisfies (2). 

To show that (2) represents every line through (1, y:1) we 
prove that k; and kz can be so chosen that (2) is satisfied 
by the codrdinates of an arbitrarily chosen point (22, ye) 
other than (2, yi). This will be true if we choose (as is 
always possible) k; and kz so that they satisfy the equation 


ky (Aya, + Bryr + Cr) + ke(Acte + Boye + C2) = 0. 


By means of formula (2) we can often solve problems 
concerning lines that intersect, without stopping to deter- 
mine the codrdinates of the points of intersection. 


Example 1.— Find the equation of the line passing through the 
point (— 1, 2) and also through the point of intersection of the lines 
ety=5,3t+y+1=0. 

Solution. — The equation of the system of lines through the inter- 
section of the given lines is 

(3) kia +y—5)+h@8e+y+1) =0. 

Substitute z = — 1, y = 2; the result is 

ki(— 4) + k2(0) = 0. 
Hence we must take k; = 0, and we may take for k, any value except 
0, for example k; = 1. With these values for k; and ke in (3) we obtain, 


as the solution of our problem, the equation 32 + y+1=0. Note 
that this is one of the given equations. 


Example 2.— Find the equation of the line of slope — 3/4, which 
passes through the intersection of the lines x — 2y = 3, 2a + y = 4. 


Solution. — The system of lines through the intersection of the given 
lines has the equation 


kila — 2y — 3) + k(2x + y — 4) = 0,7 
or, on rearranging terms, 
(4) (er + Qhe)a + (— Qhi + ke)y — 3kr — 4ky = 0. 
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By solving for y, we see that the slope of a line having equation (4) is 


_ _ kit 2he 
mS ~ Oka + ka 
When this is set equal to — 3/4, we have 
_3_ _ kit 2h 
4 —2 +k, 
6k; — 3k. = — 4k — 8k», 
10k1 = — 5k. 
Hence we can take ki = — 1, ky = 2. If we substitute these values in 


(4) we have, as the solution of our problem, 
382 + 4y-—5=0. 


EXERCISES 


1 Find the equation of the system, S, of lines through the intersec- 
tion of 3a — y = 0 and y + 2a = 3. Determine the equation 
(a) of the line of S which passes through the point (2, — 1); 
(b) of the line of S which has the slope — 1. 


2. Find the equation of the system, S, of lines through the inter- 
section of y = 22 + 5 and a — y = 4. Determine the equation 
(a) of the line of S which passes through the point (2, 0); 
(b) of the line of S which is parallel to x — 3y = 4. 


3. Find the equation of the line parallel to the z-axis, and that of 
the line parallel to the y-axis, in the system of Exercise 1. 


4, Find the equation of the line parallel to the a-axis, and that of 
the line parallel to the y-axis in the system of Exercise 2. 


5. Given the triangle formed by the lines (a) e+ y—3=0, 
(b) 2x = y+ 4, (c) y= a — 5; without finding the codrdinates of the 
vertices obtain the equations of the two lines, each of which passes 
through the vertex where (a) and (b) intersect and of which one is 
parallel to (c) and the other is perpendicular to (c). 


6. Proceed as in Exercise 5 for the triangle formed by the lines 
(a) y= 2e+ 4, (6) e+ 38y—5=0, CC) t= y4+4. 

7. What does equation (2) of page 83 represent when the two lines 
(1) are parallel? 

8. Show that if the two lines (1) of page 83 intersect, then no con- 
stants k1, k:, at least one of which is not zero, can be found which make 
the coefficients of both x and y in (2) equal to zero. 
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9. Show that if both the equations (1) of page 83 are in normal form, 
then equation (2) represents the locus of a point which moves so that 
the ratio of its distances from the lines (1) is equal to a ratio of the 
numerical values of k: and ky. 


10. Find an equation of the line which passes through the intersec- 
tion of 2a — 8y + 5 = Oand 3x + 4y — 7 = 0, and through the inter- 
section of x — 8y+1=0 and 4% + 4y —3 = 0, without finding 
these intersection points. 

Hint. The line must be that one of the system through the first in- 
tersection point which has an equation equivalent to an equation of 
one of the system through the second intersection point. 


* 35. Relations between lines. Conditions that two lines 
be parallel, or be perpendicular to each other, have been 
given in terms of their slopes (page 40). It is useful also 
to express these relations in terms of the coefficients when 
the equations of the lines are of the general linear forms 


Aye + By + Ci = 0, 


(1) peepee caper 
I. If there is a constant k (not equal to zero) such that 
(2) kA, = Ag, kB, — By, kc, # C2, 


then the two lines which have the equations (1) are parallel; 
and conversely, if the two lines are parallel, there must be a k 
which satisfies the relations (2). 


Note that (2) is equivalent to the statement that the A’s 
are in the same ratio as the B’s, but not the same as the C’s. 
If equations (2) are verified, the two equations (1) are not 
equivalent, and hence they represent non-coincident lines. 

The first two of the relations (2) can be replaced by the 
equation 


(3) A,B i A, By = 0. 
To prove I, note that if equations (2) hold and if Bz: is 


not zero, then B, cannot be zero. The lines have slopes, 
— A,/B, and — A2/ By respectively, which are equal, since 
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Hence the lines are parallel. If Be were zero, B, would also 
be zero, and both lines would be parallel to the y-axis. 

To prove the converse statement in I, suppose the lines 
are parallel. If they are not parallel to the y-axis they have 
slopes that are equal, 


and neither B, nor B2 vanishes. But the above equation 
can be written 


B; A; = Ay 
1 
and obviously we have 
B 
B B, = Bo. 


Hence if k = B2/ By, the first two of equations (2) are verified, 
while if the third relation (2) did not hold, the lines would 
be coincident. If the lines are parallel to the y-axis we have 
By = By = 0, and k is A2/ Ax. 

Il. If the following relation is verified, 

(4) A,Ae + B, Be = 0, 
the two lines which have the equations (1) are perpendicular, 
and conversely. 

To prove this theorem, first suppose B, and Bz both dif- 
ferent from zero; then, from (4), neither A; nor A: is zero. 


Write (4) in the form A,A, = — B,B, and divide both sides 
by B,A2; this gives 
A _ _ Bs 


(5) B, <—o Ao’ 


which shows that the slope of one line isthe negative reciprocal 
of that of the other. Hence the lines are perpendicular. 
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If one of the B’s, say Bi, is zero, then, from (4), AiA2 = 0, 
and since A; and B, are not both zero it follows that A, = 0. 
One line is then parallel to the z-axis, and the other to the 
y-axis; hence in this case also they are perpendicular to 
each other. 

The converse theorem is proved by showing that if the 
lines are perpendicular to each other, but not parallel to 
the coérdinate axes, then (5) holds, and therefore (4), while 
if the lines are parallel to the axes then either A, = B, = 0, 
or A, = B, = 0, and, in either case, (4) holds. 

We can express the condition that three lines 

Aw+ By + C= 

(6) Age + By + C2 = 0, 

Asx + Bsy + C3 = 0, 


I 
— 


be concurrent, that is, intersect in one point, as follows: 


Ill. If the three lines (6) are concurrent, then constants 
ki, ke, ks, not all zero, can be found such that 


(7) ki(Aiw + By + Ci) + ke(Aox + Bey + C2) 
Ble k3(A sx =P V.Baif + C3) = 0; 


the identity holding for all values of x and y. The converse is 
also true when no two of the three lines (6) are parallel. 


This theorem follows at once from the results of § 34. If 
the third line passes through the intersection of the first 
two, then some equation 


ky(Aiw + Bry + Ci) + In(Ase + Bey + C2) = 0 
must be equivalent (see page 66) to 
A3x + Bsy + C3; = 0. 


It follows that the left side of the former of these last two 
equations is a constant times the left side of the latter. If 
this constant is called — k3, the identity (7) is an immediate 
consequence. 

To prove the converse statement, suppose the notation 


PROBLEMS CONCERNING STRAIGHT LINES 89 


so chosen that ky is not zero; then k, and k3 are not both 
zero. Identity (7) is equivalent to 


kk 
Awt By+ C= — 7 (Aa+ By+C:)— 7 (Ast Barre. 


From § 34 it follows that the first of lines (6) passes through 
the intersection of the other two. Hence if (7) is true, the 
lines (6) are concurrent. 

If (7) is written 

(8) (kiAi + keds + ksAs)x + (hk, Bi + ke Bo + k3Bs)y 

= (kiC, + keC, + ksCs) = 0, 
we see that (7) is true if and only if each expression in paren- 
theses in (8) is equal to zero. 

Another way of expressing the condition that the three 
lines (6) be concurrent is found if we solve the first two of 
equations (6) and substitute the solution for x and y in the 
third; the resulting expression must be zero. We shall not 
give the details of computation here; the result can be put 
in the form * 


A BC, 
(9) Ag B, C2 = 0. 
As Bs Cs 


Hence the rule: 


If the three lines (6) are concurrent, the determinant (9) must 
vanish; and conversely, unless the three lines (6) are parallel. 


Example. — Show that the following three lines are concurrent: 
zx-y+t1=0, r+y-—3=0, 32-—y-1=0. 
Solution. — We verify this statement by means of each of the rela- 
tions (7) and (9). : 
By trying various numbers for the k’s we may discover that we can 


take ki = 2, ke = 1, ks = — 1, and that (7) then holds. 
The test (9) is satisfied, since 
1-1 1 
1 1 =—3| =0. 
3 -1 -1 


* This follows also from the theorem on page 3 regarding three simul- 
taneous equations, if we take z = 1. 
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* 36. Analytic solutions of geometric.problems. The 
methods of this chapter enable us to prove analytically many 
propositions of geometry regard- 
ing the intersections of lines. We 
must be careful, in proving a prop- 
osition, to express our codrdinates 
and equations in a form that will 
apply to every figure for which 
the proposition is to hold. 

Example 1.— Prove analytically 


that the three bisectors of the interior 
angles of a triangle are concurrent. 


Solution. — Choose the axes so that 
the origin O is within the triangle, 
and let the equations of the three sides 
in normal form be briefly designated 

m=0 &=0 2£;=0. 
Then by the theorem of page 76, the equations of the three bisectors are 
Li = In, In = Ls, L3 = Th, 
L, — I, = 0, LT, — L; = 0, Ls — In = 0. 
These lines are concurrent, according to §35 (page 88) if ki, ke, ka, 
not all zero, can be found such that 
ki(L1 — Le) + keo(Le — Ls) + ks(Ls — Li) = 0. 


Evidently this identity holds 
when ki = ko = ks = 1. 


Example 2.— Prove analyti- 
cally that the three perpen- 
. dicular bisectors of the sides of 
a triangle are concurrent. 


or 


| 

Solution.—We give two proofs. x 
In the first the codrdinate axes Vy 
are placed in a special position; | 
in the other, the position of the Fia. 43 
axes does not matter. 

For the first proof, take the axes and the codrdinates of the vertices 
as in Figure 43; we can do so no matter what the shape or size of the 
triangle may be. 
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The perpendicular bisector of side AC has the equation 


Pfs ae es 


(1) too 


0. 


The perpendicular bisector of side BC passes through the mid-point of 
BC, whose codrdinates are (c/2, b/2), and its slope, the negative re- 
ciprocal of the slope of BC, is c/b. Its point slope equation is therefore 


which is equivalent to 


b? — 2 


(2) cx — by + 3 


= 0. 


Similarly, an equation of the perpendicular bisector of side AB is 


we, 
(3) az — by FUT # _ 9, 


The following identity, of type (7), page 88, which the student 
should verify, shows that (1), (2), and (3) are concurrent: 


B= a Be — a 


(cx — by + 5 ) = (ar — by + 3 )+@-0(2-*F4)~0. 


In the second proof we take the vertices as A(am, yi), B(ae, yo), 
C(es, ys). Since the perpendicular bisector of AB is the locus of points 
(x, y) equidistant from A and B, it has the equation 


Ve— my? t+ y— ym)? = Vem)? + (y — ye) 
which reduces to 
4) E@— 2)? + & — 97] —L@ — a)? + & — y:)7] = 0. 


This may be simplified and expressed as an equation of first degree, 
but such a transformation is not necessary. If we replace (21, y1), 
(x2, yo) by (a2, y2), (as, ys) respectively, we obtain an equation of the per- 
vendicular bisector of side BC. We proceed similarly to derive an equa- 
tion of the third bisector. The equations thus obtained are 


(5) [(@ — x2)? + (y — yo)?] — C(x — as)? + (y — ys)?] = 0, 
(6) = [(@ — a)? + (y — ys)?] — [@ — 21)? + (y — y:)?] = 0. 


If the left sides of (4), (5) and (6) are multiplied by 1 and added, every- 
thing cancels out, that is, the result is identically zero, which proves 
that the three perpendicular bisectors are concurrent. 
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EXERCISES 


1. Apply theorems I and II of § 35 (pages 86, 87) to determine which 
pairs of the following lines are parallel, and which pairs are perpendicu- 
lar: 

(a) 2y= 382-5; (b) 8a+2y=0; (c) 2x = 3y — 4; 
(d) 4a + 6y+15=0; (e) 6% — 9y = 20. 


2. Proceed as in Exercise 1 with the following lines: 


(a) y= 3xe4+6; (6) cx=3y4+6; (c) 82+y = 6; 
(d) 3y-—x2+3=0; () y—3r¢=0. 


3. Prove by one of the tests of § 35 that the following three lines are 
concurrent: 2x — y = 4, 2y+a+2=0, y=2-—- 32. 

4. Prove by one of the tests of § 35 that the following three lines 
are concurrent: y + 32 = 5, x = 2y, 5a — 3y —5 = 0. 

5. Prove that for every triangle the medians are concurrent. 


6. Prove that for every triangle the three lines, each of which passes 
through a vertex and is perpendicular to the opposite side, are concur- 
rent. 


7. Prove that for every triangle ABC the bisector of the interior 
angle at A and the bisectors of the exterior angles at B and C are con- 
current. 


8. Prove that for every triangle ABC the bisector of the interior . 


angle at A divides the opposite side BC into segments whose ratio is 
equal to AB: AC. 


MISCELLANEOUS EXERCISES 


For each of the triangles ABC whose vertices are given as follows, find 
(a) an equation of the line through A parallel to BC; (b) an equation of 
the line through A perpendicular to BC; (c) the length of the altitude when 
BC is taken as base. 


1. A(O, 0), B(— 2, 2), C(2, 4). 
2. A(i, 4), B(—1, — 1), C(@, — LD. 


_— 3. A(— 3, 2), BU, 5), CO, — 4). 


4, A(1, — 1), B(- 4, 1), C(4, 2). 
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For each of the triangles ABC given as follows, find (a) tan A (the tan- 
gent of the interior angleat A); (b) the equation of the bisector of that angle; 
(c) the area of the triangle. 


5. As in Exercise 1. 6. As in Exercise 2. 


7. As in Exercise 3. 8. As in Exercise 4. 
For each of the triangles formed by the lines whose equations are given 
as follows, find (a) the equation of the bisector of the interior angle formed 


by the first two lines; (b) the equation of the line through the intersection 
of the first two lines, and perpendicular to the third line; (c) the area. 


_— 9% Q4#+y—-18=0, «£+3y—14=0, x-— Ty +36 =0. 
10. 22+y—8=0, 3t-—y—-—12=0, x«+3y-—4=0. 
ll. y= 8e+2, e+2y+9=0, rt+tyt2=0. 

12. 2+3y=6, 5e¢=y-—2, Ty = 3 — 6). 
Solve the following problems. 


13. Find equations of the bisectors of the interior angles of the tri- 
angle whose vertices are (0, 0), (0, Vv 2) (V2, 0), and prove that these 
bisectors are concurrent. 


14. Find equations of the medians of the triangle of Exercise 10, and 
prove that these medians are concurrent. 


15. Find equations of the three perpendicular bisectors of the sides of 
the triangle of Exercise 12, and prove that these bisectors are concurrent. 


16. Find equations of the three lines, each of which passes through 
a vertex of the triangle of Exercise 11 and is perpendicular to the oppo- 
site side. Prove that these three lines are concurrent. 


17. Find the vertices and the area of the triangle each of whose sides 
is parallel to a side of the triangle of Exercise 9 and passes through the 
opposite vertex. 


18. Find the area of the quadrilateral whose consecutive vertices 
are a) ey 2) LO 2): 


19. Find the area of the convex quadrilateral formed by the lines 
x=0, 3a1+y=15, x-—6y4+14=0, r+ y=0. 


—— 20. Find equations of the two lines through (0, 2) which are equi- 


distant from the points (1, — 1), (4, — 3). 
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21. Prove that if P(x, y:) lies above the line Ax + By + C = 0, 
where B is positive, then Az; + By, + C > 0, and conversely. Use 
this theorem to determine whether the point (4, — 3) and the point 
(— 2, — 1) are on the same side, or on opposite sides, of the line 
zc+3y+4=0. 

22. State and prove a theorem similar to that of Exercise 21, which 
will determine whether P(x, y:) lies to the right or left of the line 
Ax + By+C = 0, where A is positive. Use this theorem to solve 
the problem in the last sentence of Exercise 21. 


23. Find the equations of each of the common tangents of the two 
circles Ci, C2, where C; is of radius 2 and has its center at (0, 0), while 
C2 has its center at (7, 1) and is of radius 3. 


CHAPTER V 
THE CIRCLE 


37. The standard form of the equation of a circle. We 
recall that a circle is a plane figure defined as the locus of 
points at a given distance, the radius, from a given point, 
the center. To obtain an equa- 
tion for a circle, take a set of Y P(a,y) 
rectangular coérdinates in the 
plane of the circle, let C(h, k) 
be the center and let R be the 
radius. If P(2, y) is any point 
on the circle, then 


(1) CP = R. 


From the formula for the distance 
between two points we have 


(2) (x — A)? + (y — k)? = R 


Fie. 44 


Conversely if equation (2) is satisfied, so also is equation (1), 
and P must lie on the circle. Thus equation (2) is satisfied 
by the coérdinates of every point on the circle and by those 
of no other point. It is therefore an equation of the circle, 
called the standard form. 

If the center of the circle is at the origin of codrdinates, 
we have h = 0, k = 0, and hence 


(3) x+y? = R* 
38. Equations reducible to the standard form. If equation 
(2), § 37, is expanded and rearranged it becomes 


x? + y? — Qhe — Qhy + h? + k? — R? =0. 
* 95 


96 ANALYTIC GEOMETRY 


This is of the form 
(1) 24+ + De + Fy + F = 0, 


where D, E, and F are constants. 

The questions arise: 1. Can every equation of the form 
(1) be reduced to the standard form of equation (2), §37? 
2. Is every such equation an equation of a circle? 

To answer these questions, we first rewrite equation (1) 
thus: 

(2? + Dx) + (y? + Ey) = — F. 
We then add (3D)? and (42)? to both sides of the equation, 
and obtain 
p2 FE? D2 i? 
(e+ pe +B) 4 (v4 Bvt Z)- Zt 


which may be written 
(2) (¢ + 3D)? + (y + 3H)? = 3(D? + E? — 4F). 


This has the form of equation (2), § 37, where 
(3) h=—-4D, k= —}3E, R=}3VD?+ E — 4F. 


Our first question is answered affirmatively. 

The answer to our second question, however, is negative. 
To see this we note that in equation (2), which is equivalent 
to (1), the right member may be negative, while the left 
member cannot be less than zero for any point (x, y). In 
such a case the equation has no locus. 

By inspection of equation (2) we arrive at the following 
conclusions concerning the locus of equation (1): 

(a) If D? + E? — 4F > 0, the locus of (1) is a circle with 
center (— 4D, — 3E) and radius +V D? + E? — 4F. 

(b) If D? + E? — 4F = 0, the locus of (1) is the point 
(— 4D, — 4E) (sometimes called, in this connection, a point 


circle). 
(c) If D? + E? — 4F < 0, the equation (1) has no locus 
(it is sometimes said that the locus is an imaginary circle). 
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Example. — Find the locus of the equation 
e@+y+ 6r—8y+9=0. 
First solution (using the formulas). — Here D = 6, EF = — 8, F = 9 


and hence D? + EH? — 4F = 64. The locus is therefore a circle with 
center at (— 3, 4) and radius 4. 


Second solution (by completing squares). — Collecting terms we 
have 


(2? + 62) + (y — 8y) = — 9. B 
If we complete the squares, we obtain Nae 
(e+ 62 +9) + —8y +16) =—9+9+16 ENTRY) 
or 

(@ + 3)? + (y — 4)? = 16. PHOT He 

Comparing with equation (2), § 37, we observe 
that the locus is acircle for which h = — 3, Fig. 45 
k=4,R =4. 


The method of the second solution is employed for curves other than 
circles, and is to be used in exercises of the following set. 


EXERCISES 
1. Find an equation of the circle: 
(a) whose center is (0, 4) and whose radius is 6; 
(b) whose center is (6, — 2) and whose diameter is 10; 
~(c) whose center is (— 3, 4) and which passes through (2, 5). 
2) Find an equation of the circle: 
~(a) whose center is (6, 0) and whose radius is 4; 
(b) whose center is (— 4, 4) and whose diameter is 7; 
(c) whose center is (— 5, 0) and which passes through (1, 0). 
8. Find the center and radius of each of the following circles which 
is real, and draw figures: 
(a) 2+ yy — 8x = 0; 
(b) 2+ y+ 4a — 8y — 5 = 0; 
‘(c) 2+ y — 6x + 8y + 25 = 0; 
(dq) ?+y+ 4x48 =0; 
(e) 32% + 38y? + 52+ 12y = 0. 


4. Proceed as in Exercise 3 with each of the following circles: 


(a) 22+ y* — 36 = 0; 
(b) 22+ y? — 36y = 0; 
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(c) a+ y2+ 8x + 4y + 20 = 0; 
(dZ) 2+ y+ 62 + 10 = 0; 
(e) 522 + 5y? — 15¢ + 8y + 12 = 0. 


—— §. The extremities of a diameter of a circle are the points A(4, — 2) 
and B(— 2,6). Find an equation of the circle. 


. 6. The line joining A(— 2, 4) and B(6, — 2) is a diameter of a 
circle. Find an equation of the circle. 


7. Find an equation of the straight line which passes through the 
centers of the two circles 
2+ y+ 102 + 12y = 0, 
ey — br + 8y = 0. 


8. Find the shortest distance from the point (— 2, 7) to the circle 
a+ y? — 6x + 4y = 12. 
9. Prove that the circles 


2+ y+ 16x + 12y = 0, 
e+ y-— 8&&+2y4+8=90, 


are tangent to each other. Find the codrdinates of the point of contact. 
10. Find the shortest distance from the circle 


w+ y?+ 8 — by = 0 
to the circle 
2+ y? — 16x + 2y + 40 = 0. 


39. Circles determined by three conditions. Every circle 
has an equation of the form 

a) 2e+y+ Dxe+ Hy + F =0, 
where D, E, and F are constants. Three conditions in 


general determine these three constants,.as is illustrated in 
the following examples. 


Z 


Example 1. — Find an equation of the circle which passes through 
the three points (6, 2), (7, 1), (8, — 2). 

Solution. — The circle has an equation of the form (1). The coérdi- 
nates of each of the three points must satisfy the equation; hence 


36+4+6D+ 2H+F=0, 
49+1+7D+ E+F=0, 
64+4+8D-2E+F=0. 
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Solving for D, EZ, F, we find 
o-6, Bad Be 


Hence the required equation is 
2+ y— 624+ 4y — 12 =0. 
Example 2. — Find an equation of the circle whose center lies on 
the line 22 — y = 3 and which passes through the points (— 1, — 2) 
and (0, — 3). 


Solution. —The equation has the form (1). The center lies at 
— 4D, — 4B), and its codrdinates must satisfy the equation of the 


given line; hence 
—- D+ 4E =3. 


The coérdinates of the two given points must satisfy (1); hence 
1+4-D-2HF+4+F=0, 
0+9+0-3H+4+F=0. 
Solving the last three equations, we find 
D=-2, H=2, F=-—3. 
The required equation is 
e+ y— 227+ 2y¥-—3=0. 
Example 3. — Find an equation of the circle inscribed in the tri- 
angle whose sides have the equations 
at2y=5, 2w-y=5, %Ww+y=-—5. 
Solution. — The center lies on the bisectors of the angles of the tri- 
angle; two of these bisectors are found to be 
2—3y=0, «=0. 
Solving these equations, we find that the center is the point (0, 0). The 


radius is the distance from a side of the triangle to the center; this dis- 
tance is found to be V5. Hence the required equation of the circle is 


a+ y= 5. 
Example 4. Find an equation of a circle whose radius is 4V5 and 
which is tangent to the line x + 2y = 20 at the point A(6, 7). 


Solution. — We have given R = 4V5. Let us find h and k, the 
codrdinates of the center. The distance from the point C(h, k) to the 
point A(6, 7) is 4V5; hence 


(1) (h — 6)? + (k — 7)? = (4V5)? = 80. 


100 ANALYTIC GEOMETRY 


The radius AC is perpendicular to the tangent line x + 2y = 20. 
Hence the slope of the one is the negative reciprocal of the slope of the 
other, and we have 


k-—7 } 

(2) 34> > (LOFT. 
We solve (1) and (2) forh and k. From (2) we CAG 7 
have . 5 

k = 2h —5. : 
Substituting in (1) and simplifying, we obtain ae 
h? — 12h + 20 = 0. = z 
Hence h = 2 or h = 10. Corresponding values of k are k = — 1 or 


k = 15. There are two possible centers, C:(2, — 1) and C2(10, 15). 
The equations of the two corresponding circles are 


(@ — 2)? + (y+ 1)? = 80, (e — 10)? + (y — 15)? = 80. 


EXERCISES 


Find an equation of the circle which passes through the three points 
given in each of the following Exercises 1-4. 


1. A(0, 0), B(6, 0), C(O, — 10). 
2. A(3, 0), BO, 4), C(3, 4). 
- 8) A(2, 2), B(2, 6), C(18, 4). 
4, A(— 3, 6), B(— 2, — 6), C(2, 4). 
Find an equation of the circle which circumscribes the triangle whose 
vertices are given in each of the following Exercises 5-8. 
5. A(O, 0), B(— 8, 0), C(O, 6). 
6. A(— 6, 0), B(2, 4), C(O, — 6). 
7. A(—1, — 1), B(—1, — 3), C(— 9, — 2). 
8. A(8, — 6), B(2, 6), C(— 2, — 4). 
Find an equation of the circle inscribed in the triangle formed by the 
lines given in each of the following Exercises 9-12. 
9)e=0, Awtry=0, 2w-y-—8=0. 
—10.2-—2y=5, 2w+y=5, 2*#-y+5=0. 
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lL. 8e+y+1=0, x-—3y+3=0, 2+ 3y—11=0. 
12. 3x1—4y—8=0, 4¢+3y—12=0, 42 — 38y+ 36=0. 


Find an equation of the circle inscribed in the triangle whose vertices 
are the points given in each of the following Exercises 13-15. 


13. A(0, 0), BQ, 6), C(8, 0). 
14. A(, 4), B(, 10), C(14, 4). 
~ 15. A(2, 2), B(2, 4), (10, 2) 


~ 16. Find an equation of the circle whose center is (2, 5) and which is 
tangent to the line 54 — 12y = 13. 


~ 17. Find an equation of the circle whose center is (— 3, — 4) and 
which is tangent to the line 8x + 4y = 20. 


18. Find an equation of each circle which passes through the points 
0, 2) and (2, 4) and is tangent to the z-axis. 


~ 19. Find an equation of each circle which passes through the points 
(— 3, 3) and (1, 5) and is tangent to the line 4x + 3y + 13 = 0. 


20. Find an equation of the circle which passes through the points 
(2, 1) and (4, 7) and is tangent to the line 4x — 8y +5 = 0. 


21. Find an equation of the circle which passes through the points 
(2, 3) and (— 1, 1) and has its center on the line x — 3y = 11. 


22. Find an equation of the circle which passes through the points 
(1, 1) and (3, — 2) and has its center on the line 8x + y + 11 = 0. 


23. A point moves so that the sum of the squares of its distances 
from (2, 4) and (— 2, — 4) is 72. Show that the locus is a circle, and 
find its center and radius. 


24. A point moves so that it is always twice as far from the point 
(6, 2) as from the point (2, — 2). Show that the locus is a circle and 
find its center and radius. 


25. A point moves so that the sum of the squares of its distances 
from the lines 32 + 4y = 5 and 4x — 3y = 10 is always 25. Show 
that the locus is a cirele and find its center and radius. 


\26/ Find an equation of the circle which is tangent to the lines 
2x + 3y + 6 = 0 and 32 + 2y — 9 = 0 and passes through the point 
(= 6, ow 6). ° 


27. A point moves so that the square of its distance from the point 
(3, 2) is proportional to its distance from the line 3x — 4y = 10. Prove 
that the locus is a circle. 


Se 


SS 
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* 40. The system S + kS’ = 0. Let us write the equa- 
tion of a circle in the abbreviated form 


(1) S=0 


where S stands for the expression x? + y? + Dx + Ey + F. 
Similarly we write the equation of another circle 
(2) 8S’ =0 
where S’ stands for 22 + y? + D’x + E’'y + F’. Consider 
now the equation 
(3) S + kS' = 0. 
If this is written out at length and terms are rearranged, we 
have 
(4) (l+k)e?+ (1+ k)y?+ (D+ kD')x 
+ (E+ kE’)y + (F + kF’) = 0. 
The question arises: What is the geometric relationship 
between the locus of equation (3) and the circles (1) and (2)? 


If the circles (1) and (2) intersect, the codrdinates of each 
point of intersection must 
reduce both S and S’ to 
zero; hence S + kS’ is 
also reduced to zero. It 
follows that the locus of 
equation (3) passes through 
the intersections of (1) and 
(2). This is true regard- 
less of the value of the 
constant k. 

If k = — 1 we observe 
that equation (4) is linear, 
provided D+ kD! and E + kE’ are not both zero. Hence in 
this case equation (3) is the equation of a straight line. If 
the circles (1) and (2) intersect in two points, this line passes 
through them and therefore contains the common chord of 
the circles (Fig. 46). Whether the circles intersect or not, 
the line is called their radical axis (see Ex. 8, p. 108). 


Fia. 46 
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If k # — 1, we divide equation (4) by (1 + &) and obtain 
x? + y? + terms of lower degree = 0, 


which is of the form (1) discussed in § 38, page 96. Hence 
equation (3) may represent (a) a circle, (b) a point circle, 


_or (c) it may have no locus. 


If 8 = 0 and S’ = 0 are equations of intersecting circles 
then S + kS’ = 0 ts a circle which passes through their points 
of intersection if k 1s any constant other than — 1. 

By giving different values to k in equation (3) we get 
different circles. ‘Thus equation (3) represents a system of 
circles, with k as parameter. Each point of the plane lies 
on one circle (or on the radical axis) of the system, except for 
points on the circle (2). To prove this, let Pi(a, y:) be any 
point in the plane. Substitute x = x,y = y, in (3), designate 
the resulting equation as S; + kS;/ = 0, and solve for k; 
we obtain k = — S,/S,’.. This is possible if P; is not on the 
circle S’ = 0. For this value of k the circle (3) passes through 
P,. Ifit should happen that k = — 1, the locus is the radical 
axis instead of a circle; it is sometimes called a circle of 
infinite radius. 


Example. — Given two circles S = 0, S’ = 0 where 
S=aatt y+ 2x + 2y — 14, 
S'=2?+ y — 4x — 4y — 41, 

find the radical axis, and the circle which passes through the intersec- 
tions of the circles and the point (1, — 1). 
Solution. — The radical axis S — S’ = 0 is 
6z + 6y + 27 = 0. 

To determine the circle of the system S + kS’ = 0 which passes 
through the point (1, — 1), wesubstitutez = 1,y = —linS+kS’ = 0. 
For these values of zx and y we find S = — 12, S’ = — 39; hence 

4 
— 12—39k =0, or k= — 33° 
The required circle is S — a S’ = 0; this reduces to 
Qa? + Oy? + 422 + 42y — 18 = 0, 


ae 7\2 7\2 116 
(= + §) +(v +3) ae 
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EXERCISES 
Ss \1, Draw the circles S + kS’ = 0, where 
S=2+ 7 — 8 — 9, 
S=2+y4+ 8-9, 
when k = 0, 1, 3, — 1, — 10. 
2. Draw the circles S + kS’ = 0, where 
S=a2+y — 6y — 16, 
So = 2+ y* + 8y, 
when k = 0, 3, 8, — 1, — 3. 


- 8. Find an equation of the circle which passes through the point 
(3, 2) and through the intersections of the circles 


Yw+y—4=0, 2+7+42=0. 


4. Find an equation of the circle which passes through the point, 
(2, — 2) and through the intersections of the circles 


e+y—42=0, 2+y+ 4¢=5. 


Find the equation of the radical axis and draw the figures for each pair 
of circles in the following Exercises 5 and 6. 


5B @?+y=4, 2+y—4¢=5; 
(0) @+y=4, a+ y? — 844+ 12y = 10; 
() @+y=4, a+ y— 8e+ lby = 0. 


4 
4 
6. (a) @ + yr =9, 2+ ¥? + 6x — By = 0; 
0) ?@+y=9, 2&+y4+ 6x — 8y4+ 21 =0; 
(c) &+y=9, 22+ y+ 6x — 8y4+ 24=0. 


7. Let Pi(x1, y:) be outside the cir- 
cle (rc —h)?+ (y—k)?— R? =0. Let 
t be the length of the tangent from 
P, to the circle (Fig. 47). Prove 
that @ = (a — h)?+ (y, — k)? — R 


8. Let P: be a point on the radical 
axis of the circles S = 0, S’ = 0 and 
outside the circles. Let ¢ and t’ be the 
lengths of the tangents from P; to.the 
respective circles S = 0 and S’ =0 
(Fig. 47). Use the formula of Exercise 
7 to prove that t = t’. 
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Use the fact proved in Exercise 7 to find in each of the following Exercises 
the point from which the lengths of tangents drawn to the three given circles 
are equal. 

~ 9 2+ y? + 62 + 8y = 0, 
2 y+ 8a + Sy = 1, 
e+y+4e+7y+9=0. 

10. 2+ y+ 22 —-T7y+4=0, 

e+ y+ 4c — 6y = 0, 
Y+y—x-—8y+11=0. 


POLAR COORDINATES 


41. Polar equations of circles. For a given system of 
polar codrdinates let the point C(a, a) be the center and R 
the radius of a circle. To find 
an equation of the circle let 
P(r, 0) be any point on the 
circle. Apply the Law of Cosines 
to the triangle OCP. We obtain 
the required equation Fia. 48 


(1) r? — 2ar cos (6 — a) + a? = R?. 

If the center is at the origin, we have a = 0, and (1) 
becomes 

(2) f? = R?, 

If the center is at the point (R, 0) the equation reduces to 
the simple form 

(3) f r = 2R cos 6. 
This circle passes through the origin, and its center is on the 
polar axis. 


EXERCISES 
1. Find the polar equation of the circle 


(a) whose center is (2 V2, 5) and whose radius is 2; 


(b) whose center is (2, 4 ) and whose radius is 2; 


(c) whose center is (2, 0) and whose radius is 2. 
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2. Find the polar equation of the circle 


ie 


(a) whose center is (sv2, a 


) and whose radius is 3; 


(b) whose center is (3, - 3) and whose radius is 3; 


(c) whose center is ( 3, 3 ) and whose radius is 3. 
3. Show that if the center of a circle of radius R is at the point 


(x, 5) it has the polar equation r = 2R sin 0. 
4, Show that if the center of a circle of radius R is at (R, 7) the 
polar equation is r + 2R cos @ = 0. 


Find the center and radius of each of the circles whose polar equations 
are as follows. 


Li or = 3. 6. r = 6 cos 0. 

\% r = 8 sin 0. 8 r = — 12 cos 0. 

% r= —10sin 8. 10. r = 6.cos (9 ~ 3). 
11. r = 8 cos (0-3). 12. 7'= J0e0s (9+ 5): 


18. r? — 6r cos 6 = 16. 14. r? — 8rsin 6 = 9. 

15. r = 10 cos 0 — 10V3 sin 0. 16. r = cos 0 + sin @. 

17. Derive equation (2), § 41, from equation (3), § 37, by means of 
the equations, s = r cos 0, y = r sin 6. 

18. Derive equation (1), § 41, from equation (2), § 37, by means of 
the equations xz = r cos 0, y = r sin 0. 

19. Show that if in Figure 48 the codrdinates of P are (— r, 7 + 8), 
equation (1), § 41, follows from the Law of Cosines. 

20. Find the distance between the centers of the circles whose polar 
equations are 

r= 10sin 8, r = — 12 cos 0. 
21. Proceed as in Exercise 20 when the equations are 


7? — 6r cos 0 = 16, r= 800s (0— 4): 


22. Find a polar equation of the straight line which passes through 
the centers of the circles 
r? — 8r sin 0 =9, r =2cos@ +2 sin 0. 
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MISCELLANEOUS EXERCISES 


In some of the following Exercises the axes of coérdinates are not given. 
The student should choose them so that the coérdinates and equations will 
be as simple as possible. 


1. A point moves so that the sum of the squares of its distances 
from two given perpendicular lines is a constant. Prove analytically 
that the locus is a circle. 


2. A point moves so that the ratio of its distances from two fixed 
points is a constant, k. Prove analytically (a) that if k = 1 the locus 
is a straight line, and (b) that if k ¥ 1 the locus is a circle. 


3. A point moves so that the square of its distance from a fixed point 
is proportional to its distance from a fixed line. Prove analytically 
that the locus is a circle. 


4. A point moves so that the sum of the squares of its distances from 
two fixed points is constant. Prove analytically that the locus is a 
circle. 


5. The ends of a rod slide along two fixed perpendicular wires. Prove 
analytically that the mid-point of the rod moves in a circle. 


6. Show that the locus of thé equation 


Ra aie ee?) eye eel 
Se tye Die Ys i] Ro 
te? + yr? m2 Yo 1 
Xs? + ys? 23 Ys 1 


passes through the three points P1(a1, yi), P(x, y2), Ps(x3, ys) and that 
it is a circle if the determinant 


v1 Y1 1 


te yo i 
Xs ys 1 


has a value different from zero. Give the geometrical significance of 
the value of the latter determinant and of its vanishing (see p. 79). 


7. Let Pi(xi, yi) be a point outside the circle 
e@+y+ Dr+ Hy+F=0. 
Prove that if ¢ is the length of the tangent from P, to the circle, then 
P=a2+y%+ Du+ Ey t+ F. 
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8. Prove that the locus of a point which moves so that the lengths 
of the tangents drawn from it to two given circles are equal is (a) the 
radical axis of the circles if they do not intersect, or (b) the part of the 
radical axis exterior to the circles if they intersect. 

Hint. Use results of Exercise 7. 


9. Prove that if two circles are concentric they have no radical axis. 


10. Show analytically that the radical axis of two circles which are 
not concentric cuts their line of centers at right angles. 


11. If three circles are such that each pair has a radical axis, prove 
that the three radical axes thereby determined intersect in a point or 
are parallel. 


12. Find the points of intersection of the circles 
v’+y-+ 42 = 21, 
v+y — 8y = 9. 
Did you use the equation of the radical axis of the circles at any step 
in your solution? 


13. Two circles intersect orthogonally if the angle between their 
tangents at a point of intersection is a right angle. Prove that the circles 
v+y+ Dr+ Hy+ F =0, 
Y’+y+ Die+ Hy+F’ =0 
intersect orthogonally if and only if 
DD’ + EE' = 2(F + F’). 


14. Prove that the circles 
2+ y = 2kz, 
P+ y = 2k'y, 
where k and k’ are constants, intersect orthogonally (see Ex. 13). Draw 
the circles for k = 2, 4, 6 and k’ = 2, 4, 6, as a check. 


15. Find an equation of a circle which passes through the point 
(0, 0) and cuts orthogonally both of the circles of Exercise 12. Is there 
a circle which passes through the point (3, 0) and cuts orthogonally 
both of the circles of Exercise 12? Draw a figure. 


16. Find an equation of the circle which passes through the inter- 
sections of the circles of Exercise 12 and cuts the first one orthogonally. 
Also one through the intersections which cuts the second circle orthog- 
onally. Draw a figure. 
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17. Prove that every circle which passes through the points (3, 0) 
and (12, 0) cuts the circle 2? + y? = 36 orthogonally (see Ex. 13). 


18. Prove that every circle which passes through the points (ka, 0) 
and (a/k, 0) cuts the circle a? + y? = a? orthogonally. 


19. Find an equation of the circle K which passes through the mid- 
points D, E, F of the sides of the triangle whose vertices are A(— 12, 0), 
B(6, 0), C(O, 6). Drop perpendiculars 1,, 2, 1; from A, B, C on the 
opposite sides; let the feet be G, H, J. Prove that the circle K passes 
through G, H, and I. Let Q be the point of intersection of l1, h, ls, 
and let L, M, N be the mid-points of the lines joining A, B, C with Q. 
Prove that L, M, N lie on the circle K. Draw an accurate figure, 
locating all of the points and draw K. 


20. Prove that the circle K which passes through the mid-points 
D, E, F of the sides of any triangle ABC also passes through the 
following six points: the feet G, H, I of the perpendiculars from 
the vertices to the opposite sides, and the mid-points L, M, N of 
the lines joining the vertices to the point Q of intersection of the per- 
pendiculars from the vertices to the opposite sides of the triangle 
ABC. 


Hint. Choose codrdinate axes so that the vertices are A(a, 0), 
B(b, 0), C(O, c). Find the equation of the circle through D, E, F and 
prove that J and ZL lie on it. 

Note. This circle K which passes through the nine points D, LE, F, 
G, H, I, L, M, N is called the nine point circle of the triangle ABC. 


21. Prove that if the equations 


e+y+ Dr+ Hy+F=0, 
e+y+ D'ix+ E'y+ F' =0, 


have the same locus, then the equations are identical, that is, D = D’, 
E=2',F=P’. 
22. Prove that if the equations . 
a y=, 
ax? + bay + cy? + dx + ey =f, 


are equations of the same circle, then 
ql = 63 t S37 %'r, “and b= d= 6-= 10) 


Hint. The points (r, 0), (— 7, 0), (0, 7), (0, — r) are on the circle; 
also if (a1, y:) is on the circle, so also is (a1, — y1). 


CHAPTER VI 
STANDARD EQUATIONS OF THE CONIC SECTIONS 


\ 42. Introduction. The curves of intersection of a plane 
and a right circular cone are called conic sections or conics. 
If the plane cuts across one 


nappe of the cone, the section 
a ere, is an ellipse (curve H, Fig. 49). 


ea If the plane is parallel to a line 
in the surface of the cone, the 
aN Ad section is a parabola (curve P, 
Fig. 49). If the plane cuts both 
H nappes of the cone the section is 
a hyperbola (curve H, Fig. 49). 
The preceding definitions ex- 
plain the origin of the name 
“conic” as applied to these 
Fia. 49 curves. While it is possible to 
proceed from these definitions 
to a study of the curves, it turns out to be simpler, and it 
is customary, to start from other definitions which will be 
given in following sections. In Chapter XVII, § 154, we 
shall show that the two sets of definitions are equivalent. 
These curves were extensively studied by the ancient 
Greeks, and are of great interest in mathematics, both pure 
and applied, because of their important properties. They 
are in many respects the simplest types of curves after the 
straight line and the circle. This simplicity will present it- 
self to us here through the fact that they all have equations 
of the second degree, coming under the general form 


Ax? + Bay + Cy? + Da + Ey + F =0. 
110 


Jie 
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It will be shown, moreover, in Chapter XII, §§ 109, 110, 
that the locus of an equation of this type is always a conic 
(under special conditions it degenerates into one or two lines, 
or a point, or the equation has no locus). 


THE PARABOLA 


“43. Standard equation of a parabola. The usual definition 
of a parabola is as follows: It zs the locus of a point which 
moves in a plane so that its distance from a fixed point con- 
stantly equals its distance from a fixed line. The fixed point 
is called the focus and the fixed 
line the directrix of the parabola. 

Let F be the focus and MN the 
directrix of a parabola (Fig. 50). 
The points of the parabola are equi- 
distant from F and MN. A number 
of such points are shown in the figure. 
One of them is at the mid-point, 
V, of the perpendicular FD from F 
to MN. It is called the vertex of 
the parabola. The line VF produced 
indefinitely through F is called the 
axis of the parabola. The distance Fig. 50 
DF will be denoted by p. 

Methods of constructing a parabola are given in § 58, 
pages 135, 136, to which the student may now refer. 

The equation of the parabola turns out to be especially 
simple if we take V as the origin of a system of rectangular 
coérdinates, and the line through V and F as a coérdinate 
axis. 

If the focus F is on the positive x-axis, the coérdinates of 
F are (p/2, 0). Let P(x, y) be any point on the parabola. 
Let PQ be the perpendicular from P to the directrix. Then 
the distances FP and QP are equal; hence 


(1) FP? = QP. 
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We have 
p 2 
FP? = (« = 5) + y?. 


It is seen that the codrdinates of Q 
are (— p/2, y) and hence 


QP? = (« - a > > yt 


On equating these expressions and 
expanding we obtain 


2 — Pp 2= 72 p° 
pe+Tt+y=2 + px +7 Fig. 51 


and hence 
(2) y? = 2px. 


We have shown that if P(a, y) is on the parabola, equa- 
tion (2) is satisfied. If we take any point P(x, y) not on 
the parabola, then equation (1) is not satisfied and conse- 
quently equation (2) does not 
a A hold. Thus equation (2) is sat- 
sa page by points on the parabola 
and by no other points. 

Equation (2) is called the 
standard equation of a parabola. 
The equation of the directrix is 
seen to be 


aa 


The focus is at the point (p/2, 0), 
the vertex is at (0, 0). 

If the vertex is at the origin and the focus is on the nega- 
tive z-axis, as illustrated in Figure 52, the codrdinates of F 
are (— p/2,0). Then if P(a, y) is on the locus, FP? = QP’. 


We have 


Fig. 52 


p\? 
FP? = (x +8) a. 
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The coérdinates of Q in the figure are (p/2, y); hence 


2 
op? = ( =#) ty = 9) 
Since FP? = QP?, we have 
2 p? 2 p? 
x eT ay ¥ ite Bae 
and hence 
(3) y? = — 2px. 
The student should show that if the vertex is at the origin 


and if the focus is on the positive y-axis, the corresponding 
equation of the parabola is 


(4) x? = Qpy; 
and that if the focus is on the negative y-axis the equation is 
(5) x? = — Qpy. 


44. Discussion of the parabola. Consider the standard 
equation of a parabola, 


y? = 2pa. 


Since p is positive and y? positive or zero, we observe that 
x must be positive or zero. Hence the curve does not extend 
to the left of the origin, that is, of the vertex. 

When we substitute in the equation any positive value 
% for x, and solve for y, we obtain two values, equal except 
for sign, y = + 4, where Yi = V2px,. The points (2, 41) 
and (a, — y:) both lie on the curve (Fig. 53). Hence: the 
curve is symmetrical with respect to the x-axis, on which 
lies the axis of the parabola. 

If we substitute a succession of larger and larger values of 
x in the equation, and solve for y, we get larger and larger 
values, increasing indefinitely with z. The curve extends in- 
definitely far, receding indefinitely from the axis, 


RE ge 20 SR SE RR et rr + 


-- 2 et ee. 


——— 


— latus rectum is 2p, the coefficient 
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The line segment through the 


z-coordinate of an end of the latus 
rectum is p/2. Substituting in 
the equation and solving, we find 
y = + p. Hence the length of the 


of x in the standard equation. 


EXERCISES 
14. Derive the equation of the parabola whose vertex is at the origin 


and focus at (0, p/2). ; i 
2. Derive the equation of the parabola whose vertex 1s at the origin 


and focus at (0, — p/2). 


Draw the locus of the equations in the following Exercises 3-6. Per 
the vertex and focus, and draw the directrix and latus rectum in each case. 


3. (a) y? = 82; 4)-(a) x? + 12y = 0; 
; (b) y2 + 8x = 0; (b) 2y2 + 2 = 0; 
(c) 22 — 4y = 0. (c) 22 ++ y = 0. 
5. (a) y? = 102; 6. (a) x? = 10y; 
(b) 2? + 4y = 0; (b) 2? = — 10y; 
(e) y2 = — 102. (ec) 4y27+2=0. 
7. Find the equation of each of the parabolas described as follows: 
(a) vertex (0, 0), focus (5, 0); 
(b) focus (4, 0), directrix, 2+ 4=0; 
(c) vertex (0, 0), directrix, y—4=9; 
(d) focus (0, 10), directrix, y + 10 = 0. 


8. Find the equation of each of the parabolas described as follows: 


(a) vertex at the origin, focus at (6, 0); 

(b) focus (— 4, 9), directrix, x = 4; 

(c) focus (0, 6), directrix, y = — 6; 

(d) focus (0, — 4), latus rectum 
parallel to the x-axis. 


= 16, directrix above and 
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9. From the definition of a parabola derive the equation of each of 
the parabolas described as follows: 


(a) focus (4, 4), directrix, x = 0; 
(b) vertex (2, 4), directrix, x = — 2. 
10. Proceed as in Exercise 9 with the parabolas described as follows: 
(a) focus (0, 4), vertex (0, 8); 
(b) vertex (— 4, — 2), directrix, y = 6. 
11. Find the equation of the parabola whose focus is (0, 0) and whose 
directrix is 3x + 4y = 12. 


12. Find an equation of the locus of a point which moves so that its 
distance from the point (0, 8) is four units greater than its distance 
from the line y + 4 = 0. 


13. Find an equation of the locus of a point which moves so that its 
distance from the point (— 8, 0) is two units less than its distance 
from the line x — 5 = 0. : 


45. Properties and applications. The parabola and other 
conics were studied by the ancient Greeks by the methods 
of elementary geometry, and many properties of these 
curves were thus discovered. We 
shall state here two important 
properties of the parabola to be 
proved later. 

1. The locus of the mid-points 
of parallel chords is a straight 
line parallel to the axis of the 
parabola (Chapter XI, § 99). 

2. At any point P of the pa- 
rabola (Fig. 54) draw the focal 
radius FP and a line PQ parallel mee. Pt 
to the axis of the parabola. Then the angle FPQ is bisected 
by the line PN (the normal at P) which is perpendicular to 
the tangent at P (Chapter X, § 95). 

The parabola is a curve frequently encountered in applied 
mathematics. For example, the cable of a suspension 
bridge whose weight is uniformly distributed over the length 
of the bridge takes the form of a parabola. The path of a 
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projectile, such as a cannon ball or a baseball, is an arc of a 
parabola (neglecting resistance of the air and minor forces). 

If a parabola is revolved about its axis a parabolic surface 
is generated. Rays of light emanating from the focus of a 
parabolic mirror are reflected in rays parallel to the axis, 
and rays parallel to the axis on striking the mirror are 
reflected to the focus. These facts are consequences of the 
second geometric property stated above. On account of 
‘these properties parabolic mirrors are used in searchlights 
and astronomical telescopes. 

If a pan of water is rotated about a vertical axis the 
surface of the water assumes a parabolic shape. 


THE ELLIPSE 


46. Standard equation of an ellipse. If a point moves ina 
plane so that the sum of its distances from two fixed points is 
constant, the locus is an ellipse. The two fixed points are 
called the foci of the ellipse. 

The distances from the 
foci to a point are called 
the focal radii of the point; 
in Figure 55, they are F'P 
and FP, where F’ and F are 
the foci and P is the point. 

We shall denote the sum 
of the focal radii of a point 
on the ellipse by 2a, and 
the distance between the foci by 2c. It is obvious that 2c 
is less than or equal to 2a, and hence c S a. 

To obtain a simple equation for an ellipse, let the mid- 


Fie. 55 


point of the line joining the foci 7’ and FP be taken as origin, | 


and the line through F’ and F as the z-axis. The coérdinates 
of the foci are (+ c, 0). Let P(z, y) be any point on the 
ellipse. Then, by definition, 

(1) F’P + FP = 2a, 
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or Veto? +y+ Ve — 6? + y? = 2a. 
Hence 

(2) Veto? + y= 2a- Veo) + ¥, 
Squaring and simplifying, we obtain 

4ox = 4a? — 4aV (x — c)? + y?, 

(3) av (@ — c)? + y? = a? — cx. 
If we square again and collect terms, we have 

(4) (a? — c?)x? + ay? = at — ac? 
Division by the right-hand member gives us 


xv? y? 
a a — 


= 1. 


When c <a, a? — c? is positive, and we may write for sim- 
plicity 


(5) b2 = @ — ¢?; 
then the equation of the ellipse becomes 
x? y’ 
(6) a te Bi = ik 


This is called the standard equation of the ellipse. 

It may be shown that points not on the ellipse do not 
satisfy this equation (see Exercises 33, 34, p. 122). 

If the foci are on the y-axis at (0, c) and (0, — c) the equa- 
tion of the ellipse is 


x? 2 
(7) t= 1, b= at ct 

47. Discussion of the ellipse. It is fairly obvious from 
the definition of the ellipse that the curve is symmetric with 
respect to the line passing through the foci F’ and F, to the 
perpendicular bisector of F’F, and to the mid-point of F’F. 
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These facts concerning symmetry will now be proved ana- 
lytically. 

First let us recall definitions of symmetry. Two points 
P and P, are symmetric with respect to a line if the line is 
the perpendicular bisector of PP1; they are symmetric with 
respect to a point O if O is the mid-point of PP. Thus, 
in Figure 56, P and P, (also Pz and P3) are symmetric with 
respect to the line F’F, and P 
and P3 (also P. and P;) are sym- 
metric with respect to O. 

A curve is symmetric with re- 
spect to a line (or point) if the 
points of the curve can be associ- 
ated in pairs such that the points 
of each pair are symmetric with 
respect to the line (or point); 
otherwise stated, if P is any point on a curve, this curve 
being symmetric with respect to a line (or point), then the 
point P; which is symmetric to P is also on the curve. 

To prove that the ellipse is symmetric with respect to the 
line through its foci, we choose codrdinate axes as in § 46, 
and observe (Fig. 56) that we must prove that if P(a, y) lies 
on the ellipse then P;(z, — y) does also. Thus by hypothesis 
(x, y) satisfies the equation of the ellipse 


Fia. 56 


x? y? 


(1) a oe 
and we must prove that (x, — y) also satisfies it, that is, that 
aa tet 
(2) 2 iar © ie 1 


Since the latter equation follows at once from the former, 
the symmetry exists. 

To prove that the curve is symmetric with respect to the 
perpendicular bisector of F’F and with respect to the mid- 
point of F’F, we must show similarly (see Fig. 56) that if 
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(x, y) satisfies equation (1) then (— x, y) and (— a, — y) 
do also, that is, that 


(- =) y? —2 2 = 2 
+h =1 and St 2) pee =1, 


These relations follow at once from (1) and hence the sym- 
metry exists. 

The chord through the two foci of the ellipse is called the 
major axis of the ellipse. ‘To find its length we substitute 
y = 0 in equation (1) and obtain = + a; hence the length 
of the major axis A’A (Fig. 57) is 2a. 


The chord of the ellipse which is the perpendicular bi- 
sector of the major axis is the minor axis of the ellipse. To 
find its length, substitute « = 0 in (1) and obtain y = + b; 
hence the length of the minor axis B’B is 2b. Since, by (5), 
§ 46, b? = a? — c’, it is seen that the minor axis is always 
shorter than the major axis if ¢ is not zero. 

The point of intersection of the two axes of the ellipse 
is called its center. It bisects every chord which passes 
through it. 

An end-point of the major axis is called a vertex of the 
ellipse. The curve bends most sharply at the vertices. 

The chord LR (Fig. 57) through a focus perpendicular to 
the major axis is called a latus rectum of the ellipse. To find 
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its length, we substitute the abscissa of R, which is x = c, 
in the standard equation (1) and solve for y. We have 


(6 a? — 64 


2 


ee = 


The codrdinates of R are (c, b?/a), and thus the length of 
the latus rectum is 2b?/a. 


and hence 


Example 1. — Find an equation of the ellipse whose foci are (-+ 4, 0) 
and whose vertices are (+ 5, 0). Find the lengths of the axes and the 
latus rectum; draw the curve. 


Solution. — The origin is the cen- 
ter of the ellipse, the z-axis the BLL 
major axis. We havea = 5, c= 4. Ros : Re. 
Hence the length of the major axis ue Legh 
is 2a = 10. Since b? = a? — c, we ae’ (e c= 
have b = 3. Thus the length of EA Hee opee'=5tre 4 
the minor axis is 6, and the length C1 B 
of the latus rectum is 262/a = 18/5, 
The standard equation of the curve HE [Br 
becomes 


7 


a a 
yr Ge 


To sketch the curve draw the axes A’A and B’B, and the latus rectum 
for each focus, LR and L’R’; then draw an oval figure through the end- 
points A, R, B, R’, A’, L’, B’, L. 


Example 2.— Find the axes, ver- 
tices, and foci of the ellipse having 
the equation 

4a? + 25y? = 100. 


Solution. — Dividing by 100, we 
get the standard equation of an 
ellipse 


x ye 

2 Soa Sig ts 
Hence the major axis is on the z-axis, the minor axis on the y-axis, the 
center at the origin. We have a? = 25, b? = 4: thus the vertices are 


EQUATIONS OF THE CONIC SECTIONS 121 


the points (+ 5, 0), the lengths of the axes are 10 and 4, and the length 
of the latus rectum is 8/5. Since c? = a? — b?, we have c = V 21; thus 
the foci are the points (4 V 21, 0). 


EXERCISES 


1. Prove that if the center of an ellipse is at the origin, the foci at 
(0, + c), and the vertices at (0, + a), the equation of the ellipse is, as 
stated on page 117, 
bid y? 
ater 
2. Show that the distance from a focus to an end of the minor axis 
is a. 


» Where 0? = q? — ¢?, 


Find an equation of each of the ellipses satisfying the following condi- 
tions. Sketch the curves. 


8. The foci are (+ 5, 0); the vertices are (+ 13, 0). 

4. The foci are (+ 12, 0); the vertices are (+ 13, 0). 

5. The foci are (+ 12, 0); the length of the minor axis is 32. 

6. The foci are (+ 8, 0); the length of the minor axis is 12. 

7. The foci are (0, + 3); the length of the major axis is 10. 

8. The foci are (0, + 8); the length of the major axis is 34. 

9. ‘The vertices are (0, + 17); length of latus rectum is 50/17. 
10. The vertices are (0, + 17); length of latus rectum is 450/17. 


Sketch the curves for each of the equations in Exercises 11-30. 


{11> 92? + 16y? = 144. 12. 42? + 9y2 = 36. 
13.) 162? + 25y? = 400. 14. 252? + 36,2 = 900. 
15. 92? + 25y? = 900. 16. 4x? + 25y? = 625. 
(17. a2 + 49y? = 196. 18. 2? + 64y? = 256. 
19. 81a? + 100y? = 8100. 20. 100z? + 121y? = 12100. 
21. 4x2 + y? = 144. 22. 252? + 9y? = 225. 
23. 3622 + 257? = 400. 24. 64x? + 25y? = 1600. 
25. 492? + 3672 = 900. 26. 162? + 972 = 576. 
27. 100x?'+ y? = 100. 28. 400x? + y? = 400. 
29. 4412? + 400? = 6400. 30. 4002? + 361y? = 6400. 


122 ANALYTIC GEOMETRY 


31. Find the locus of a point which moves so that its distance from 
the point (8, 0) is always one-half of ite distance from the line x = 12. 


32. Find the locus of a point which moves so that its distance from 
the point (2, 0) is always one-fifth of its distance from the line x = 50. 

33. Prove that a point P:(x1, y:) which is not on the ellipse defined 
in § 46 does not satisfy the equation 


2 2 
(6) =+§-1 


Hint. If P, is not on the ellipse, the sum of the focal radii is 2a’ 
where a’ # a. Then (21, y:) satisfies the equation 


2 2 
sat ps =1, where b?=a?—@. 


Show that therefore (x1, y:) cannot satisfy (6). 
34. Solve Exercise 33 by proving that if P(x, y) satisfies equation 
(6) then 
F'P + FP = 2a. 
Hint. Retrace the steps from (6) to (1) in § 46, giving attention to 
the + signs which enter whenever you extract a square root. 


48. Limiting forms of an ellipse. Eccentricity. If c = 0, 
then a = b and the ellipse is a circle. If c is much smaller 
than a, that is to say, if the ratio c/a is near zero, then b 
and a are nearly equal, and the ellipse is nearly circular. 

If c =a, then 6b = O, and the ellipse is the straight line 
segment joining the foci. If the ratio c/a is near unity, the 
ellipse is a very flat oval. 

The ratio c/a is called the eccentricity of the ellipse, and 
is denoted by e: 

€:=16/G;" Ofs (¢-—"ae: 


Since c cannot be greater than a, the eccentricity of an ellipse 
cannot be greater than unity. 


49. Directrix of an ellipse. An important property of the 
ellipse is given in the following theorem: 
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If a point moves so that the ratio of its distance from the 
point F(ae, 0) to its distance from the line x = a/e is always 
equal to the constant e, less than unity, the locus is the ellipse 

x y? 

(1) au 1, where b? = a*(1 — e?). 

The point F is a focus of the ellipse, and the constant e is the 
eccentricity. 


The line « = a/e is called the directrix of the ellipse cor- 
responding to the focus F. 

To prove the theorem, let P(x, y) be any point on the 
locus. Draw the perpendicu- 
lar PD to the directrix. From 
the hypothesis we have 


(2) FP? = ePD?, 
We see that 
FP? = (x — ae)? + y?, 


F'(ae,o) 


2 
Ppa (: = ) ’ Fie. 58 
Substituting in (2) and simplifying we obtain ad, 
(3) (1 — ez? + y*® = aX(1 — e%), 


which is equivalent to (1). 

Thus if P(x, y) is on the locus, (1) is satisfied. Further- 
more if P(x, y) is a point not on the locus, equation (2) is 
not true, and therefore equations (3) and (1) are not satisfied. 
Hence (1) is an equation of the locus. 

From the equation b? = a2(1 — e?), we find that 


a? — 62 Ce 


a a 


= 


Hence ¢ is the eccentricity of the ellipse and F is a focus. 
In the preceding theorem the point F(ae, 0) and line 
x = a/e may be replaced by the point F’(— ae, 0) and the 
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line « = —a/e. Thus the ellipse has a second directriz, 
x = — a/e, corresponding to the focus F’. 


J 50. Properties and applications of the ellipse. We state 
here without proof a few properties and applications of 
the ellipse. 

(a) If a circle is projected by parallel lines from one plane 

on another, the projection is an ellipse (or a circle). 
(6) The angle between the focal radii FP and F’P to any 
point P on the ellipse is bisected by the line through P 
which is perpendicular to the tangent at P (this line is called 
the normal). 

If an ellipse is rotated about an axis, an ellipsoidal surface 
is generated. Because of property (b), if rays of light or 
sound emanate from a focus F' of an ellipsoidal reflecting 
surface they will all be reflected to the other focus F’. They 
will moreover take the same time to reach F’. This accounts 
for the phenomenon of “whispering galleries.”’ 

The earth and other planets move about the sun in orbits 
which are ellipses of small eccentricity (i.e., nearly circular 
orbits). Comets travel in orbits of larger eccentricity. 

Arches in bridges and other structures are often elliptical. 

In machinery elliptical gears are used when variable rates 
of motion are desired. 


EXERCISES 


“1. Derive the equation of the locus of a point which moves so that 
the ratio of its distance from the point F’(— ae, 0) to its distance from 
the line s = — a/e is the constant e. 


Find the equation of each of the ellipses whose centers are at the origin, 
whose major axes are on the x-axis, and which satisfy the following condi- 
tions. Draw each curve showing foci, directrices, vertices, and latera recta.* 


2. Eccentricity = 1/10, latus rectum = 2. 
| 3. Focus is (6, 0), eccentricity = 4/5. 


*“Latera recta”’ is the plural of “‘latus rectum.” 
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. Directrix is x = 13, eccentricity = 5/18. 
. Directrix is c = 26, eccentricity = 12/13. 


aon 


. Major axis = 24, eccentricity = 3/4. 
7. Minor axis = 14, directrix is x = 64/V 15. 
Find the foci, eccentricity, and directrices of each of the following ellipses. 


8. 422 + 9y? = 36. 9. Qa? + 25y? = 225. 
10. 252? + 169y? = 400. AL. 1442? + 1697? = 900. 
12. 252? + 4y? = 400. 13. 100z? + 36y? = 900. 
14. 2? + y? = 100. 15. 2? + 99%? = 1. 


THE HYPERBOLA 


51. Standard equation of a hyperbola. If a point moves 
in a plane so that the difference of its distances from two fixed 
points is a constant, the locus is a hyperbola. The two fixed 
points are the foci of the hyperbola. 

Let F’ and F be the foci and P any point of a hyperbola. 
Denote the distance F’F by 2c, and the difference of the 
distances F’P and FP (the larger less the smaller) by 2a. 
Since the difference of two 
sides of a triangle is less 
than the third side, 


2a '<20 OY. a< ce: 


F'(—c,0) 
By definition of a hyper- 
bola 


(1) F’P — FP = + 2a, Fia. 59 


the positive sign holding if F’/P > FP, the negative sign if 
F’P < FP. 

To obtain a simple equation for a hyperbola, let the line 
through F’ and F be chosen as the z-axis, and the mid-point 
of F’F as origin. The codrdinates of F’ are (— c, 0), of F are 
(c, 0), and of P are (a, y). Then from equation (1), 


V@F PTE - VeRO Hy = £20 


| 
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Hence 


ViaetoPty= Va — 0? + y? + 2a. 
Squaring and simplifying, we obtain 
doa = 4a? + 4aV @—o? + y, 
e- eV t+ aV (x — 0)? + y?. 
If we square again and collect terms, we have 
(c? — a®)x? — a®y? = a?c? — at. 


Division by the right-hand member gives us 


(2) ~-ro- 


Since a < c, the expression c? — a? is positive, and we 
may write for simplicity 


(3) b? = c? — a’; 
then the equation becomes 
x? 2 
(4) ik el 


which is known as the standard equation for the hyperbola. 
It may be shown that points not on the hyperbola do not 
satisfy this equation (see Ex. 33, p. 130). 
It should be observed that a may be either larger or 


smaller than 6. 


If the foci are on the y-axis at (0, c) and (0, — c), the , 


equation of the hyperbola is 


2 2 
(5) it ie b? = c? — a’, 


52. Discussion of the hyperbola. It is geometrically ob- 
vious from the definition of a hyperbola that the curve 
is symmetrical with respect to the line through the foci F’ 
and F, and to the perpendicular bisector of F’F. Their 
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point of intersection is a center of symmetry, bisecting 
every chord which passes through it, and is called ve center 
of the hyperbola. 

An analytic proof of the statements concerning symmetry 
would be similar to that given in § 47 for the ellipse. 

To find the intercepts on the z-axis, substitute y = 0 in 
(4) and solve for x; we get x = + a. Thus the line passing 
through the foci crosses the curve at two points A’ and A, 
the vertices of the hyperbola. The segment A’A is called 
the transverse axis; its length is 2a. 

If we substitute 2 = 0 in equation (4) we find for y the 
imaginary values 


= +bV-1; 


hence the y-axis does not cross the curve. For a reason 
which will be obvious later (see § 54) the line from B’(0, — b) 
to B(0, b) is called the conjugate axis; its length is 2b. 
The chord through a 
focus perpendicular to the 
transverse axis is the latus 
rectum of the hyperbola 
(LR in Fig. 60). To find 
its length, substitute x = c 
in equation (4) and solve 


for y; we find 
Ce = a? bt 
y? => b2 a = Pi 
b2 
oe Fre. 60 


Thus FR = b?/a, and the length of the latus rectum is 
2b?/a, the same expression as was found for the latus rectum 
of an ellipse in § 47. 

Solving equation (4) for y we obtain 


yaar VP a, 


ore 
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If x is numerically less than a, the corresponding value of y 
is imaginary. Hence there is no portion of the hyperbola 
between the lines = a and x = — a. 

Consider for a moment that part of the curve for which 
y is positive and x is as great as a. It is easily seen that 
if we give x any series of increasing values, such as a, 2a, 
3a, - + -, the corresponding values of y increase constantly. 
Furthermore for a large value of z, such as « = 10a, the 
square root of x? — a? is approximately equal to 2, and 
hence y = bx/a approximately. It is proved in the next 
article that the distance from the curve to the line 


_ be 
ea 


approaches zero as points are taken farther and farther out 
on the curve. This line is called an asymptote of the hyper- 


bola. The line 
_ be 


Fe: 


is also an asymptote. The two asymptotes are given by the 
single equation 


xt yo i 
ae ewe Gi B 

as may be seen by solving 

this equation for y. AA x 

Example. — Draw the curve a Bored 

whose equation is A hse 
oe Fait ; 
3616 Fia. 61 


Solution. — The equation has the standard form (4) of a hyperbola. 


We have 
a=6, b=4, c= V36+4+ 16 = 2V13. 
The vertices are (+6, 0), the foci (+ 2V13, 0). The length of the latus 
rectum is 32/6 = 16/3. The asymptotes are the lines 
y = + 3. 
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After locating the vertices and the ends of the latera recta, and drawing 
the asymptotes, we easily sketch the curve, as in Figure 61. 


EXERCISES 


1. Derive the equation (5), of page 126, for the hyperbola whose . 
foci are (0, + c). 

2. Find the equations of the asymptotes of the hyperbola of Exer- 
cise 1. 


3. Show that the points Q(a, b) and Q’(b, a) lie on asymptotes of the 
respective hyperbolas 


4. Show that the circle which has its center at the origin and which 
passes through Q(a, b) also passes through the foci of the hyperbolas of 
Exercise 3. . 


Write each of the following equations in form (4) or (5), §51. Find 
the foci, vertices, length of latus rectum, and equations of the asymptotes. 
Draw the curves. 


‘6 422 — Oy? = 36. 6. 92? — 4y* = 36 
ee If = 30, v—y = 64 
9. x* — 25y? = 100, 10. 252? — y? = 100 
41. 642? — y? = 81. 12. x? — 49y? = 100 
13. 47? — 9y? = — 36. 14. 9x? — 4y? = — 36 
16. 2? — ¥? = — 36. =16. 2? — y? = — 64. 
— 17. x? — 25y? = — 100. 18. 252? — y2 = — 100. 
—19. 642? — y? = — 81. 20. a — 49y? = — 100. 


Find an equation of each of the hyperbolas whose centers are at the 
origin, whose transverse axes are on the x-axis, and which fulfil the follow- 
ing conditions. 


Lf. A focus is at (10, 0), a vertex at (6, 0). 
— 22. A focus is at (18, 0), a vertex at (5, 0). 
(28. A focus is at (5, 0) , transverse axis = 6. 


_ 24. A focus is at (5, 0), transverse axis = 8. 
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'25. Transverse axis = 14, latus rectum = 14. 
~—— 26. Transverse axis = 8, latus rectum = 32. 
(27, It passes through the points (7, 4) and (— 4, 2). 
28. It passes through the points (6, 2) and (— 5, 1). 
Find an equation of each of the hyperbolas whose centers are at the 


origin, whose conjugate axes are on the x-axis, and which fulfil the condi- 
tions given in Exercises 29-32. 
29. Distance between the foci is 10, between the vertices 8. 
30. Latus rectum = 9; an asymptote is y = 22. 
31. Transverse axis = 8; and the curve passes through the point 
(8V7, 8). 
32. It passes through (3, 5); the asymptotes are mutually perpen- 
dicular. 
33. Prove that a point P(x, y) not on the hyperbola defined in § 51 
does not satisfy the equation = - ¥ hile 
Hint. If P is not on the hyperbola the difference of the focal radii 
F’P and FP is 2a’ where a’ # a. Then P satisfies the equation 
a - ve = 1, where b? = c? — a”. 


Show that this equation is incompatible with the equation 


53. Asymptotes. If a point in moving continuously along 
a curve recedes indefinitely far from the origin, and at the 
same time approaches indefinitely near to a given straight 
line, the line is called an asymptote of the curve. 

Let us prove that the lines 


Oe Bee fants 
(1) a 8 ", as 0, 


are asymptotes of the hyperbola 


(2) a en 
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From considerations of symmetry it is seen that it will 
suffice to show that if a point Pi(a, y:) in the first quadrant 
moves out indefinitely far along the curve (2) its distance 
d from the line 


me ee 
(ah a) . 
approaches zero as a limit. 
We have 
bay — ay 
ba 2 Sh. 
Va? + b? 


Since P; is on the curve (2), 
b?x,2 — ay? = ad?, 
and hence 
b a*b? 
L, — ay, = ———- 
8 SES Ga Oi: 


It follows that 
a’b? 


je ee Se ae 
Va? + b?(ba; + ays) 


As Pi(a, y1) recedes indefinitely far, x, and y; increase 
indefinitely and therefore d approaches zero as a limit. 


54. Conjugate hyperbolas. Consider the two hyperbolas 
a? 2 2 2 

(1) =~ ed acd Go = 1. 
It is observed that the transverse axis of the first, extending 
from (— a, 0) to (a, 0), is the conjugate axis of the second; 
also the conjugate axis of the first is the transverse axis of the 
second. Moreover the distance from the center to a focus 
of the first is Va? + b?, and to a focus of the second is 
Vb? + a2; thus this distance is the same for the two hyper- 
bolas. Furthermore the asymptotes are the same for the 
two hyperbolas; for their equations can be written, in each 
case, 
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The two hyperbolas thus closely related are called con- 
jugate hyperbolas. 
The graphs of the conjugate hyperbolas 


are shown in the adjacent figure. 


Fie. 62 


55. Eccentricity of a hyperbola. The ratio c/a is called 
the eccentricity of a hyperbola, and is denoted by e, 


e-= c/a. 


Since c? = a? + 6’, it follows that ¢ > a; hence for a hyper- , 


bola e > 1. 

If b is very small compared with a, then c is only slightly 
larger than a, and the eccentricity is but little greater than 1. 
In this case the asymptotes make a small angle with the 
transverse axis, and the hyperbola is sharply curved at its 
vertices. 

If e is very large, we find by a similar argument that the 
curve is rather flat at the vertices. 


56. Directrix of a hyperbola. An important property of 
the hyperbola is given by the following theorem: 
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If a point moves so that the ratio of its distance from the 
point F(ae, 0) to its distance from the line x = a/e is always 
equal to the constant e greater than unity, the locus is the hy- 
perbola 

a? y? 

e wb 
The point F is the focus of the hyperbola and the constant e 
ts the eccentricity. 

The line x = a/e is called the directrix of the hyperbola 
corresponding to the focus F. 

The proof of the theorem is similar to that of the theorem 
in § 49. In this case e > 1 so that we have b? = a*(e? — 1) 
instead of b? = a2(1 — e?); this changes a sign in each of 
two equations. The student should go through the details. 

In the preceding theorem the point F'(ae, 0) and the line 
x = a/e may be replaced by the point F’’(— ae, 0) and the 
line x = —a/e. The latter line is a directrix corresponding 
to the focus FP’. 


= 1, where b? = a2(e? — 1). 


57. Applications of the hyperbola. If one variable y 
varies inversely as a second variable 2, then zy = k, where 
k is a constant. This is the equation of a hyperbola (see 
page 149), the codrdinate axes being the asymptotes. Boyle’s 
Law in physics gives an example of such variation; it may 
be stated thus: For a perfect gas the pressure p varies in- 
versely as the volume »v of a given mass of the gas. 

If a comet approaches the sun with sufficiently high 
velocity its orbit is a branch of a hyperbola with the sun at 
a focus. 

During the World War the position of a hidden gun was 


' detected by use of the following method. Instruments for 


recording sound were located at two points F’ and F. The 
report of a gun at P was heard at F, let us say, 2 seconds 
earlier than at F’. Since sound travels at approximately 
1087 feet per second, it follows that 


F'pP — FP = 2 X 1087 = 2174 ft. 
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Hence P was on the hyperbola whose foci were at F’ and F 
and whose transverse axis was of length 2174 feet; it was on 
the branch nearer F than F’. By using a second pair of 
recording instruments at fF,’ and fF, P was located on a 
second hyperbola. The intersection of the two hyperbolas 
gave the position of the gun. It is said that a gun 10 miles 
distant could be located within 50 feet by this method when 
carried out with all possible accuracy. 


EXERCISES 


1. Prove directly that a point in the second quadrant moving out 
indefinitely along the hyperbola 6’2? — a*y? = a*b? approaches indefi- 
nitely near to the line br + ay = 0. 


In each of the Exercises 2-5 draw the graph of the hyperbola and of its 
conjugate, showing foci, vertices, axes, asymptotes, and latera recta. 


| 2 2542 — Oy? = 144. L3s 3622 — 4y? = 225. 
4, 22 — 144y? + 400 = 0. LB 2? — y2+ 400 =0. 


6. Find the eccentricity and the directrices of each of the hyperbolas ° 


given by the equations of Exercises 2, 3, 4, 5. 


7. Given a focus F at a distance p from the corresponding directrix 
of a hyperbola of given eccentricity e greater than unity, find in terms 
of p and e the position of coérdinate axes such that the coérdinates of 
F are (ae, 0) and the equation of the directrix is x = a/e. 


U8: A rectangular hyperbola is one whose asymptotes intersect at 
right angles. An equilateral hyperbola is one whose transverse and con- 
jugate axes are equal in length. Show tkat the equation of a rectangular 
hyperbola whose center is at the origin and whose transverse axis lies 
on the z-axis is x? — y? = a?. Show that it is equilateral. 


\9° Prove that the eccentricity of a rectangular hyperbola (Ex. 8) 
is pe! y 
10. Prove that if e; and e are the eccentricities of a hyperbola and 


; 5 1 1 
its conjugate, then a + i Meg Ts 


11. Let Q be the foot of a perpendicular from a focus F to an asymp- 
tote of a hyperbola. If the length of the transverse axis is 2a and that 
of the conjugate axis is 2b, show that the length of FQ is b, and that the 
distance from the center of the hyperbola to Q is a. 
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CONSTRUCTIONS FOR THE CONICS 


* 58. Constructions for the parabola. (1) A point by point 
construction of a parabola is readily made on coérdinate 
paper as follows. Let the direc- 
trix MN be a line of the ruled 
paper, and let the focus / be 
on a ruling. Draw the line DF 
perpendicular to MN. Let R be 
any point on DF, or DF pro- 
duced, whose distance from F is 
not greater than its distance from 
D. With F as center and radius 
DR draw a circle; it will cut the 
ruled line through F parallel to Fic. 63 

the directrix in two points P 

and P’. These points are at the same distance from the 
directrix as from the focus, and therefore lie on the parabola. 
By varying the choice of R, we obtain as many points as 
we desire on the parabola. 

(2) Triangle and thread construc- 
tion. Place a draftsman’s triangle 
so that it may slide along a ruler, with 
a side of the triangle perpendicular to 
the ruler (Fig. 64). Fasten one end 
of a string of length QS at S on the tri- 
angle, the other at F (using a thumb- 
tack). With a pencil draw the string 
taut against the side of the triangle. 
Slide the triangle, tracing a curve 
with the pencil P. This curve is a 

Fig. 64 parabola with focus at F and directrix 
along the ruler’s edge. 

(83) Parabolic arch. Suppose the span BC of a parabolic 
arch and its height h are given. It is required to find points 
on the arch. Let A be the mid-point of BC; draw AO = h 


Ruler 
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perpendicular to BC. Construct the rectangle BCDE of 
altitude h. Divide BA and BE into the same number of 
equal parts, for example, five. Let the points of division 
be a, b, c, d and a’, b’, c’, d’ as shown in the Figure. Draw 


ty 
7) 
|_| 
i= 


ia 
J 
a 
| | 


al parallel to AO; and draw Oa’ intersecting al at Pr. 
Similarly draw bm and Ob’ intersecting at P2, etc. The points 
P,, P2,-- « « lie on the parabolic arch. 


EXERCISES 
1. Construct a parabola by locating ten points on it by the first 
method of § 58, and drawing a smooth curve through them. 
2. Construct a parabola by the second method of § 58. 


3. Construct a large parabolic arch by the third method of § 58, 
locating twenty points on the curve. 
4. Prove that the points P;, Pz, - - - mentioned in the third method 


of § 58 lie on a parabola which passes through the points B, C, and O. 
Hint. Take O as origin, OA as x-axis; let AB = g. Let the coérdi- 


2 
nates of one of the points P be (a, y). Show that y? = en. 


* 59. Constructions for the ellipse. (1) Location of points 
by compass. We assume that the foci F’ and F, and the 
distance 2a are given. Draw MN of length 2a. Take a 
point 2, on MN (Fig. 66). Draw a circle with F” as center 
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and radius equal to MR, and another circle with F as center 
and radius equal to NR; The circles intersect at points 
which lie on the ellipse. By taking a succession of points 
Ri, Re, + + + on MN we obtain a set of points on the ellipse. 


eran : 
esis EN Pett 
Wee IF! C1 ce BP, 
I CI mane it 
HH HPs zi [+ 
Pas HH 
A 2 alt dted 45-4 big NEE 
Fia. 66 


(2) A thread construction. Place thumb-tacks at the foci. 
Form a loop of thread of length 2a + 2c, to which a pencil 
is attached at a point P. Draw the thread taut with the 
pencil so that the tacks at the 
foci are inside the loop, and while 
keeping the thread taut describe 
acurve. It is an ellipse. L 

(3) Construction by aid of BC 

ie : ; / M- 
auailiary circles. Given the axes ae 4 
A’A and B’B of an ellipse, draw % - 
circles with these lines as diame- . 
ters. Draw a radial line from HB" 
the center O intersecting these 
circles’ in points which we shall . Fic. 67 
eall M and N (Fig. 67). The 
line through M parallel to the minor axis intersects the 
line through N parallel to the major axis in a point P which 
is on the ellipse. By taking a series of radial lines and pro- 
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ceeding in this way we locate as many points as desired 
on the ellipse. 

The two circles drawn in this construction are called the 
auxiliary circles of the ellipse. The larger is the major 
auxiliary circle, the smaller the minor auxiliary circle. 

To prove that P lies on the ellipse, we observe that in 
the notation of the figure, since OM = a, ON = b, we have 


— = cos qd, > = sin ¢. 


¥ 

b 

Hence, by squaring and adding, we obtain 
x y? 
at Be 


ils 


The angle ¢ is called the eccentric angle of the point P. 


EXERCISES 
1. Draw a large ellipse by the first method of § 59, using twenty 
points Ri, R:,---+. Take F’F nearly equal to MN. 


2. Draw two ellipses by the 
second method of §59, taking 
first a = 2c and second a = 4c. P; 


3. Draw a large ellipse by the 
third method of § 59, taking a = 3b. f 1 


* 60. Constructions for the 
hyperbola. (1) Location of . 
points by compass. We as- 
sume that the foci F’ and F 
and the transverse axis are 
given. Draw MN of length att ee a 
2a. On MN produced take a Fic. 68 
point #, (Fig. 68). With 7’ 
as center and MR, as radius, and with F as center and NR, 
as radius draw circles, which intersect in points Py’ and Py. 
These points are on the hyperbola. By taking a series of 


Lis. 
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points R:, Re, + - -, and, proceeding similarly, we obtain 
further points on the hyperbola. 

(2) A thread construction. Place thumb-tacks at the foci. 
Pass over F’ and around F a thread whose ends are held 
together (Fig. 69). Fasten a pencil 
at a point P of the thread, pull it 
taut, and trace a curve by allowing 
the thread to slide past F’ and F. ie 
The curve described is a hyperbola, 
since PF’ and PF increase equally 
during the motion and _ hence 


PF’ — PF is constant. Fia. 69 


EXERCISES 
1. Draw a hyperbola by the first method of § 60. 
2. Draw a hyperbola by the second method of § 60. 


POLAR COORDINATES 


* 61. A general definition of a conic. In order to derive a 
polar equation of a conic in the simplest form we first note 
that the definition of a parabola (§ 43) and the theorems of 
§§ 49 and 56 may be combined in the following statement: 

A conic is the locus of a point which moves in a plane so 
that the ratio of its distance from a given point (a focus) to its 
distance from a given line (a directrix) is a constant, e (the 
eccentricity). If 

e < 1, the conic is an ellipse; 
e = 1, the conic is a parabola ; 
e > 1, the conic is a hyperbola. 


The preceding statement may be taken as a new defini- 
tion of a conic. It is here assumed that the focus does not 
lie on the directrix and that the focus and the directrix are 
in the finite plane. Limiting forms are obtained if any of 
these conditions are not fulfilled. 
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* 62. The conic in polar codrdinates. We shall use the 
definition of a conic given in §61. Let F be a focus and 
MN the corresponding directrix. 
Choose F as the pole and the 
perpendicular from F to MN as 
the polar axis of a system of 
polar coérdinates. Let P(r, 6) be 
any point of the conic and PQ the 
perpendicular from P to MN. 
Then, by § 61, 

(1) el 
PQ 
It is seen that FP = r. Letting the distance from the focus 
to the directrix be p, we have PQ = p — rcos@. Hence 
from (1), 


it follows that * 
(2) 


r = ep — ercos 0; 


T= LAR 2s 
1+ ecos 0’ 


e < 1, the curve is an ellipse: 
e = 1, the curve is a parabola; 
e > 1, the curve is a hyperbola. 


The equation of the directrix is r cos 0 = p. 
If the pole is a focus of a conic, and if a polar equation 
of the corresponding directrix is 


r cos (0 —a@) =p, 


then, as the student may show, a polar equation of the 
conic is 

= | Set 

3) "= T+ e cos (0— a) 


* Equation (2) was derived on the assumption that F and P lie to the 
left of MN, and that r is positive. It can be shown, however, that if r is 
allowed to have negative values, then (2) is satisfied by some codrdinates 
of each point on the conic, and by no coérdinates of any point not on the 
conic. It is therefore an equation of the conic. 
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EXERCISES 


1. Show that the polar equation (2), §62, may be written, for the 
case of a parabola, in the form : 


Determine the eccentricity, and the equation of the directrix, for each of 
the following conics, and plot the curve. 


= ee i ae 
é+--— >| Wr = 
of = oe BAe wee gory 
hae © r= 8 


10. Show that the center of the conic (2), § 62, when e¢ is not unity, 


2, 
is the point (x2 1’ 0): 


11. Show that a vertex of the conic (2), § 62, when e is not unity, is 
s ep A F ep ; 
the point (er a 0), and that another vertex is the point (, at 0) 


Fie. 71 


12. Prove that if the positive direction of the polar axis is away from 
the directrix (Fig. 71), then the equation of the conic is 


ep 


i te 00s 0 


13. Prove formula (3), § 62, by use of a figure. 


CHAPTER VII 


TRANSFORMATION OF RECTANGULAR 
COORDINATES 


63. Change of axes. It is often an important matter to 
be able to solve the following problem: Given the equation 
of a curve with respect to one set of codrdinate axes, to 
find the equation with respect to another set of axes. The 
operation of changing from one set to the other, called a 
change of axes, corresponds to a transformation of codrdi- 
nates, whose formulas express the old coérdinates of a point 
in terms of the new coérdinates. 

By changing the axes we may be able to transform an 
equation in the old codrdinates into a simpler one in the new 
system. This is illustrated in the following sections. In 
Chapter XII the general equation of second degree is re- 
duced to standard forms by this method. 


64. Translation of axes. If the new axes O0’X’ and O'Y’ 
are parallel to the old axes OX and OY with positive direc- 
tions on the axes preserved, the 
axes are said to be translated from 
one position to the other. 

Let the new origin have the co- 
ordinates (h, k) with reference to 
the old axes. Let P be any point 
in the plane. Its coérdinates are 
(x, y) with respect to the old axes 
and (x’, y’) with respect to the new 
axes, where (Fig. 72) 

x = OM, y = ON; 
a= OM ey GS) ONS 
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Since 
fan tho — By 
we have at once 
(1) x=x'+h, y=y +k. 


These are the equations for translating the axes to the new 
origin (h, k). 


Example. — The equation of a curve with respect to one set of axes 

is 

w+ 4y? + 42 — 8y = 8. 
Translate the axes to the new origin (— 2, 1), find the equation in the 
new coérdinates, and draw the graph of the equation. 

Solution. — We have, from (1), 

gee — 2, yoy +; 

the equation becomes 
(@’ — 2)? + 40/ + 1)? + 4@' — 2) — 8y' +1) =8 
Simplifying, we obtain 
a2 + 4y’2 = 16. 

This new equation is recognized as the equa- 
tion of an ellipse. By drawing its graph with 
respect to the new axes we obtain the graph 
of the first equation with respect to the old 


axes. With respect to the new axes the co- 
ordinates of the foci are 


ge =V12, y’=0, and 2’ =—Vv12, y' =0; 
hence with respect to the old axes the coérdinates are 
z= V12—2, y=1, and z= —V1I2—2, yo. 
EXERCISES 


Find the coérdinates of the following points after translating the axes as 
indicated. Draw a figure and verify the results. 


1, New origin O'(2, 5). Points: A(6, 8), B(— 1, 2), C(O, 0). 
2. New origin O'(— 2,3). Points: A(4, 4), B(— 4, 2), C(O, 0). 
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Transform each of the following equations when the axes are translated 
as indicated. Plot both pairs of axes and the curve. 


38 2e@+y + br — 8y =0; O'(—3, 4). 
—¢ #4 P= Bo by:= UA; 04, ~ 8). 
— 6 («—h)?+ (y—k)? =r; O'(h, k). 
6. (y — kh)? = 2p(z — h); O'(h, k). 
7. y — 4y — 64 — 8 = 0; O'(— 2, 2). 
8. 22+ 42 + 12y = 8; O'(- 2, 1). 
9. 42? + 97? + 8x — 18y = 3; O’(— 1, 1). 
10. 1622 + y? + 64% = 0; O’(— 2, 0). 
_-11. 162? + 9? — 18y = 40; O7(0, 1). 
~ 12. 422 — 9y? + 16% = 20; O’(— 2, 0). 
13. 9a? — 4y? — 24y = 72; O'(0, — 3). 
14. 162? — y? — 322 + 8y = 100; O'(1, 4). 


J 65. Applications to conic sections. Equations of the 
conics were found in Chapter VI as follows: 


Parabola, y? = + 2px, or a = + 2py. 


2 2 2 2 
Ellipse, S+G-l o S4+5-1. 
ied 2 2 a2 
Hyperbola, a Bk ‘error . th tes ‘le 
What equations will be reduced by the translation of axes 
(1) et=a+h yay tk 


to equations of these types in 2’ andy’? The answer is found 
by making the inverse substitution 
gexr—h,y =y—k. 
Thus to get, for example, 
SP yk 
the original equation must be equivalent to 
(y — k)? = 2p(a — fh). 
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Moreover every equation of this last form can be reduced to 
the preceding standard form by a substitution (1). 
The general results are as follows: 


An equation is that of a parabola with tts axis parallel to 
a coérdinate axis if and only if it can be written in one of the 
forms 


(2) (y— k)? = + 2p(x — h) or (x — Ah)? = + 2ply — R). 


The vertex is the point (h, k). 

An equation is that of an ellipse with axes parallel to the 
coérdinate axes if and only if it can be written in one of the 
forms 

(x — A)? | Y — BP (#- A? yh) 

8) ee ae eee arte gh 
The center of the ellipse is the point (h, k). 

An equation is that of a hyperbola with axes parallel to the 
coérdinate axes if and only if it can be written in one of the 
forms 

cae = alo (y — R)? yak) Go 
(4) ey eee ree 


The center of the hyperbola is the point (h, k). 


=1. 


=1. 


Example 1. — Plot the curve whose equation is 
z+ 6x + 8y = 7. 


Solution. — There is a squared term in x but not in y; we therefore 
try to write the equation in one of the forms (2). We have 


e+ 64 = — 8y + 7, 


’?+6r+9= —8y¥+7+4+9, 
(x + 3)? = — 8(y — 2). 


The curve is a parabola with vertex (— 3, 2). 
Translation of axes to this point as origin 
by the substitution 


, z2=2'-3, y=y'4+2, 
gives 
z/2 = — 87’. 
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The graph is readily drawn as shown in the figure. The directrix of the 
parabola is 

y =2, or y=4. 
The coérdinates of the focus with respect to the new axes are (0, — 2), 
and hence with respect to the old axes they are (— 3, 0). 


Example 2.— Find an equation of the ellipse whose foci are the 
points (2, — 2), (2, 6) and the length of whose minor axis is 6. 

Solution. — The center is midway between the vertices, at (2, 2); 
in equation (3), h = 2, k = 2. The distance between the foci is 8, 
hence c = 4. We have given 2b = 6, that is, b = 3. Since a? = b? + c, 
we have a = 5. Hence the desired equation is 


2 4 GSS 
oa Weim ab) CI. 


252? + 9y® — 100 — 36y= 89. 


or 


EXERCISES 


Draw the graph of each of the following equations, and find the codrdi- 
nates of the vertices and foci, and the equations of the lines on which the 
axes lie, of the directrices, and of the asymptotes (for hyperbolas). 


Kyat se $4. @. 2 — 9x — 12y = 11. 
8 y? — 12% + 12y = 12. 4. 22+ 8x + 8y = 0. 
1B. a2? + 4y? + 8x — 8y = 5. 6. 4a? + 25y? — 8a + 50y = 35. 
7. 9x? + y? — 182 — 8y = 56. 8. 162? + y2 + 16y = 105. 
9. 2? — y? + 202 = 0. 10. x? — 9y? + 4x + 18y = 30. 
11. 92? — y? — 18% — 10y = 0. 
12. 162? — y? + 32x — 20y + 60 = 0. 
Find for each of Exercises 13-24 the equation of the conic determined by 
the given conditions. 
18. Parabola, vertex (3, 4), axis on y = 4, latus rectum = 8. 
14. Parabola, vertex (4, — 2), focus (4, — 6). 
15. Parabola, focus (— 4, 0), directrix y = 4. 
16. Parabola, ends of latus rectum (— 2, 2) and (6, 2), vertex below 


latus rectum. 
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17. Ellipse, center (— 2, 2), vertex (— 2, 8), latus rectum = 3. 
18. Ellipse, major axis = 10, foci (4, — 2) and (6, — 2). 
19. Ellipse, minor axis = 6, focus (4, 4), vertex (4, 6). 
*20. Ellipse, center (— 2, 4), focus (2, 4), directrix 2 = 14. 
21. Hyperbola, center (2, — 4), focus (7, — 4), vertex (5, — 4). 
22. Hyperbola, foci (— 2, — 6) and (8, — 6), conjugate axis = 6. 
23. Hyperbola, center (6, 4), vertex (6, 8), conjugate axis = 6. 
*24, Hyperbola, center (2, 4), focus (2, 14), eccentricity = 2. 


25. Show that y = Az? + Bx + C, where A, B, C are constants, 
A #0, is the equation of a parabola. Find its vertex and focus. 


ll 


66. Rotation of axes. Let the axes OX and OY be rotated 
through an angle @ to the positions OX’ and OY’, the origin 
remaining fixed. Let P be any point in the plane. Let its 
coordinates referred to the old axes be (2, y) and referred to 
the new axes be (a’, y’). In Figure 74, 

angle XOX’ = 6; 
x=OR, y=RP; 
x’ =0Q, y' = QP. 

We require the equations for rotating the axes, which 
express x and y in terms of x’ and y’. We shall show that 
they are 


@, 


Let the angle from OX’ to OP 
be ¢, and let OP = r. 


x’ cos 0 — y’ sin 8, 
x’ sin 0 + y’ cos 0. 


x 
ll 


Then 
x =rcos¢, y’ =rsin®@. 
We now have Fia. 74 


r cos (6 + @) 

r cos ¢ cos 8 — rsin ¢ sin 8 
= 2x’ cos 6 — y’ sin 0, 

which is the first of equations (1). 


x 


ll 
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Similarly 

= rsin (fd + 8) 

=rcos dsin 6 + rsin ¢ cos 0 
x’ sin 6 + y’ cos 0. 


a 
ho 


ll 


Thus we have the second of equations (1). 
Solving (1) for 2’, y’ in terms of x, y, we obtain 


(2) 


It is to be noted that substitution (1) changes a term in 
x and y of a given degree m into a set of terms in 2’ and y’ 
each of which is of the same degree m. 

One of the most important applications of the rotation 
of axes is given in Chapter XII, § 108. It is there shown 
how by such a transformation an equation of the second 
degree in x and y which contains a term 2bay can be reduced 
to an equation of the second degree in «’ and y’ which con- 
tains no 2’y’ term. This is a step in the reduction of the 
general equation of the second degree 


ax? + 2bay + cy? + 2dx + 2ey + f =0 
to standard forms for which the graphs are known. 


x’ = xcos 6 + ysin 8, 
y’ = — xsin 0+ ycos @. 


Example. — Find the coérdinates of the point (4, 6) after the axes 
have been rotated through 30°. 
Solution. — Since sin 30° = 4, cos 30° = V3/2, we have 
x’ =xcos0+ysin0 = 2V3 + 3, 
y’ = —xsinO+ycos0 = =2+3V3. 


big 


67. Equilateral hyperbola. An 
equilateral hyperbola is one whose 
transverse and conjugate axes are 
of equal length. If they lie on the 
coérdinate axes the equation of the 
hyperbola is 


(1) C47 — at. 
The asymptotes, 2? — y? = 0, Fia. 75 
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ory = zxandy = — 2, are mutually perpendicular, and pass 
through the origin. If the axes are rotated through — 45° 
the asymptotes become the new axes. Since we have 


sin — 45° = — 1/V2, cos — 45° = 1/V2, 
we obtain from (1), § 66, 
a ee ee pga ae 3 
v2 v2 


Substituting in (1) and simplifying, we obtain 
(2) 2x’y’ = a’. 


This is the standard equation of an equilateral hyperbola 
referred to its asymptotes as axes. 

It is to be noted that y’ varies inversely as 2’ in (2); hence 
the graph which represents such variation is an equilateral 
hyperbola. 


EXERCISES 


Rotate the axes as indicated in each of the following Exercises 1-6, and 
find the new coérdinates of the given points. Draw a figure showing both 
pairs of axes and the points. 


Lt. 0 = 90°. A(0, 6); BO, 0); C(— 8, 8). 

20 = 180°. A(0, 4); B(4, 0); C(— 6, 6). 

3. 6 = 60°. A(2, 2); B(O, 4); C(— 2, 0). 

4. 6 = — 30°. A(4,0); BO, 4); C(— 4, — 4). 
5. 6 = 120°. A(6, 0); B(4, 4); C(—- 4, — 4): 
(60 = — 120°. A(6,0); B(4, 4); C(— 4, — 4). 


Rotate the axes as indicated in each of the following Exercises and trans- 
form the equation to correspond. Identify the curve and plot tt. 


7, 0 = 45°. zy = 18. 

A. 6 = 1/4. xy = a?/2. 

6.) 0 =" 60°. e+ y= a’. 

107 0 = 7/4. 2e+y—4zy+9=0. 


; 
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HI. 9 = 45°. 
se O = — 45° 
AB. 6 = 90°. 
O 34. 6 = 90°. 
15. 6 = — 90°. 


\16. 6 = tan“. 
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a+ y? + 2zy = 50. 
w+ y? + 4ry = 25. 
y? = 2pex. 

bea? + a2y? = ab*. 
ba? — aty? = arb? 


a? + 38ry — 38y? = 2. 


CHAPTER VIII 
CERTAIN GENERAL METHODS 


68. Two principal problems of analytic geometry. We 
have seen that by means of coérdinates analytic geometry 
unites algebra, which deals with numbers and equations, and 
geometry, which deals with points and loci. 

We recall the two important definitions: 

a. An equation of a locus is an equation which is satisfied 
by the codrdinates of each point on the locus, and is not 
satisfied by the codrdinates of any point not on the locus. 

b. The locus of an equation is the set of all points whose 
coordinates satisfy the equation. 


We have been led to consider two principal problems: 
I. Given a geometrical locus, to find a corresponding equation. 
Il. Given an equation, to find the corresponding geometrical 
locus. 


These problems were stated in Chapter I, § 4, and the 
second was discussed in an elementary way. Both problems 
have been considered in the chapters on straight lines, 
circles, and conics. In the present chapter we develop cer- 
tain methods of dealing with these problems which are 
applicable to more general loci and equations. 


69. Finding the equation of a locus. To solve the first 
problem stated above, one may proceed by the following 
steps. 

1. A figure is drawn showing the data for a representative 
point P on the locus. It is important that P be not chosen 
in any special position, but that it be a truly representative 
point. 
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2. If a codrdinate system is not given, it must be in- 
troduced. The appropriate selection is often extremely im- 
portant. 

3. The description of the locus is written down as an 
equation of geometrical quantities involving P. 

4. This equation is expressed in terms of the codrdinates 
(x, y) of P, and is simplified algebraically. 

5. It is shown that points not on the locus do not satisfy 
the simplified equation. 

The simplified equation is the desired equation of the 
locus. 

This method has been amply illustrated in the derivation 
of equations in the preceding chapters (for example, see 
pages 95, 111, 116, 123, and 125). 

In the next chapter we shall show how a locus is described 
by means of a pair of equations containing a variable besides 
the coérdinates of P. 


EXERCISES 


Find an equation of the locus of a point which moves as described below. 
When possible give the name of the curve. 


1. Its distance from a given point A exceeds its distance from a 
given line BC by 4, the distance from A to BC being 10. 


2. Its distance from a given line AB exceeds its distance from a 
given point C by 4, the distance from C to AB being 10. 


3. The sum of the squares of its distances from two fixed points is 
a constant. 


4. The difference of the squares of its distances from two fixed 
points is a constant. 


_5. The product of the squares of its distances from two fixed points 
is a constant. (Cassinian Oval.) 


6. The ratio of the squares of its distances from two fixed points is 
a constant. , 


«1. Its distance from the point (0, 0) is half its distance from the line 
y = 6. 
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8. Its distance from the point (0, 6) is a third of its distance from 
the line x = — 2. 


4. Its distance from the point (0, 0) is twice its distance from the 
line y = 6. 

10. Its distance from the point (0, 6) is three times its distance from 
the line zg = — 2. 

11. Its distance from the point (0, 0) equals its distance from the 
lines —-y+4=0. 

12. Its distance from the point (2, 2) equals its distance from the 
lnex + y+ V8 =0. 

43. ‘Its distance from the point (0, 0) is half its distance from the 
lnex —y+4=0. 

14. Its distance from the point (2, 2) is a third of its distance from 
the line z + y + 4V2 = 0. 

16. Its distance from the point (0, 0) is twice its distance from the 
lnex —y+4=0. 

16. Its distance from the point (0, 0) is three times its distance from 
the linex —-y+4=0. 

17. Its distance from the point (0, 0) is ¢ times its distance from the 
line z = p, where ¢ and p are constants. 

18. It forms with the points A(2, 4) and B(— 2, 6) a triangle whose 
area is 10. 

19. Its distance from the circle * 2? + y? = 4 exceeds its distance 
from the line a + y = 20 by 3. 

20. The sum of its distances from the circles* (x — 4)? + y? = 4 
and (x + 4)? + y? = 9 is 5. ‘ 

21. The difference of its distances from the circles * (x — 4)? + y? =4 
and (x + 4)? + y? = 9 is 3. 


22. The product of its distances from two mutually perpendicular 
lines is a constant. 


23. The product of its directed distances from lines 32 — 4y = 7 and 
38a + 4y = 2 is 10. 


* By the distance of a point from a circle we mean the shortest distance 
from the point to the circle, directed so as to be positive if the point is 
outside of the circle, and negative if it is inside. 
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70. Discussion of the locus of an equation. The second 
problem, that of finding the locus of a given equation, is 
often solved by reducing the equation to a known form. 
This we have done in the case of linear equations and of 
certain equations of the second degree, the loci being straight 
lines, circles, or conics. In case this method fails, essential 
features of the locus can usually be determined, as we shall 
proceed to explain, by discussing it with regard to (a) inter- 
cepts, (b) symmetry, (c) excluded value of codrdinates, and 
(d) horizontal and vertical asymptotes. In addition it may 
be desirable to find a few points by substituting values of 
one variable in the equation and calculating the correspond- 
ing values of the other. 

We now take up in succession the four items (a), (b), (c), 
(d) in the discussion of the locus of an equation. 


71. Intercepts. The x-intercepts of a curve are the 
abscissas of the points where the curve cuts the z-axis. 
The y-intercepts are the ordinates of the points where the 
curve cuts the y-axis. 

Since y = 0 for all points on the z-axis, we find the x- 
intercepts of a curve by substituting y = 0 in its equation 
and solving for x. The y-intercepts are found similarly by 
setting z = 0 and solving for y. 

(pees 
LAs 
Solution. — Setting y = 0 and solving for x, we find the z-intercepts 


to be + 2. Thus the curve cuts the z-axis at A(2, 0) and B(— 2, 0). 
Setting z = 0 and solving for y, we find the y-intercepts to be 


ck ve The curve cuts the y-axis at oo, 3) and fo, - /3). 


72. Symmetry. We recall that two points are symmetrical 
with respect to a given point if the given point bisects the 
line joining the two points. Also that two points are sym- 
metrical with respect to a given line when the given line 


Example. — Find the intercepts of the curve y? = 
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is the perpendicular bisector of the line segment joining the 
two points. 

Thus, in Figure 76, 2 bisects PQ, hence P and Q are sym- 
metrical with respect to the point R. Also AB is the per- 
pendicular bisector of PQ; hence 


P and Q are symmetrical with a 
respect to the line AB. 
If the points of a curve can 4 R B 
be taken in pairs such that each 
pair is symmetrical with respect Q 
to the same given point R, then Fra. 76 


the curve is symmetrical with 
respect to R, and # is a center of symmetry of the curve. 

Similarly, if the points of a curve can be paired in such a 
way that each pair is symmetrical with respect to the same 
given line, the curve is said to be symmetrical with respect 
to the line, and the line is an axis of symmetry. 

How can we tell from the equation of a curve whether 
the curve is symmetrical with respect to the origin? 

Let P(x, y) be a point on the curve; the symmetrical 
point with respect to the origin is P’(— a, — y). Hence the 
curve is symmetrical with respect to the origin if and only if 
the equation is satisfied by 
(— a, —y) whenever it is sat- 
isfied by (x, y); that is, af its 
equation reduces to the original 
form when x and y are replaced 
bye sands Vy 

Thus the ellipse b?x? + a®y? 
= ab? is symmetrical with 
respect to the origin since Fig. 77 
b?(— x)? + a?(— y)? = a?d? re- 
duces to the original form. Similarly the equilateral hy- 
perbola zy = 8 is symmetrical with respect to the origin, 
since (— x)(— y) = 8 reduces to the same equation. 

The symmetrical point to P(«, y) with respect to the 
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a-axis is P(x, — y). Hence the curve ts symmetrical with 
respect to the x-axis if and only if its equation reduces to the 
original form when y is replaced by — y. 

Similarly the curve is symmetrical with respect to the y-axis 
aif and only if its equation reduces to the original form when 
x 7s replaced by — x. 


EXERCISES 


For the locus of each of the following equations find the x- and the y- 
intercepts, and test for symmetry with respect to the origin and the codrdinate 
axes. 


1. ec¢+y=0. 2. 3a +y =6. 

8. a2 + y? = 25. 4, 4a? + Oy? = 36. 

5. 92? — 4y? = 36. 6. 22+ y+ 42 = 12. 

Tan Gm Oe: 8. a = 16y. 

9. y= a? +2. 10. y = 23. 

Le =x". 12. (a+ 7)? = aa — 7): 
18. oy =a2+y. 4. y= 4 

165. y = 25 — 2. 16. @+y=2—y. 


17. @+ay+y =7. 

18. Give an example of a curve which is symmetrical with respect 
to the origin, but is not symmetrical with respect to either coérdinate 
axis. 


19. Can a curve be symmetrical with respect to (a) both axes but 
not the origin ? (b) the origin and one axis but not the other ? (c) one 
axis but not the other or the origin? 


20. What can be said concerning the symmetry of a curve whose 
equation contains 
(a) only terms of even degree in x? 
(b) only terms of even degree in y? 
(c) only terms of even degree in x and y? 
(d) only terms of odd degree in x and y? 


Note. To illustrate what is here meant we remark that the terms 
x, y®, xy are all of even degree in x and y, but zy is of odd degree in x 
and of odd degree in y. See footnote, page 2. 
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73. Excluded values of codrdinates. It may happen that 
corresponding to some values of one variable, say x, there 
is no real value of y. Since both codrdinates of a point are 
real, there are no points on the curve having these abscissas. 
We say that they are excluded values of z. 

If it turns out that all values of x between two values, a 
and b, are excluded, it follows that there is no portion of 
the curve between the lines x = a and z = 6. 

The following examples illustrate how we find excluded 
values of the codrdinates. 4 


Example 1.— Find excluded values of x and y for the equation 
Ox? — 4y? = 36. 
Solution. — Solving for y, we have 
ve 9x? — 36 2 O(a? — 4) | 
4 4 


y= ive 


The values for y are imaginary if and only if the expression under the 

radical is negative. Hence the values of « which are excluded are those 

which make a? < 4; that is, values of « between — 2 and 2. The curve 

does not extend into the region between the lines = — 2 and x = 2. 
Solving for x we have 


z= +i voF iy. 


Hence z is imaginary if and only if 9 + y? is negative. But 9 + 7? is 
always positive; thus no values of y are excluded, and the curve ex- 
tends indefinitely far. 

The preceding conclusions concerning the extent of the curve are 
checked by constructing the curve, which is a hyperbola, by the methods 
of Chapter VI, § 52, page 127. 


Example 2.— Find excluded values of x and y for the equation 
v2+y+ 62 — 16=0. 
Solution. — Solving for y, we have 
y= 4 Vi6—6e—-2 = 4 V(8+2)2—2). 
The value of y is imaginary if and only if 
(8+ 2)(2-—2) <0. 
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In the adjoining figure we represent diagrammatically the facts concern- 
ing the signs of the two factors. The product will be negative if one 
factor is +, the other —. This occurs for « > 2 and for x < — 8; such 


values of x are excluded. The curve does not extend to the right of the 


line x = 2, nor to the left of the line z = — 8. 
On solving for x, we obtain 
= V/36 — ie as 
lh a S. LPI. | 3 eee 


Then z is imaginary if and only if 25 — y2 <0; that is, if y > 5 or 
y <— 5. The curve does not extend above the line y = 5, nor below 
the line y = — 5. 


The curve therefore lies in the rectangle whose sides are on the lines 


z=2, t=—-8 y=5, y= —-5. 
The curve may be recognized as a circle (Chapter V) and the state- 
ments concerning extent are readily verified. 
Example 3.— Find excluded values of x and y for the equation 
a — sy — 24 + 38y = 0. 
Solution. — Solving for y, we have 


xv — 2a 
e= 3 


y= 


No value of x gives an imaginary value of y. But if we take z = 3 there 
is a division by zero, which is impossible. Hence x = 3 is excluded. 
The solution for z is 
— Y+2) + V(y +2) —1y_ yY¥t+2)4VR 
2 = oe 
2 2 
where 
R=y— 8y+4. 
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If we solve the quadratic equation R = 0, we find two roots, 
yi = 4— 2V3, ye = 4+ 2V3; 


hence R may be written 
R= (y- my — y). 


‘Ly 5 )-i8 el Gy +tybAs- 


(y= ys = (yey ioe 


Fie. 79 


By an argument similar to that of Example 2, it follows that R is 
negative for values of y between y; and ys, and hence z is imaginary for 
such values. Thus values of y between 4 — 2V3 and 4 + 2V3 are ex- 
cluded; there is no portion of the locus of the equation between the lines 


y = 4—2V3, y=4+2v3. 


EXERCISES 


Find the extent of each of the curves having the following equations, 
using one of the methods given in the Examples of § 73. 


lc+y=0. 2. ax + by +c =0. 

3. y? = 2pz. 4. x2 = — Qpy. 

5.2 by? — 8r'= 9, 6. 2? + 42 + 42 — By = 12. 
7. 4a? + Oy? = 144. 8. 9x? + 25y? = 225. 

9. 252? — 4y? = 100. 10. 42? — 25y? = — 100. 


11. 40? -— Y + 8x + 6y = 41. 12. 9x? + 25y2 — 182 + 200y = — 184. 
13. 2? — 2ay + y? — 52 = 0. 14. 4ry + 4y2? - 22 +3 =0. 

15. 2? -+ zy + y2 + 38y = 0. 16. 2? —2zry + 4y? — 4x = 0. 

17. 32? + 4ay+y?—22—-1=0. 18. 5x? + 4ry —.y? + 242 — by = 5. 
19. (2? + y’)? = 16(2? — y’). 20. y? = 2x(x — 5)(4@ + 6). 


Po pg ae Sa ak 
At Gr oe =i at, a = 
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74. Horizontal and vertical asymptotes. If a point moy- 
ing continuously along a curve recedes indefinitely far from 
the origin and at the same time approaches indefinitely near 
to a given straight line, the line is called an asymptote of 
the curve (compare page 130). The location of asymptotes, 
when there are any, aids greatly in drawing a curve. The 
following example illustrates how vertical and horizontal 
asymptotes may be found. 


Example 1. — Plot the locus of the equation zy — 2y = 12. 
Solution. — Solving for y, we have 


apt.” 58 
y~7-2 


We substitute values of x and calculate y; results are given in the 
following table. 


The value x = 2 leads to division by zero, which is impossible; hence 
there is no point on the curve at which z = 2. If we take values of x 
very near to 2 we get values of y as follows: 


2.2) 2.1] 2.02) 2.01 
60 | 120} 600 | 1200 


1.98 
— 600 


1.99 
— 1200 


Thus as x approaches indefinitely near to 2, passing through values 
which are always less than 2, the values of y are negative and increase 
numerically without limit. Hence the curve goes down indefinitely 
far, approaching the line x = 2 from the left; this line is a vertical 
asymptote. As x approaches 2 passing through values which are always 
greater than 2, the values of y are positive and increase indefinitely. 
Hence the line x = 2 is a vertical asymptote of a branch of the curve 
which rises as we approach x = 2 from the right. 

If we solve the original equation for z we have 


12 
z2=2 —s 
s y 
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We are led to division by 0 if we substitute y = 0, hence there is no 
point of the curve on the z-axis. Substitution of a series of values of y 
less than zero and approaching that value gives a series of values of zx 
which increase numerically but are negative. Thus the z-axis is a 
horizontal asymptote of a branch of 
the curve which goes out to the left 
beneath it. 

Similarly if we take a series of 
positive values of y which approach 
indefinitely near to zero, we obtain a 
series of positive values of z which in- 
crease indefinitely. Hence the z-axis 
is an asymptote of a branch of the 
curve which goes out to the right co 
above the asymptote. 

The graph is shown in Figure 80. HEH 


It is clear from the example 
that we may find asymptotes 
of the locus of an algebraic Fia. 80 
equation as follows. 

Solve the equation for y and simplify. Find values of 2, 
if any, which make a denominator of the expression for y 
vanish. If z = a is such a value, and the curve approaches 
the line x = a indefinitely, then the line 2 = a is a vertical 
asymptote. Examine the behavior of y for values of x 
approaching a from each side to determine how the curve 
approaches its asymptote. 

Next solve the equation for 2, and proceed similarly to 
find horizontal asymptotes. 


Example 2. — Discuss the locus of the equation 
x 
uy" 2-2 


in the vicinity of its vertical asymptotes. 


Solution. — We have two vertical asymptotes, 


zt=5, 2=— 5. 
When z approaches — 5 from the left, through such values as zr = — 6, 
— 5.5, — 5.1, +++, we find that y is positive and increasing. The 
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curve rises to the left of the 
asymptote z = — 5. When xz 


approaches — 5 from the right, 
that is, through such values as 
z= —4, — 4.5, —4.9,---, we 
find that y is negative and 
increasing numerically. Hence 
the curve goes down as it ap- 
proaches this asymptote from 

the right. 
A similar discussion shows 
Fig. 81 that the curve goes down to 
the left of the asymptote x = 5, 

and goes up as it approaches x = 5 from the right. 
The curve is shown in Figure 81. Note the horizontal asymptote 

y=1. 


EXERCISES 


Discuss the locus of each of the following equations for (a) intercepts, 
(b) symmetry, (c) excluded values of coérdinates, (d) horizontal and vertical 
asymptotes; and plot the curve. 


Ad acy +24+8=0. 22+y=8. 


3. 22+ zy = 12. 
5. 2? + 2ry — y* = 18, 
Ye vy = 12. 


9. («© — y)(w@ + y) = 122. 


KAL. ay — 4272 = dy, 


4. sy—y? = 6. 
6. 2 — Iey+y=4. 
8. xy? — Or = 6. 
10. e—- 2+y=0. 


12. y? = 2x(a@ — 5)(x + 6). 


a Y= GPHESD 16 f= eae a I: 
+16. y=5* DY 557 
i. y= 354 18) yf = 
19. y= ASE © 5 Sve 
21. y (x ==. (Gas) y= (& nes 
23. '= Gael | 


12 
fe, ae 
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75. Factorable equations. Consider the equation 


(1) (e+ y — 2)(@ + 2y — 3) = 0. 
This is satisfied by all points which make 
(2) e+y—2=0, 


also by those which make 
(3) z+2y—3=0, 
but by no other points. Hence the locus of equation (1) 
consists of the two straight lines whose equations are (2) 
and (3). 
In general the locus of an equation whose left member is | 
factorable, the right member being zero, consists of the loci 
of the equations obtained by setting each factor equal to 
zero. ‘Thus the locus of 


Si(x, y)fe(x, y) = 0, 


where fi(x, y) and fx(x, y) represent factors containing the 
letters x and y, consists of the two loci 


fila, y) = 0, fr(x, y) = 0. 


, EXERCISES 

Plot the loci of each of the following equations. 
vl. (a@+y— 7) (224+ 7? — 25) = 0. 

, 2ry — 3y? = 0. 

MB. (2 + yy)? — 5@+47)+4=0. 

4, (x + 2y)? + 6 = 5(x + 2y). 

V6. (a? + y*)? + 100 = 29(a? + y’). 

6. (a? + 4y?)? — 25(22 + 4y?) = 0. 

7. («+ 2)(3e — y)(a@ + 38y) = 0. 

\& x2y? — 36 = 0. 

9 2—-yY+ta-—y=0. 

10. G4 y+er+y=0. 
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* 76. Intersections of a curve and a straight line. Suppose 
we have given the equation of a curve, 


(1) f(z, y) = 9, 


where f(z, y) represents an expression containing x and y; 
and let 


(2) any) =.0 


be the equation of a straight line, where I(x, y) represents 
an expression of the first degree in x and y. 

In order that we may discuss the intersections of the loci 
of equations (1) and (2) we assume that I(x, y) is not a 
factor of f(x, y); if (x, y) were a factor of f(x, y) then the 
locus of (1) would contain the line (2). 

As was shown in Chapter I, § 5, page 21, the codrdinates 
of each point of intersection will satisfy both equations; to 
find these codrdinates we solve the pair of equations (1) and 
(2), each solution giving a point of intersection. 

Suppose equation (1) is of the third degree in'z and y, 
and that (2) can be solved for y. From (2) it follows that y 
is equal to an expression of not more than the first degree 
in x. When this is substituted in (1) we therefore get an 
equation of third degree or less in x. It is a theorem of 
algebra that such an equation has at most three roots. 
Hence we obtain at most three values of x in solving (1) 
and (2). Corresponding to each of these there is found just 
one value of y from equation (2), and thus the cubic curve 
(1) and the straight line (2) intersect in at most three points. 

By an extension of the preceding reasoning we obtain the 
following theorem: 


The straight line (2) intersects the curve whose equation (1) 
is of the nth degree in at most n points. 


Since every conic has an equation of the second degree 
it follows that a conic can be cut by a straight line in at most 
two points. 
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* 77. Intersections of curves. Let the equations of twe 
curves be 

(1) f(z, y) = 9, g@, y) = 9, 
where f(z, y) and g(x, y) are two expressions in @ and y. 
The coérdinates of a point of intersection satisfy both 
equations. Hence the points of intersection are found by 
solving them as simultaneous equations. 

In solving we usually derive new equations from the given 
ones. In particular we may, in order to eliminate certain 
terms, multiply each equation by a constant and add, ob- 
taining the equation 

(2) af(x, y) ete bg(x, y) = 0, 
where a and b are constants. We ask now, what can be said 
of the geometrical relations among the curves whose equa- 
tions are given in (1) and (2)? 

It is not difficult to see that no matter what values are 
given to a and b, the curve (2) will pass through the points 
of intersection of the curves (1); for if Pi(a, y:) is a point 
of intersection we must have f(a, y:) = 0 and g(x, yi) = 9, 
and hence when we substitute m, y: in (2) the equation is 
satisfied. 

Furthermore the curve (2) has no point of intersection 
with either of the curves (1) which is not on both of them, 
if a and b are both different from zero. To show this, we 
let Pi(a, y:) be a point on the curve (2) and the curve 
g(x, y) = 0, and prove that it lies on the curve f(z, y) = 0. 
We may write 


i(@, v) = 1Lafle, #) + bate, Wd - Zale, »). 


Since the right member vanishes when we substitute (a, y1), 
we have f(a, y1) = 0, which was to be proved. 


Example. — Find the points of intersection of the curves 
(1) az? + 4y? — 25 = 0, 
(2) 4a? — 8y? — 25 = 0, 


166 ANALYTIC GEOMETRY 


and give the geometrical representation of equations used in finding the 
points. 


Solution. — The first equation is that of an ellipse, the second that 
of a hyperbola (Fig. 82). To solve for x and y by one method, we 
multiply the first by — 1, the second by 1 and add; we obtain 


(3) 32? — 12y? = 0. 
This equation factors, and may be written 
3(@ — 2y)(a + 2y) = 0. 


It is the equation of a pair of straight lines passing through the inter- 
sections of (1) and (2), namely, the lines 


(4) z— 2y =0, 
(5) z+2y=0. 


To find the intersections of the first line with the curve (1), sub- 
stitute x = 2y in (1); we get 


6) Sy — 25 = 0 or y= 42 V2. 


This equation may be regarded as the equation of two lines parallel to 
the z-axis and passing through 
the required points. If the 
above values of y are substi- 3) 
tuted in (4) we next have 
(7) z=2t ao, 
O LJ] 
which represents two _ lines 
parallel to the y-axis and pass- (4y 5) 
ing through the required points | 
of intersection. Hence (4) cuts 
(1) in the points Fie. 82 


a(x, *) and B (= _ ee 


hat D(2) 


) The student may show 


and 


5v2, 2 
2 4 


that the line (5) cuts (1) in the points of 
— 5V2 5V2 
ar eer 


Thus the curves (1) and (2) intersect at A, B, C, and D. 
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EXERCISES 


Find the points of intersection of the curves whose equations are as follows. 


1. + 2y = 5, 2. 2x + 3y = 8, 
2a —y = 5. 38x —y=1. 
3. 22+ y? — 4x + by = 12, 4. 2+ y? + 8r — 2y = 8, 
aty+1=0. a—2y+4=0. 
TA 2? + 4y? = 100, 6. 2? — 4y? = 33, 
z+ 2Qy = 2. 2x — 5y = 4. 
7. 2+y = 16, if gaye 16, 
y? = 62. a = By. 


Pind algebraically the points of intersection of the following curves. 
Plot the curve for each of these equations and for each equation used in 
obtaining the solutions. 


9. 2+ ay+ y? = 28, : 10. @+ayt+y =19, 
w2@—ayt+y = 12. zy = 6. 

11. 22+ 4cy + y = 61, 12. 2+ y?+ (a — y)? = 42, 
a? — day + y = 13. a+ y = 41. 

13. 2? + y? = 25, 14. 23+ y° = 3cy, 
a+ y+ (ey)? = 25. t= Sytem. 


Hint. In Exercise 14 let y = tx, and find t; then find y and a. 


* 78. Trigonometric curves. We have considered hereto- 
fore only algebraic equations. A few curves which are loci 
of trigonometric equations will now be studied. 

(a) The Sine Curve, y = sinx. In advanced mathematics 
it is desirable to use the radian asthe unit of angular measure, 
and this we shall do here. We recall* that 7 = 3.14---, 
and that 


m@ radians = 180°, 


1 radian = 2 S00 Seb 1107. 


* See page 6. 
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For the equation 
y = sine 


we have the following table (see page 11). 


x radians 


y = sing 


By use of the formulas (see page 8) 


sin (7 — x) = sina, sin (7 + 2) = — sing, 
sin (27 + 2) = sing, sin — © = — sing, 


the table may be extended indefinitely. For example we 
have 


ee : T eT ; 
sin = sin (x =: 5) = sing = 87; 
in = sin(w - 7) = sin 7 = 50; 
a Ge aioe aa ta 
in = sin(w + 2) = ~ sin Z = — 50 
sin | = 5 he 6 = ~ 50. 


As an extension of the preceding table we have the following: 


awradians |“7 _ 


y = sin x 


The student should extend the table further. The resulting 
curve is indicated in Figure 83; it is called the sine curve.* 
It oscillates from y = — 1 to y = 1, in a periodic wave, the 
period being 27. 


* The cosine curve, y = cos 2, differs from the sine curve very little; it 
can be obtained from the latter by merely shifting the sine curve to the 
left through the distance 7/2. 
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Fia. 83. Sine Curve 


(b) The curve y = asin kx. 
Consider the curve whose equation is 
YU =-2 Siow, 
A graph is obtained from the preceding by giving z a series 
of values such that 3x takes on the values 0, 7/6, 7/3, 


m/2,- ++. The values of y are then twice those given in 
the preceding tables. We obtain the following table. 


17} 35} .52] .70 


y|0/1.0 |1.74/2.0 | 1.74] 1.0 0 


The values repeat when 32 is increased by 27, or, in other 
words, when 2 is increased by 27/3; thus the curve oscillates 
with a period of 27/3. The 
values of y vary from — 2 
to 2; that is, the amplitude 
of the oscillation is 2. The 
graph is shown in Figure 84. 

Similarly the curve whose 
equation is H 


¥ 


[33 
a 


y= asin kx Fra. 84 


has the form of a wave, 
oscillating from y = — a to y = a, having an amplitude a 
and a period 21/k. 
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(c) The curve y = asin kx + b sin Ix. 
Consider the curve whose equation is 
y = sinz — 2sin 32. 
This curve is obtained by combination of the two preced- 
ing curves, subtracting for each value of x the ordinate of 


y = 2sin 3x from the ordinate of y = sinw. The resulting 
curve is shown in Figure 85. It is periodic with the period 27. 


Fig. 85 


Similarly the locus of the equation 
y = asinkex + bsin lx 


can be obtained by adding ordinates of the two curves 


y =asinks, y = bsinilz. 


The former has the period 27/k, the latter the period 27/lI. 
Any integral multiple of 27/k which is also an integral 
multiple of 27/1 is a period of the resulting curve. 

It can be shown that any sufficiently smooth curve which 
has a period 27 can be represented by an equation of the form 


Y = A + a cos « + ae cos 2a + a3 cos 38a + --- 
+ bj sin x + be sin 2x + bs sin 8a + +--+, 


CERTAIN GENERAL METHODS 171 


EXERCISES 
Draw the graph of each of the following equations. 


1. y = cos x. ey = 8 cos 22. 
(ay = cos x + 3 Cos 22. RY = sin x + cos 2. 
5. y =sinz+4sin 2x + isin 32. . 
6. y = sin z — sin 2x + sin 3z — sin 4z. 
7. y=ax+sin te. 8 y = 42? — cos 72. 
9 y = asin Tx. 10. y = sin ©. 
li. y = sin z. 
Hint. This is equivalent to the equation x = sin y. 
12. y = isin 32. 13. y = tan z. 
14. y = tan z. 15. y = sec z. 


* 79. Exponential and logarithmic curves. A curve whose 
equation is of the form 


(1) y = acm 


where a, e, and b are constants, is called an exponential 
curve. 

It develops in the branch of higher mathematics known 
as the Calculus that equations of the form (1) are simplest 
when the constant e has a particular value, namely 


e = 2.71828 - - -. 


This number is called the natural base of logarithms. 
Consider the special case 


y = e*. 
Extensive tables of values of the exponential function e* 


have been made, from which we have formed the small 
table which follows. 
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Table of values of the exponentiai function e* 


a 


0 
1 
2 
3 
4 
5 
0 
1 
2 
3 
4 
5 


To find the value, for example, of ce?’ we look in the x 
column for 2, then follow across the row to the .7 column, 
finding the desired value, 14.9. Similarly we find that 
e-27 = 0.07. 

By use of the table we plot “a 
the curve shown in Figure 86. 
Since, for any number 2, 


e*tl = ¢. e* = 2,72¢7, 


it follows that when 2 is in- 
creased indefinitely e* increases 
indefinitely. The curve rises 
steeply in the first quadrant. O Tree 
Since L 


e-(et!) = e-le-z = 1 e-? Fia. 86. Exponential Curve. 


BIND RS 
it follows that when z is given negative values which are 
larger and larger numerically, e* is always positive and ap- 
proaches zero. The curve approaches the negative z-axis as 
an asymptote. 
The graph of 


(2) y = log. x 
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can be obtained from the exponential curve in Figure 86. 
Since equation (2) is equivalent to 


x= ey, 


we need only to interchange xz and y in that Figure. The 
locus is shown in Figure 87. 

If a quantity grows larger 
or smaller at a rate which is 
proportional always to its at- 
tained size, then its size is an 
exponential function of the 
time. For example, a sum of — G 
money A at interest at a rate * 
r inereases at compound inter- 
est according to the formula 


A=P(1+r)" Fig. 87. Logarithmic Curve 


where P is the initial principal and n is the number of years 
it has been at interest. If we determine k so that 


l+r=e, k =log.1 +7), 
then we have 
A = Pen, 


* 80. Damped vibrations. If a tuning fork or string is 
set vibrating in air, the amplitude of its oscillations de- 
creases, but the period remains practically constant. After 
i seconds the displacement of a point of the fork or string 
from its central position is given by an equation of the form 


(1) y = ae sin (wt + a) 


where a, k, w, and @ are constants. We have what is known 
as a damped vibration. 

As an illustration of graphs of equations of this type, let 
us plot the graph of the special case where a = 5, k = 0.1, 
w = 1, a = 0; this equation is 
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(2) y = ben!) * sini t. 
POLAR COORDINATES 
81. Tracing a curve in polar codrdinates.* Graphs in 
polar coérdinates were obtained for simple equations on 
(3) Re OOK ah gis a, pages 26-30. We now proceed to a fuller discussion of 
the subject. 
It should be recalled that a point may be described in 


The curve is shown in Figure 88. We have drawn the bound- 
ary curves 


Since sin ¢ varies from — 1 to 1, the curve (2) oscillates be- 
tween the curves (3), the amplitude approaching zero. 
polar coédrdinates in infinitely many ways. Thus ( ), 


Y- eee 7 1 ‘ ae 
HH Coo (- 3 + ann) (- "| + a+ ann), where n is a positive 
H or negative integer, are polar coérdinates of the same point. 
Soca The locus of an equation in polar coérdinates contains 
every point such that at least one pair of codrdinates of the 
~ point satisfies the equation, and it contains no other points. 
0 t It may happen that only one of the infinitely many pairs 
1 4 of codrdinates of a point satisfies the equation. 
neacauaal To trace a curve in polar codrdinates we use much the 
same methods as were used with rectangular codrdinates. 


It is desirable to test the curve for (1) intercepts, (2) sym- 
metry, and (3) extent. 

EXERCISES (1) Intercepts. The intercepts with the polar axis or this 
axis produced are found by substituting 6 = 0, 7, 27, ---, 
— 7m, —27,--+ in the equation and solving for r. The 


Fia. 88 


Plot the graph of each of the following equations. 


La y = ez, 2. y = 10e--1#), curve passes through the origin if 
8. y = e-(u)2?, 4. y = 2xe-*. for some value of 6 we have r = 0. Spe PO 
ee sere Ae ete (2) Symmetry. The curve is OSSARO 
symmetrical with respect to the REPS 
T. y = «log. x. 8. -y = logy (1 + 2). pole if whenever the equation is mes 2Oaee 
Lo y = log. (1 + 2%). 10. y = € one, satisfied by (r, 0) it is also satisfied iS S RS 
11. y = sin (sin™ 2). 12. y = 4e-(-)e sin ra. byt #9), 0 by is +9), alae 
Aer are Soe) ce ae any other possible codrdinates of +756) \P'(F, —8) 
eee € sin (72 + 7). - ¥Y = — 5e-2)* cos a the point P’(—r, 0). It is sym- Fa +) 
15. y = log sin? > 16.) y = 2? sin? x. metrical with respect to the polar Fie. 89 


are e0 a ‘ F : 
17%. y= x2 — a0), 18. y = (1.06). * It is desirable to use paper especially ruled for polar codrdinates. 
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axis if whenever the equation is satisfied by (r, 8) it is also 
satisfied by (r, — 0), or by (— r, 7 — 9), or by any other 
possible coérdinates of P’’(r, — 6). 

(3) Extent. If the equation is solved for r in terms of 6 
it is often possible to determine values of 8, (a) which give 
a maximum or minimum value to 7, (6b) which make 7 
become infinite, and (c) which make r imaginary. These 
things indicate the extent of the curve. 

It is usually desirable to calculate values of one variable 
for a few values of the other. 

It is sometimes simplest to change the equation to rec- 
tangular codérdinates by the substitutions 


x = 7 cos 0; y =rsin 0, 
r? = 7? + y?, tan @ = 4. 


Example 1.— Plot and discuss r = a sin 20, the four-leaved rose. 


Solution. — (1) When 0 = 0, 7, 27, -- +, — 7, —27,+++, we have 
r =0. The curve intercepts the polar axis only at the pole. The pole 
is on the curve. 

(2) The equation is altered by substituting (— r, 8) for (r, 8), but 
not by substituting (r, 7 + 9) for (7, 0), since sin (27 + 20) = sin 20; 
hence the curve is symmetrical with respect to the pole. The equation 
is altered by substituting (r, — 9), but not by substituting (— r, 7 — @), 
since sin (27 — 20) = — sin 20; hence the curve is symmetrical with 
respect to the polar axis. 

(3) The values of sin 20 vary from — 1 to 1; hence r has values only 
between — aanda. No value of # makes r imaginary. 

Consider the variation of r as @ increases continuously. It turns out 
to be convenient to divide the discussion into parts in each of which 20 
increases through 7/6 radians. Results are shown in the following 
table. 


20|0 to 7/6 | 1/6 to 27/6 27/6 to 37/6 37/6 to 47/6 41/6 to 57/6 
0 | 0 to 1/12 | 1/12 to 20/12 | 27/12 to 37/12 | 80/12 to 4m/12 | 427/12 to 577/12 


r| Oto .5a .5a to .87a .87a to a .87a to .ba 


The student should extend the table up to 6 = 27. Since sin 2(0 + 27) 
= sin 20, the curve is retraced whenever 0 passes through a complete 
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revolution. The curve is a four-leaved rose shown in Figure 90. 
When we increase 8 continuously, the moving point describes the curve 
in the order indicated by the arrows and the numbers. 
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Example 2. — Discuss and plot r = a(1 — cos @), the cardioid. 


Solution. — (1) When 6 = 0, r = 0; when 6 = 7, r = 2a. There 
are no other intercepts on the polar axis. When r = 0, cos @ = 1, and 
hence 6 = 0 + 2nz, where n is an integer. 

(2) The equation is altered by substituting (— r, 6), or (r, 7 + 8), 
for (r, 8); the curve is, in fact, not symmetrical with respect to the 
pole. It is, however, symmetrical with respect to the polar axis, since 
the equation is unaltered if (r, — @) is substituted for (r, 0). 

(3) Since cos 6 varies from — 1 to 1, r varies from 2a to 0. The value 
of r is real for every value of 0. : 

A set of points.on the curve is given in the following table. 


The graph is shown in Figure 91, page 178. 
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Fia. 91. Cardioid 


Example 3. — Plot and discuss r? = a? cos 20, the lemniscate. 


Solution. — (1) When 06 =0, r=-+a; when 0=7, r=+4; 
there are no other intercepts on the polar axis. When r = 0, we have 
29 = 5 + nr, 0= a + ey where n is any integer; the curve passes 


through the pole for 6 = 1/4, 37/4, 57/4, 77/4, ---. 

(2) The equation is unaltered by substituting (— r, #), or (r, — 4), 
for (r, 8). Hence the curve is symmetrical with respect to the pole and 
to the polar axis. 

(3) The values of r vary from — atoa. The value of r is imaginary 
whenever cos 20 is negative, that is, when 26 lies between 1/2 and 31/2 


or between 5 + 2n7 and st + 2n7, where n is an integer; hence it is 
imaginary when @ lies between 7/4 and 37/4, or i + n7 and = + nr. 


There is no part of the curve corresponding to these angles. 
A table of values and the graph follow. 


m/2| w/2 to 3r/2 | 30/2 1117/6 
w/4 | w/4 to 30/4 | 37/4 117/12 


+ 9a 


1, 
3. 
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METHODS 


Fic. 92. Lemniscate 


= 10 sin 0. 
10 see 6. 
= 10cos#+4+ 5. 


= 10 sin 30. 


0 
10 sin 49, ©» 
10 cos 50. 


EXERCISES 
Discuss and plot each of the following equations. 

r = 10 cos 0° Ay 2.4 

r = 10 cos 20. ““) 4.7 

r = 10 ese 0. / (8 r 
ae 30 : — 

1 — sin 8 i 

r = 10 cos 30. 10. r 

- r = 10 cos 40. 12.) r 
r? = a? cos 36. 14, r 


. The limagons, r = a — b cos 0. 


Limagon, a > b 


= asin}. , 


Limagon, a <b 


A_= 


179 


eta 


— 
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2a sin? 0 
cos 0 


16. The cissoid of Diocles, r = 


—_ 4D The spiral r = a0. 
———s AB. The spiral r = aed. 
— AX The spiral rO0 =a. 


~/20. The spiral. r? = a0. 

\(at) Thetihens 19 = a. 
22. The conchoid of Nicomedes, r = a sec 0 + b. 
23. The ovals of Cassini (r? + a*)? = 4a?r? cos* 64+ k. 
24. 2+ RP = wr. : 


Change the following equations into rectangular coérdinates. 


___— 25. The equations of Exercises 1, 2, 3, 4. 


26. The equations of Exercises 5, 6, 7. 


——. 27. The equations of Exercises 15, 16. 


28. The equations of Exercises 22, 23. 


Change each of the following equations into polar coérdinates and plot 
the curve. 


29. (at + yf)? — dala? + yf) + Sat? = 16. 


30. (a? + y?)(a — 4)? = 422. A conchoid. 


BL. (a? + y® + 4y)? = 4(2? + y*). A limacon. 


82. (2? + y’)? = 4x(22 — 3y?). A three-leaved rose. 


* 82. Finding the polar equation of a curve. When a 
curve is described by geometrical conditions, how do we 
find a polar equation of the curve? The problem is quite 
similar to that of finding the equation in rectangular co- 
ordinates. It has been solved for the case of a straight line 
(page 69), a circle (page 105), anda conic (page 140). 


EXERCISES 
Find a polar equation of each of the following loci. 


1. Conic. . A point moves so that the ratio of its distance from the 
pole to its distance from the line r sin 0 = p is the constant e. 
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2. Cissoid. A secant OQ cuts the line r cos 6 = 2a at Q, and the 
circle r = 2a cos @ at R. The point P, such that OP = RQ, describes 
the locus as the secant rotates about the point O. 


Cissoid 
3. Lemniscate. A point moves so that the product of its distances 
from the points (a, 0) and (a, 7) is a?. 


4. Oval of Cassini. A point moves so that the product of its distances 
from the points (a, 0) and (—a, 0) is kh’. 


Oval of Cassini, k > a 


Oval of Cassini, k < a 


5. Cardioid. A secant OP cuts the circle r = 2a cos 6 at B, and 
BP = 2a. The point P describes the locus as OP rotates about the 


pole O. 


6. Limacon. A secant OP cuts the circle r = 2b cos 6 at B, and 
BP = 2a. The point P describes the locus as OP rotates about the 
pole O. If b =a the limagon is a cardioid. 
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7. Four-cusped hypocycloid. In the interior of the circle r = a there _ 


is a circle of radius a/4 which rolls upon the larger circle. A point P 
of the small circle starts at the point A(a, 0) and describes the curve. 


8. Conchoid. A radius vector from the pole cuts the line r cos 8 = a 
at M; from M extend the radius vector a distance / in each direction 
to points P and P’. As the radius vector rotates, the points P and P’ 
describe a conchoid. 


* 83. Equivalent equations in polar codrdinates. Two 
equations are analytically equivalent if the solutions of each 
are solutions of the other. For example, the equations 


2r = 6(0- 1), r—304+3=0, 


are analytically equivalent. 
Two equations in polar coérdinates are geometrically 
equivalent if they have the same locus. 
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It follows at once that two equations which are analytically 
equivalent are also geometrically equivalent, but the converse 
is not always true. Consider, for example, the equations 


r=60, r=6 + 27. 


They are not analytically equivalent, since, for example, 
r = 1, 6 = 1 isa solution of the former but not of the latter. 
But if r = 1, 6 = 6; is a solution of the former, thenr = 1, 
6 = 6, — 27 is a solution of the latter, and the points 
(1, 61) and (r;, 6: — 27) coincide; it follows that the two 
equations have the same locus, and are therefore geometri- 
cally equivalent. 

It is not difficult to see that similarly if we have an equation 


(1) f(r, 8) = 0 
then the equations 

(2) f(r, 0+ 2n7) = 0, 

(3) f(-—7, 0+ m+ 2n7) = 0, 


where n is an integer or zero, are geometrically equivalent 
to it. Of the infinitely many equations (2), (8), it often 
happens that all are analytically equivalent to one or two. 
For example, the equation 


(4) r = a(1 + cos 8) 
and the equation obtained from it by replacing (r, 0) by 
(— r, 0+ 7m), that is to say, 
—r=all + cos(0+ 7)], 
have the same locus. The latter reduces to 
(5) r = a(— 1+ cos 8) 


which is therefore geometrically equivalent to the former. 
The student should verify by plotting the graphs of the 
equations that the loci are the same; he should also verify 
that if formulas (2) and (3) are applied to equation (4), 
all other equations so obtained are analytically equivalent 
to (4) or (5). 
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* 84. Intersections of curves whose equations are ex- 
pressed in polar coérdinates. If we solve simultaneously 
two equations in polar coérdinates, and obtain a solution 
r= 1, 0 = 6, then (r, 61) satisfies both equations and is 
therefore a point of intersection of the corresponding curves. 

If in place of one of the equations we take a geometrically 
equivalent equation and solve it simultaneously with the 
other equation, a solution gives also a point of intersection 
of the two curves. 

To get all points of intersection of two curves having 
given polar equations we may need not only to solve the two 
given equations simultaneously, but also to solve other 
pairs of geometrically equivalent equations. We must also 
test directly to see if the pole is a point common to the two 
curves, the value of r being zero but that of @ indeterminate 
at this point. 


Example. — Find the points of intersection of the curves 
(1) r = cos 20, r=1-+cos0. 
Solution. — The steps in solving simultaneously are: 

cos 20 = 1 + cos 8, 

2 co? 6 —1=1+cos8, 

2 cos? 0 — cos 9? — 2 = 0, 


V17 - 
cos 0 = teu = 1.281 or — 0.781, approximately. 
Since cos # cannot exceed unity, we have only cos 9 = — 0.781; hence, 
approximately, 
6 = + 141° + n- 360°. 


It follows that 
1 — 0.781 = 0.219. 


We thus obtain two distinct points 
P,(0.219, 141°), P2(0.219, — 141°). 


Equations which are geometrically equivalent to our first equation 
are found from equations (2) and (8) of § 83; we thus obtain 


r = cos 2(0 + 2nz), —r=cos2(0+ 7+ 2nz), 


which reduce to 
(2) r = cos 20, r= — cos 20. 


r 
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Equations which are geometrically equivalent to the second equation 
are 


r=1+cos(@+42nr), —r=1+cos (6+ 7 + 2nz); 
these reduce to 
(3) r=1+cos6, r= —1+ cos 0. 


The four pairs of equations to be solved simultaneously include, be- 
sides the pair (1) already solved, 


(4) r = cos 26, r= —1+ cos 9; 
(5) r= —cos 20, r=1+cos0; 
(6) r= —cos20, r= —1+ cos? 


Solutions of (4), (5) and (6) which give distinct points are found to 
be respectively 

Qi(— 1, 90°); Q2(— 1, — 90°); Qs(— 0.5, 60°); Qa(— 0.5, — 60°); 

Ri(1, 90°); Ra(1, — 90°); Rs(0.5, 120°); R,(0.5, — 120°); 

S:(— 0.219, 39°); Se(— 0.219, — 39°). 

Of the twelve points P;, - ++, S2 only six are distinct, namely, 
Pi, Ps, Ri, Ro, Rs, Ra. 

We see, finally, that the pole lies on both loci, for the coérdinates 


(0, 7) satisfy the first of equations (1) and (0, 7) satisfy the second. 
Thus there are seven points of intersection of the curves (1), as 


shown in Figure 93. 
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EXERCISES 


Find the points of intersection of the pair of curves in each of the follow- 
ing Exercises. 


1. rcos 0 = 2,r = 4. 2. 4r cos 0 = 5, r = 5 cos 0. 
3. r= 4sin 0, r = 2V3. 4. r=1—cos6, 2r = 1. CHAPTER IX 
6. r = 2sin 0, r = 2 cos 20. 6. r=1-+cos 0, r(1 + cos @) = 1. 
[-k? = cos 26, r=1+sin 0. (8 r=4(1 —sin@),r(1+sin 6) =3. fh PARAMETRIC EQUATIONS 
| Ax #4 = 4 cos 28,7 = VB cos 20. 10. r = cos 30, r = 4.cos 0. 85. Parameters. Suppose we have two equations which 


fee oe JED marntenk express x and y in terms of a third variable ¢. For example, 


/ (1) 
ETT 


x = 4cost, 
y =3sint. 


If we give a value to ¢ we determine one or more values of x 
and y. These corresponding values of x and y locate a point 
or points in a given rectangular codrdinate system. The 
locus of all such points obtained by giving all possible values 
to t is called the locus of the parametric equations, ¢ being 
the parameter. It is to be observed that the parameter is 
not one of the codrdinates, but is another variable in terms 
of which the codrdinates are expressed. It may or may not 
have an obvious geometric interpretation. 

A curve given by parametric equations may be plotted 
by assigning a large number of values to the parameter and 
calculating the codrdinates of corresponding points. Thus 
for equations (1) we form the following table. 


—.87| —.50 


0| —.50| —.87 
4|-3.5 | —2.0 


180°] 210° | 240° 
ask 


0) -1.5 | -2.6 


Since sin ¢ and cos ¢ have a period of 360°, the values of 


z and y repeat after ¢ has gone from 0° to 360°. 
187 


vey 


pen 


\ 
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If we plot the points we find that they appear to lie on 
an ellipse. That they actually are on an ellipse may be 
shown by finding the equation of the curve obtained by 
eliminating the parameter. The equations may be written 
© i tent 2 oe 
ge vee t, 3 = Sin i. 

We eliminate ¢ by squaring and adding these equations; we 
get 

x? y? 

16 a on il, 
the equation of an ellipse. 

By referring to § 59, page 138, we observe that in these 
equations (1) the parameter ¢ is the eccentric angle for the 
ellipse. 


\ 86. Path of a projectile. Suppose a projectile is fired 
from a gun and moves subject to no force except the constant 
downward attraction of the earth. Let v be the muzzle 
velocity and @ the angle of elevation of the gun. Take the 
position of the gun as origin 
of rectangular coérdinates, the 
y-axis vertical, and the x-axis so 
that the path of the projectile 
lies in the first quadrant of the 
XOY plane (Fig. 94). 

The x-component of the in- 
itial velocity is v cos a. Since 
there is no component of force 
in the z-direction, the pro- 
jectile moves with uniform velocity in that direction. Hence 
the abscissa of the projectile ¢ seconds after the gun is fired is 


Fie. 94 


(1) x = (vcos aye. 


The y-component of the initial velocity is vsina. If 
there were no component of force in the y-direction, the 
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height of the projectile after ¢ seconds would be (v sin a)t. 
The attraction of the earth, however, decreases this by 
igt?, where g is a constant. Hence the ordinate of the 
projectile is 

(2) y = (vsin a)t — 4$gt?. 

The equations (1) and (2) are parametric equations of 
the path of the projectile.* If we eliminate ¢ we get 

= Se 

(8) y =xztana 55% con? a’ 
which shows that the curve is a parabola whose axis is 
vertical. 


EXERCISE 

Plot each of the curves having the following parametric equations, and 
find an equation in x and y for each by eliminating the parameter. 

kG =%, yostts —— 
» c=t+2, y=P—4. 
. £=6cost, y=2+ 6sini. 
z=3+5cost, y=4+4+3sint. 
z=, y=. 
w= sin?i, y = sin? t. 
z=5sec0, y=4tan@. 
xz = 10 cos* 0, y = 10 sin® 6. (Hypocycloid of four cusps.) 


PAS RP wp 


/ 3at 3at? . A 
2= T+e’ y= i+?’ abeing constant. (Foliwm of Descartes.) 
10. Show that the highest point in the path of a projectile is the 
cine (= sin 2a v? sin? a@ 
* 29’ 2g 
11. Show that the horizontal range of a gun, 7.e., the distance from 
gun to target in a horizontal plane, is v? sin 2a/g. For what angle of 
elevation of the gun is the range the greatest ? 


* Tt is easy to see that in problems in mechanics the time ¢ will frequently 
occur as a parameter. 
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12. A rifle has a muzzle velocity v = 2000 feet per second. It is 
fired at an angle of elevation of 30°. Find the position of the projec- 
tile at the end of the fifth second after firing, and every five seconds 
thereafter until it drops to the level of the rifle. Plot the path. Take 
g = 32. 


13. Suppose that in a given pair of parametric equations, for example 
(a) x=acost, y=bdsint, 


~ 


we substitute for the parameter an expression involving some other 
parameter s, for example 

t= 8%, 
We thus have x and y expressed differently in terms of a parameter, 
for example 

(b) z2=acoss’, y = b sin s*. 

Is the locus of these new equations the same as that of the original 
equations? 

14. During naval target practice an observer noted that when a gun 
was fired nearly horizontally at a target a period of 5 seconds elapsed 
between the flash of the gun and the splash of the projectile as it hit 
the target; when the gun was fired nearly vertically at the same target 
there was 70 seconds between flash and splash. Assuming that the 
formulas of § 86 apply in this case, find the range, the muzzle velocity 
of the gun, and the greatest height of the projectile for each path. 


\/ 87. The witch. Let us find equations of the following 
locus, known as the witch of Agnesi. Through the origin O 
of a system of rectangular codrdinates draw a line of in- 
clination a, cutting the circle x2 + (y — a)? = a? at A, and 
the line y = 2a at B. Through A and B draw lines parallel 
to the z- and y-axes respectively; let P be their point of 
intersection. As a varies from 0 to 7, the point P describes 
the locus (Fig. 95). 
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Let (a, y) be the coérdinates of P. In the figure,OC = DB 
= 2a, and we have at once, since OD = z is the base of the 
right triangle ODB, 

(1) x = 2a cot a. 

The angle OAC is a right angle, and therefore we have 
OA = 2asin a. It readily follows, since y = OA sin a, that 
(2) y = 2a sin? a. 
Thus (1) and (2) are parametric equations of the witch of 
Agnesi. 
To eliminate the parameter a, we note that 
x? + 4a? = 4a?(cot? a + 1) = 4a? esc? a; 
and, since sin a@ esc @ = 1, we have 

(3) y(x? + 4a?) = 8a. 

It is seen that the curve is symmetrical with respect to the 
y-axis, and that the z-axis is a horizontal asymptote. 


Ae 88. The strophoid. Let AO be the perpendicular from a 
point A toa line BC. Through A draw a line of inclination 
a to AO, cutting BC at H. On this 
line locate P and P’ such that 
OE = EP = EP’. 

The locus of P and P’ as a@ varies 
from — 7/2 to 7/2 is called a 
strophoid. 

To find equations for the curve, 
take O as origin of a set of rectan- 
gular codrdinates, and let the co- 
ordinates of A be (— a, 0). We see 
that BC is the y-axis, and that 

OE = atana. 


Let the coérdinates of P be (2, y). We have at once 
as 
y 


EP cosa = atana cos @ = asina, 
OF + EPsina = atana(l + sina). 
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Thus parametric equations of the locus of P are 
(1) a = asin a, y=atana(1+sina). 
Let the codrdinates of P’ be (x’, y’). We have 


v’ = — EP cosa = —asina 
y’ = OF — EPsina = atana(1i — sina). 


Hence parametric equations of the locus of P’ are 
(2) ze’ =-—asina, y’ = atana(l — sina). 


We observe that if we substitute a = 7 +a’ in these 
equations they reduce to 


/ 


zx’ =asina’, y’ =atana’(1+ sina’), 


which are of form (1). It follows that if we allow a to vary 
from 0 to 27 in equations (1), the total curve in Figure 96 
will be described once and only once. The reader may verify 
the statement that portions of the curve are described in the 
order 1, 2, 3, 4 as indicated. 

Thus equations (1) are parametric equations of the stroph- 
oid. To get an equation of the curve in rectangular codér- 
dinates we may proceed as follows. 

To eliminate the parameter from (1) we have 


ina=~, tana = ee ae 2 
sin = a an = as AR pee Hy 
» and hence tVa% x? 
aa( 1 + *) 
pte AS SRL 
YS ue 
Squaring and simplifying, we get 
2a pote a x. 
(3) es ae cone 


The curve (3) is symmetrical with respect to the z-axis, 
does not extend to the right of the line x = a, nor to the 


PARAMETRIC EQUATIONS 193 


left of the line « = — a, has the line x = a as a vertical 
asymptote, and is cut by a line parallel to the z-axis in at 
most three points. 


a straight line. A point on the circumference describes a 
curve called the cycloid. ~————Ssst—<=S=~™—sS 
To find equations for the cycloid, choose a rectangular 

coérdinate system with the given line as z-axis, and such that 
the moving point passes through the origin and the rolling 
circle lies above the z-axis. Let a be the radius of the circle, 
and P(x, y) the point which describes the curve. Let 0 
be the angle through which 
the circle has rolled after P 
has passed through the 
origin. Then, in the nota- 
tion of the figure, 

az = OA — DA. 

y = AC — BC. 


Since the circle rolls, 
OA = arc AP = af. 
We see that 
DA = PB =asin@, AC =a, BC = acos6, 
and hence that 


( x = a(@ — sin 8), 


(1) / y = a(1 — cos 8). 


These are parametric equations of the cycloid. The elimina- 
tion of @ gives the equation 


(2) 2 = acos(1 — 4) 4 V2ay —¥. 


We note that this equation is not algebraic but is tran- 
scendental, involving a trigonometric function. 


194 ANALYTIC GEOMETRY 


EXERCISES 
1. In the equation of the folium of Descartes, 
e+ y® = dary, 
substitute y = tz, and find parametric equations, with ¢ as parameter. 


2. Find parametric equations of the cycloid if the origin is taken at 
the highest point of an arch, the cusps (pointed portions, as at O in 
Fig. 97) pointing downward. 


8. A circle of radius a moving in a plane rolls along a straight line. 
Find equations of the locus of a point P on a radius of the circle at a 
distance / from the center. If 1 > a, the curve is called a prolate 
cycloid; if 1 < a, it is a curtate cycloid. These curves are also called 
trochoids. 


4. A circle of radius 6 rolls upon the exterior of a circle of radius a. 
A point P on the first circle traces an epicycloid. Show that equations 
of the curve are 


= (a + b) cos 6 — bcos *+* 9, 
y = (a+b) sind — bsin 2 F*, 


5. Find equations of the epicycloid (Ex. 4) when a = b. Draw the 
curve. Transfer the origin to the point A of the figure, and find an 
equation of the curve in polar coérdinates. Show that the curve is a 
cardioid. 


6. Find equations of the epicycloid (Ex. 4) and draw the figure 
(a) when a = 2b; (c) when a = 4b; 
(6) when a = 3b; (d) when a = 5b. 
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7. Acircle of radius 6 rolls upon the interior of a fixed circle of radius 
a. A point P upon the first circle describes a hypocycloid. Show that 
equations of the curve are 


x = (a — b) cos@ + b cos 


a—b 
b 9, 
—b 
b 0. 


8. Find equations of the hypocycloid (Ex. 7), and plot the curve 
when 


y = (a — b) sin 8 — bsin® 


(a) a = 2b; (b) a = 3b. 
9. Find equations of the hypocycloid of four cusps (a = 4b, Ex. Ds 
Plot the curve. 

10. In unwinding a circular spool of thread which is held stationary 
the thread is kept taut and always in a fixed plane. The curve described 
by the point at the end of the thread is the involute of a circle. Show 
that equations of the curve are 

xz = a(cos 0 + @ sin 4); 
y = a(sin 6 — @ cos 8). 


11. A wheel of radius 6 rolls on the exterior of a fixed circle of radius 
a. A point P on a spoke of the wheel at a distance / from its center 
describes a locus. Find equations of the curve. Show that if 6 =a 
and 1 = 2b the polar equation is r = 4b sin (6/3), where (r, @) are polar 
codrdinates of P, the pole being at the center of the fixed circle, and the 
direction of the polar axis being suitably chosen. 

Hint. In the special case where b = a and | = 2b, obtain a polar equa- 
tion, then change this to the required form by a transformation of polar 
coérdinates which amounts to rotating the polar axis through a certain 
angle. 


<_— 
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0. Notes on certain higher plane curves. A curve which 
lies in a plane but is not a straight line or a conic is sometimes 
referred to as a higher plane curve. In the preceding pages 
a number of such curves have been mentioned. We shall 
now state without proof some interesting facts concerning 
these curves. 

The cissoid (page 181) was studied by Diocles, a Greek of 
the second century B.c. By means of this curve and a ruler 
and compass it is possible to “duplicate a cube,” that is, 
to find the edge of a cube whose volume is twice that of a 
given cube. The duplication of a cube was one of the famous 
problems of antiquity. It cannot be solved by use of ruler 
and compass alone. 

The conchoid (page 182) was studied by Nicomedes, 
another ancient Greek. Like the cissoid it can be used with 
ruler and compass to duplicate a cube, and also to solve 
the equally famous problem of “‘trisecting any given angle.” 
The latter problem cannot be solved by ruler and compass 
alone except for special angles.* 

The Cassinian ovals (page 181) were suggested as the 
shape of the orbits of the planets about the sun, instead of 
their actual elliptic form, by the Italian astronomer Cassini 
(1625-1712). 

The cycloid is obviously of importance 
in connection with the motion of points on 
the circumference of a wheel which rolls 

ew along a straight line. It is otherwise of 

Fra. 98 interest also. Thus it is shown in me- 
chanics that if a pendulum bob supported 

by a thread swings freely, the period of the swing depends 
upon the amplitude; but if it is supported at the cusp of a 


* The third very famous problem of antiquity was that of ‘ ‘squaring a 
circle,” that is, of finding by ruler and compass a square whose area equals 
that of a given circle. This cannot be solved by the use of those instruments 
alone, nor by their use in conjunction with the graph in rectangular coér- 
dinates of any algebraic equation whose coefficients are rational numbers. 
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certain cycloidal frame in such a way that it winds up slightly 
at each end of its swing (Fig. 98), then its period is independ- 
ent of its amplitude, and the path of the bob is an are of 
another cycloid. 

The cycloid is also the curve of quickest descent; that 
is, if a bead slides without friction down a wire from a point 
A to a point B, the time required depends upon the shape 
of the wire, being least when it is an arc of a cycloid whose 


cusps point upward. 


CHAPTER X 
TANGENTS AND NORMALS 


91. The tangent to a curve at a point on the curve. [et 
P, and Pz be two points on a curve C. Draw the secant line 
P,P:. Now let P2 move along the curve toward Pi. The 

secant line PiP, turns about 

the point P, and as Pz» ap- 

proaches coincidence with P,, 

the line P;P2 approaches co- 

incidence with a limiting line 

P,T. This limiting line is 

called the tangent line to the 
‘curve C at the point Pi. The 

Fia. 99 point P; is the point of contact 
of the tangent line. 

To find an equation of the tangent line at a given point 
P,(a1, yi) on a curve whose equation is given, we need to 
find the slope m of the tangent line. This is obviously the 
limit of the slope of the secant line P;P.. Let the codrdinates 
of Py be (a1 +h, y:1 +k). Then the slope of P;P2 is k/h, 
and hence 


m = limit of as P. approaches P; 


= limit of ; as h and k approach zero. 


The method of calculating this limit is illustrated in the 
following examples:* 


* The student must not make the mistake of thinking that ‘ the limit 
of k/his 0/0 = 1.” The limit depends on the relative magnitudes of k 
and A as they approach zero. Thus if, for example, k = ah where a is 
any constant, then k/h = a, and the limit of k/h = a. 
198 
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Example 1. — Find the equation of the tangent to the parabola 
y? = 2px 


at a point P1(x1, y:) on the curve. 


Solution. — The equation must be satisfied by (x1, yi); thus 
(1) yy = 2pa1. 
If Po(z1 + h, y: + &) lies on the curve, then 
(yi + k)? = 2p +h), 


or 
(2) ye + 2kyr + k? = 2px. + 2ph. 
Subtracting (1) from (2), we get 
2kyi + k2 = 2ph, 
whence 


k 
(3) es 2yi1 + k 


As h and k approach zero, the numerator of the right member has the 
constant value 2p, and the denominator approaches 2y1; hence the 
fraction approaches p/y: as a limit. The slope m of the tangent line 
at Pi (2x1, y:) is therefore 


Cae m= 2. 


Since the line passes through P(z1, y:) its equation is 
Bt een) 
(5) ae? (w — 21). 


This equation may be simplified. Clearing of fractions we have 
YY — Yr = px — pri; 
adding equation (1) we obtain the simple formula * 
(6) yy = p(t + 21). 
* The derivation of this formula breaks down when yi = 0, but we 
verify readily that formula (6) is still true in this case. A similar remark will 
apply to all of the formulas of the Theorem on page 201. The tangent line 


is parallel to the y-axis, and the equation of the tangent has the form 
zx = ain all these cases. 
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Example 2.— Find the equation of the tangent to the ellipse 
(7) bx? + ay? = a?b? 


at a point P;(x1, y:) on the curve. 
Solution. — Since P, is on the curve we have 
(8) bx? + ay? = arb? 
The point P2(a1 + h, y: + &) must also satisfy equation (7); hence 
Bai + h)? + ay: + k)? = ab’, 


(9)  Bax,? + 2b%hay + BA? + a’y? + 2aky: + ak? = ab? 


or 


Subtracting (8) from (9) we get 
2b*ha, + b*h? + 2atky: + ak? = 0, 


and hence 
(2ay1 + @k)k = — (2b’x, + WA)A; 
thus we find 
kar + Bh 
(10) ee 2aty, + atk = slope of secant P,P». 


As P; approaches Pi, h and k approach zero and the right member ap- 
proaches — b’z,/a*y: as a limit. Hence the slope m of the tangent line 
at P * is 


Le, bx, 
eae Tp = gy, Tw 
or 
eyyy — ey? = — aw + bax. 


The equation simplifies by transposing terms and then adding equation 
(8); we thus obtain : 
(11) Baw + ayiy = arb. 


By the method of the examples the following theorem is 
proved.* 


* In the seventeenth century methods were developed by Sir Isaac New- 
ton and G. W. Leibnitz by means of which the slope of a tangent to a curve is 
very quickly found. These methods and their applications are the subject 
matter of differential calculus. 
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Theorem. The equation of the tangent at the point of 
contact Pi(x1, y:) 


for the circle xety =a? is xx+ yy = a’; 
for the parabola y* = 2px is yy = p(x+xi); 


~ rie the 
for the ellipse Stil is a +e = 1; 


x 4 eS: 3 
for the hyperbola = — ¥5 = 1 is a — = 1; 


and for the general second degree curve 
ax? + 2bxy + cy? + 2dx + 2ey+ f=0 
itis axixx + b(my + yix) +coyy + dx+x) +eyt+yi) +f=0. 


EXERCISES 


Use the method of the preceding examples (not merely the Sormulas of 
the preceding Theorem), to find the equation of the tangent at the point of 
contact Py(x:, yi) for each of the curves whose equations follow. 


1. a? = 2py. 22+ y=a. 
3. 2? — y? = a’. 4. 2xy = a’. 
5. 22+ y? = 2az. 6. b’x? — a®y? = a®d*, 


7. avt+ 2bey+cy+f = 0. 

8 22+ y?+ 2dr + 2Zey + f = 0. 

9. ax? + 2bey + cy? + 2dx + 25ey + f = 0. 
10. y2 = x3 (Semi-cubical parabola). 

11. 23 + y3 = 38ary (Folium). 

12. xy + 4a’y = 8a? (Witch). 

13. 2° + ry? + ax? = ay? (Strophoid). 


Use the theorem of § 91 to find the equation of the tangent to the curve 
at the point of contact Pi, and draw the curve and the tangent line for each 


of the following curves and points. 
14. 1? = 82, Pi(2, 4). 15. 4? = 162, Pi(1, — 4). 
(46. x? + y? = 25, P,(— 3, 4). 17. 22+ y = 53, P,(2, 7). 
18. Qu? + 4y? = 144, Pi(2, V27). 19. 2? + 4y? = 52, P.(6, 2). 
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20. x? — y? = 60, Pi(8, 2). 
L21. 42? — 9y? = 144, Pi(— 9, V20). 

22. x?+ y+ 6x = 0, Pi(— 4, V8). 
/ 28. 2xy — 81 =.0, at a point P, where 2 = 9. 

24, x + 4y? + 16x = 4, at the point Pi where x; = — 6 and y, is 
positive. 
_ 25. Show analytically that the tangent line xix + yy = a? to the 
circle 2? + y* = a? at the point of contact P:(x1,y1), is perpendicular to 
the radius to Pi. é 

26. Find equations of the lines passing through the point R(3, 8) 
which are tangent to the parabola y? = 16z. 


Hint. Let Pi(a1, y:) be an unknown point of contact. Then the 
tangent is 


(1) yy = 8(@ + a). 
Since it passes through R(3, 8) we must have 
(2) 8y1 = 8(8 + 21). 

Since P, lies on the parabola we must have 

(3) yr? = 162. 
Solve (2) and (3) and substitute in (1). 

27. Find equations of the lines which pass through the point R(6, V3) 
and are tangent to the ellipse 9a? + 4y% = 144. Draw the curve and 
the lines. 

28. Find equations of the lines which pass through the point 
R(6V5, 9) and are tangent to the hyperbola 422 — 9y? = 36. 


29. Prove that the tangents at the ends of the latus rectum of a 
parabola are perpendicular to each other. 


30. Prove that if an ellipse and a hyperbola have the same foci, the 
tangents at a point of intersection are perpendicular to each other. 


92. Thenormal toacurve. Let P; bea point ona curve C. 
The line through P; which is perpendicular to the tangent 
to the curve at P; is called the normal to the curve at P. 

The slope of the normal is the negative reciprocal of the 
slope of the tangent, and hence the equation of the normal 
is quickly found from that of the tangent. Formulas for 
normals to conics are given in the following theorem. 
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Theorem. The equation of the normal at the point P(x, yi) 


for the circle x? + y? = a? is yix — xy = 0; 

for the parabola y*® = 2px is yix + py = X1y1 + Pyi; 

for the ellipse —_b®x? + a®y? = a®b? is a’yix — b’my = (a? — b*)xy1; 
for the hyperbola b?x? — ay? = a*b? is a’yix + b’xiy = (a? + b*)xiy1. 


93. Lengths of tangent and Y B 
normal. Subtangent and sub- 
normal. Suppose that the tan- 
gent to a curve C at the point fy O M,N X 
cf contact Pi cuts the z-axis at Fic. 100 
T, and that the normal cuts 
the z-axis at N. Let M, be the projection of P; on the 
z-axis. Then by definition 
TP, = length of tangent at Pi; 
NP, = length of normal at P; 
(1) TM, = subtangent at P1; 
NM, = subnormal at Pi. 


The first two are always positive; the last two are directed 
lengths. In the figure, 7M, is positive and NM, is negative. 

These quantities are readily expressed in terms of the 
slope m of the tangent and the codrdinates (a, yi) of Pi. 
Thus 


_ waaP Bee Tyee fa 
ea m NM,’ 

and hence, since M,P; = y1, 
(2) TM, = = NM, = = my. 


We then have, by the theorem of Pythagoras, 


@) TR=(/urt (4) WR = vert mine, 


‘Example 1. — Find the lengths of the tangent and normal, and find 
the subtangent and subnormal to the parabola 
2y=2+3 
at the point P:(3, 6). 
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Solution. — The equation of the tangent can ke found by applying 
the last formula of the Theorem of § 91. Writing the equation 
—2y+3=0, 


we havea=1,b=c=d=0,e=-—1,f =3. Hence for the point 
where x1 = 8, yi = 6, the equation of ihe tangent is 


8x — (y+6)+3=0. 


Fig. 101 


The slope of this line is m = 3. Hence 


the subtangent = “ = 2, 


the subnormal = — my; = — 18, 
the length of tangent = V6? + 2? = 2V10, 
the length of normal = V6? + 18? = 6V10. 


Example 2. — Prove that the length of the subnormal of the parabola 
y = 2pz is p, thus being independent of the point of contact. 


Solution. — The equation of the tangent at (a1, y:) is 
yy = p(x + 2). 


Hence m = p/y, and NM, = — my; = — p. The length of NM, is 
therefore p. 


EXERCISES 


Find the equation of the normal, find the lengths of the tangent and nor- 
mal, and find the subtangent and subnormal to each of the following curves 
at the point P specified. 

1. 2? + 4? = 25, P; (3, 4). 2. 2? + 4? = 29, Pi(5, — 2). 
3. y? = 162, Pi(9, 12). 4. y? = 122, Pi(3, — 6). 
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5. 22+ 4y? = 25, Pi(8, 2). 6. 92? + 4y? = 100, Pi(2, — 4). 
7. 2? — 16y? = 36, Pi(10,2). 8. 92? — y® = 81, Pi(— 5, 12). 
9% 22+ y+ 6x = 52, Pi(8, 5). 
10. 2? + 4y? — 8y = 37, Pi(— 5, 3). 
11. 2? + 4x + 8y = 13, Pi(— 3, 2). 
12. 2? — 2ay + y*? = 1, Pi(5, 4). 
18. y? = 23, P,(4, — 8). 
14. 29+ y° = 8azy, Pi(ai, y:) (Folium). 
15. zy + 4a2y = 8a%, P,(2a,a) (Witch). 
16. 2° + xy? + az? = ay’, Pi(xi, y1) (Strophoid). 
17. 10y = 2° + 7x? — 247 — 30, 21 = — 6. 


18. Show that the subtangents to the parabola y? = 2pz are bisected 
by the vertex. Show how to draw a tangent, using this property. 
19. Derive the formula for the equation of the normal at P1(21, y:) to 
(a) the parabola y? = 2pz; 
(b) the ellipse b?z? + a’y? = a*b?; 
(c) the hyperbola ba? — a*y? = a*b?. 


20. Show that the area of the triangle bounded by a tangent to the 
curve 2ay = a? and the codrdinate axes is constant; that is, it does not 
depend on the point of contact Pi(a1, y1). 

21. Prove that the area of the triangle bounded by a tangent to any 
hyperbola and its asymptotes is independent of the point of contact. 

22. Prove that normals to a parabola at the ends of a chord which 
passes through the focus are perpendicular to each other. 

23. Draw the ellipse 622? + a®y? = a’b? and its major auxiliary circle 
z?+y? = a%. Prove the equality of the subtangents to the two curves 
at points whose abscissas are the same, z = 2, thus showing that 
tangents at corresponding points on the two curves meet on the major 
axis of the ellipse. 

24. Derive an equation of the normal at a point Pi(21, #1) to the curve 
having the equation 

ax? + 2bry + cy? + 2dx + 2ey +f =0, 
the point P:(z, 4:1) being on the curve. Also find an expression for the 
subnormal, 


I A a 
a 


4 


-_—- 
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94. Equation of tangent in terms of slope. If the equa- 
tion of a curve is given, how can we find the equation of 
a tangent line which has a given slope? A general method 
is as follows: 

Let the slope of the tangent be m. Y| 
Then the equation of the tangent has 
the form 


(1) -y=met+h 3 


In general the line (1) cuts the curve 
in two or more distinct points, as 
illustrated in Figure 102. If we de- 
termine k so that two of these points coincide, the line (1) 
is in general a tangent line. 


Fig. 102 


Example 1.— Find tangents to the parabola y? = 12x which have 
the slope 2. 
Solution. — The points of intersection of the parabola and the line 
y=2a+k 
are found by solving the equations simultaneously. At such points 
(22 + k)® = 122, 
4a? + (4k — 12)n + k? = 0. 
In general there are two values of x satisfying this equation. The two 
will coincide if the discriminant is zero (see page 1); that is, if 
(4% — 12)? — 1642 = 0, or & = 3/2. 
Hence there is only one tangent line having the given slope; its equation 
is y = 27 + 3/2. 
Example 2. — Find the equations of the lines of slope m which are 
tangent to the ellipse 
(1) ba? + a’y? = ab. 
Solution. — The equations have the form 
(2) y=me+k. 
At points of intersection of (2) and (1) we have 


bx? + a?(mx + k)? = a?b?, 
or 
(b? -+ a2m?)a? + 2a*mkx + a®k? — ab? = 0. 
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The line (2) cuts the ellipse (1) in two coincident points if and only if 
4a'm?k? — 4(b? + a®m?) (ak? — ab?) = 0, 

whence, on solving for k, we have k = + Vaem + 6%. Thus there 

are two lines of slope m which are tangent to the ellipse: 


y = mz + Varm? + Bb; y = mx — Varm? + be. 


EXERCISES 


Find equations of lines with the given slope which are tangent to each 
of the following curves. Draw the curve and tangents. 


1. 2+ y = 25, m = — 3/4. 
2. 2+ y2?+ 4r = 32, m= —-1. 

3. y? = 6(@ — 2), m= — 2. 

4, 2 = 8(y + 4), m= — 3. 

5. 362? + y? = 144, m = 1. 

6. 9a? + 4y? = 64, m= — 2, 

7. 2—y = 81, m = 2. 


8. 42? — 97? + 36 = 0, m = 3. 


Show that equations of the tangents of slope m are as given for each of 
the curves of Exercises 9-11. 


9. For the circle 22+ y =a’, y=meravm +i. 


10. For the parabola y? = 2pz,  y = mx + ~ ; 


11. For the hyperbola b’x? — a’y? = ab’, y = mx + Vam? — B?. 


12. Two mutually perpendicular tangent lines to the parabola 
y? = 2px intersect at P(x, y). Prove that the locus of P is the directrix 


r+ =0. 


13. Two mutually perpendicular tangent lines to the ellipse 
bx? + a4? = ab? intersect at P(x, y). Prove that the locus of P is the 
circle 22 + y? = a? + b%. Illustrate with a figure, using a = 12, b = 5. 
This circle is called the director circle of the ellipse. 

14. If, in Exercise 13, the ellipse is replaced by the hyperbola 


b’2? — ay? = a®b?, what is the locus of P? Illustrate with a figure, 
using a = 10, b = 8. 
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95. Reflection property of the parabola. At any point P, 
of a parabola draw a line P,Ff to the focus, a line P,A 
parallel to the axis, and the internal normal P,N to the 
curve. We shall prove that the 
normal bisects the angle between the 
other two lines. 

Choosing axes of coérdinates prop- 
erly, we have for the equation of 
the curve 


y? = 2px. 


The slope of the normal P,N at 
Pi(%, x1) is found from its equation 
in § 92; it is — y:/p. The slope of the focal radius FP, 
is yi/(t, — p/2). Hence, by (1) page 40, 
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Mi Ee ae! 
tan ZFP,\N = ps ee, 
1 


Voce, 
p(t — p/2) 
= yi + p/2) - 
pr, — p?/2 — yi? 
Since y;? = 2p2, this reduces to 


tan ZFP,N = a 


Since PA is parallel to the z-axis, 
tan ZNP,A = — slope P,N 
Yi 


Hence 
ZFP,\N — ZNP,A. 


Applications of this property of a parabola are explained 
in § 45, page 115. 
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96. Reflection property of an ellipse. Let P(z, y) be a 

point on the ellipse 
b2x? + a2y? = a2, 

We shall prove that the nor- 
mal PN to the ellipse bisects 
the angle between the focal 
radii FP and F’P (Fig. 104). 

It will suffice to show, in 
the notation of the figure, that 

tan 6 = tan ¢. 


We have 


slope of F’P = Sn slope of FP = nics 


© -+¢ = 6 
and, from § 92, 


2 
slope of NP = me 
Hence 
eget | 
Ts Oxte Die = a’xy + acy — bry 
1 4 a*y? 62x? + b2cx - a*y? 
b’a(x + ¢) 
— cay + acy _ ey 
~ @b? + ber b? 
to 
__&—c be — bey — aay + acy 
tan @ = ve ay? ~ B22? — ber + ay? 
ba(x — c) 


~ eb? — Bex 
Thus 6 = g, since tan 0 = tan ¢. 

As stated in §50, page 124, this theorem concerning an 
ellipse provides an explanation of the so-called “ whispering 
galleries.” 


— exy + acy _ cy 
b2 
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EXERCISES 


1. Prove that a tangent to a parabola bisects the external angle be- 
tween a line parallel to the axis and the focal radius, these lines being 
drawn from the point of contact. 

2. Prove that a tangent to an ellipse bisects the angle between one 
focal radius and the other focal radius produced, these lines being drawn 
from the point of contact. 


3. Prove that a tangent to a hyperbola bisects the angle between 
the focal radii drawn to the point of contact. 


4. Give a ruler and compass construction of a tangent (a) to a 
parabola and (b) to a hyperbola, the foci being given. 


5. Prove that tangents to a parabola from a point on the directrix 
are perpendicular to each other. 


6. Prove that the line drawn from a focus of an ellipse perpendicular 
to a tangent, and the line passing through the center and the point of 
contact, intersect on a directrix of the ellipse. Is the corresponding 
statement true for a hyperbola? 

7. Prove that the product of the distances from the foci to a tangent 
of an ellipse is the same for all tangents. Is the corresponding statement 
true for a hyperbola? 


CHAPTER XI 


DIAMETERS, POLES AND POLARS 


97. Diameters of an ellipse. The locus of the mid-points 
of all chords parallel to a given chord of a conic section is 
called a diameter of the conic.* Thus the axes of an ellipse 
are diameters, since each bisects all chords parallel to the 
other. 

To determine other diameters of an ellipse, let a chord of 
slope m meet the ellipse 


ba? + ay? = ab? \ 
in the points Pi(a, yi) and Po(a, + h,y: + k). Let P(a, y) 
be the mid-point of the chord P,P2; then 
aS mS h Pa aunt k 
Now by equation (10), page 200, we have 
k_ _ (2a + h), 


mh ay +b)’ 
hence 
bx 
m= sal Sat 
ary 
or 
b2 
1 Ses 
(1) y a’*m 


Thus the diameter lies on the straight line (1); it consists 
of the segment of that line which is interior to the ellipse. 
Hence we have the following theorem. 


* Note that this is a property of a diameter of a circle. 
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A diameter of the ellipse bx? + a®y* = a*b? 7s a segment 
of a straight line (called a diametral line) which passes through 
the center of the ellipse; its slope m’ is related to the slope m 
of the chords it bisects by the formula 


(2) Pee me or mm’ = — —: 


Let AB and CD be two chords through the center of an 
ellipse such that their slopes are related by the formula 


It follows from the preceding SSSSPOSSSSD 
theorem and from the definition 
of a diameter that each of these 
chords is a diameter bisecting all 
chords parallel to the other. 
Such diameters are called con- 
jugate diameters of the ellipse. To each diameter there 
corresponds one and only one conjugate diameter. 

The axes of the ellipse are an exceptional pair of con- 


jugate diameters which do not verify formula (2). 


os 
RSeSSSSPESOSSCS 
SSaxissose 
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EXERCISES 


1. Draw accurately * an ellipse whose major and minor axes are 10cm. 
and 6 cm. long. Draw diameters of inclination 10°, 20°, 30°, 40°, 50°, 
60°, 70°, 80° and draw the conjugate of each. Draw four chords of 
inclination 20° and verify by measurement the statement that they are 
bisected by the appropriate diameter. 


2. Find a pair of conjugate diameters which make equal angles with 
the major axis of the ellipse bz? + ay? = ab’. 

3. Prove that if two conjugate diameters other than the axes of an 
ellipse are mutually perpendicular then the ellipse is a circle. 


* For the problems of this chapter it is desirable that a very accurate 
figure be drawn from which copies may be made. A piece of cardboard cut 
carefully would be helpful. 
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4. Prove that if one diameter of the ellipse bx? + a?y? = ab? lies 
in the first and third quadrants then its conjugate lies in the second and 
fourth quadrants. 


5. If the slopes of two conjugate diameters of the ellipse bx? + a’y? 
= ab? are 10/9 and — 4/5, what is the eccentricity of the ellipse ? And 
what are the equations of the conjugate diametral lines which make 
equal angles with the minor axis? 


6. Prove analytically that the tangents to an ellipse at the ends of a 
diameter are parallel to the conjugate diameter. 
7. Show that the equation of the diametral line which bisects chords 
of slope m for the ellipse 
CAMO ACE De 
ge eo eet 


b2 


8. Find the equation of the diametral line which bisects chords of 
slope 2 for the ellipse 


xv? + 4y? — 27 + 8y = 11. 


98. Diameters of ahyperbola. The discussion of diameters 
of a hyperbola runs closely parallel to that of the preceding 
section. Since the standard equation of a hyperbola is 
obtained from that of an ellipse by changing the sign of b?, 
we have at once the theorem: 


A diameter of the hyperbola 
(1) bz? — ay? = a®b? 


zs all or a portion of a straight line (called a diametral line) 
which passes through the center of the hyperbola; its slope m’ 
is related to the slope m of the chords which it bisects by the 
formula 


(2) mm’ = —- 
Two diameters whose slopes are related by formula (2) are 


called conjugate diameters. Each bisects all chords parallel 
to the other. The axes of (1) are on conjugate diametral 
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lines which do not verify formula (2). A pair of conjugate 
diameters is shown by heavy lines in Figure 106. 

Consider now the hyperbola 

(3) = bx? + a’y? — ab’, 
conjugate to the hyperbola (1). 
Its equation is obtained from the 
preceding by changing the signs of 
both a? and b?. Hence facts con- 
cerning its diameters may be ob- 
tained by the same change of signs. 
Since equation (2) remains unaltered by this change, it 
follows that conjugate diametral lines of the hyperbola (1) 
are conjugate diametral lines of its conjugate hyperbola (3). 


Fia. 106 


EXERCISES 


2 2 
1. Draw accurately the hyperbola a - a = 1. Draw diameters 


of inclination 10°, 20°, 30°, and their conjugates. Draw four chords of 
inclination 20° and verify by measurement the statement that they 
are bisected by the appropriate diameter. 

2. Draw carefully a system of chords of slope 2 for the hyperbola 
16x? — 25y? = 400 and its conjugate. Draw the diametral line which 
bisects all of these chords and find its equation. 

8. Prove that if a diameter of the hyperbola b%x? — a®y? = a?b? lies 
in the first and third quadrants, then its conjugate diameter does also. 

4. Prove that any pair of conjugate diameters of the equilateral 
hyperbola x? — y? = a? makes equal angles with an asymptote. 

5. Prove that conjugate diametral lines of the hyperbola 

ba? — a4 = ab? 
are conjugate diametral lines of the hyperbola 
ba? — ay? = karb?. 

6. Prove that the asymptotes of the hyperbola — 

ba? — ary? = ab? 
are conjugate diametral lines of the ellipse 
ba? + a®y? = a?b?. 
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99. Diameters of a parabola. Let a chord of slope m 
intersect the parabola 
y? = 2px 
in the points Pi(x, yi) and Po(a. + h, yi +k). Its mid- 
point P(a, y) is such that 


_ ath _— tk 
eee eee 
Since P; and P» lie on the curve we have 
yr = 2px, 


(ys. + k)? = 2p(a + h), 
whence, by subtracting the former from the latter equation, 


(Qy, + k)k = 2ph Yy 
or 


O x. 
Since m = k/h, it follows that 
Pp 
af ig =e 
S, am Fia. 107 


Hence a diameter of a parabola is a portion of a line parallel 
to the axis of the parabola; its distance from the axis is p/m, 
where m is the slope of the chords it bisects. The axis of the 
parabola is also a diameter, which bisects chords perpendicular 
to vt. 

EXERCISES 


1. Derive analytically the equation satisfied by points on the diam- 
eter of the parabola 2? = 2py which bisects chords of slope m. 


Draw carefully each of the following parabolas and draw four chords of 
the given slope. Write the equation of the diametral line which bisects 
the chords, plot it, and observe that the chords are bisected. 


2. y* = 162, m = %. 8. y? = 82, m = 2. 
4, y= — 162, m=2. 5. yi = — 8a, m=z. 
6. xz? = 16y, m = 4. 7. 2 = —8y, m= — 2. 
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100. A physical interpretation of conjugate diameters. 
Suppose that a circle and two mutually perpendicular 
diameters are drawn on a wooden disc. Now suppose that 
the dise is subjected to pres- 
sure such that in a, certain 
direction in the plane of the 
circle all parts are uniformly 
compressed while in the di- 
rection at right angles to this 
one there is neither compres- 
sion nor expansion. Let us 
show that the circle goes into 
an ellipse and that the per- 
pendicular diameters go into 
conjugate diameters. 

Take the origin at the center of the circle, the x-axis in 
the direction in which there was no compression, and the 
y-axis in the direction in which compression occurred. Let 
P(x, y) be any point on the circle, and P'(x’, y’) the point 
into which it goes through the compression. Then under 
our hypotheses 


o= 2, os ky’, 

where k is a constant greater than unity. Since 
et y= a’, 

where a is the radius of the circle, we have 

ge ky’? = a2, 
This is the equation of an ellipse in which 

b? = a?/k?, 
Let the equations of the mutually perpendicular diametral 

lines of the circle be 


= mx and pe rey 
y a 
These lines go into 


/ 


ky’ = ma’ and ky’ = — ze 
m 
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The latter are two straight lines which pass through the 
center of the ellipse, and the product of their slopes is — 1/k?, 
which equals — 6?/a?. Hence they are conjugate diametral 
lines. The truth of the statement which we were to prove 
has thus been established. 


101. Polar of a point. Let P(x, y:) be a point exterior 
to the ellipse 

(1) bx? + a®’y? = ab? 
Through P; there pass two lines Py (@5Y) 
which are tangent to the ellipse; 
let P2(a2, ye) and Ps(xs, ys) be 
their points of contact. The equa- 
tion of one of these tangents is, 
by equation (11), page 200, 


baer + a®ysy = a*b? 
and that of the other is 
basa + a®ysy = a2b?, 
Since these lines go through P;(a, y,) we have 


bar, + a’yoy, = a°b?, 


(2) b2x321 + a*ysY1 = ab?, 
Consider now the line 
(3) Baie + ayy = ab? 


We prove that it is the secant line through P, and P; 
by observing that the equation (3) is satisfied by both 
(2, ye) and (23, ys), as shown by equations (2), and that it 
is the equation of a straight line. 

The straight line P,P; through the points of contact of 
tangents from P, to the ellipse is called the polar of the 
point P; with respect to the ellipse. We have the theorem: 
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The polar of the point Pi(x:, yi) with respect to the ellipse 
ba? + a2y? = a2b? 
is the straight line 
(3) b'x1x + ayy = ab. 


We note that this equation (3) is of precisely the same 
form as the equation of the tangent to the ellipse at a point 
P,(a, yi) on the ellipse. 

In the preceding discussion P;(21, y:) was a point outside 
the ellipse. The formula (8) gives a real line whether P, 
is exterior or not, provided P, is not at the origin. This 
line will be called the polar of P; in all cases. Thus it occurs 
in particular that the polar of a point on an ellipse is the 
tangent at that point. 

The discussion corresponding to the preceding for the case 
of a circle, parabola or hyperbola presents no difficulties. 
The results are all contained in the statement: 

The equation of the polar of a point Pi(x, yi) with respect 
to a conic is of precisely the same form as that of the equation 
of the tangent to the conic at a point Pi(x1, yi) on the conic 
(see page 201). 


EXERCISES 


——1. Draw accurately an ellipse whose major axis is 10 em. and whose 
minor axis is 6 em. long, and write its standard equation. Find the 
equations of the polars with respect to this ellipse of the points 


A(5, 3), B(10, — 6), C(— 4, — 2), D(— 4, 0), E(— 2, 2). 
Plot each polar and from the drawing verify when possible that the polar 


of a point passes through the points of contact of tangents to the ellipse 
from the point. 


2. Draw the circle 
2+ y= 36 


and find the equation of the polar with respect to the circle for each 
of the following points which has a polar: 


A(6, 6), B(8, — 2), CX— 4, 2V'5), D(— 2, — 2), E(O, 0). 
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Plot each polar and from the drawing verify when possible that the 
polar of a point passes through the points of contact of tangents to the 
circle from the point. 


3. Draw accurately the hyperbola 
ge ye 
es ae | 
25 9 
and find the equations of the polars with respect to the hyperbola of 
the points 
A(5, 3), B(10, — 6), C(— 10, 3V3), D(— 4, 0), E(— 2, — 2). 


Plot each polar and from the drawing verify when possible that the polar 
of a point passes through the points of contact of tangents to the hyper- 
bola from the point. 


, 


‘4. Draw accurately the parabola 
y? = 162, 
and find the equations of the polars with respect to the parabola of the 
points 
4, 4), B(— 2, 5), C(— 4, — 2), D2, — 2), B (= 3) 


Plot each polar and from the drawing verify when possible that the polar 
of a point passes through the points of contact of tangents to the pa- 
rabola from the point. 


5. Let C be a circle, ellipse or hyperbola. Show that every point 
in the plane, except the center of C, has a polar with respect to C. Show 
that the center of C has no polar with respect to C. 


6. Prove that the polar of the focus of a parabola with respect to 
the parabola is the directrix. 


7. Prove that the polar of the focus of an ellipse with respect to the 
ellipse is the corresponding directrix. 


8. Prove that with respect to a hyperbola the polar of a focus is 
the corresponding directrix. 


9. Prove that the polar of any point P; with respect to a circle is 
perpendicular to the line joining P; to the center of the circle. 


10. Let O be the center and a the radius of a circle. Prove that the 
product of the distance from O to any point P: (other than O) and the 
distance from O to the polar of P; with respect to the circle is a2. 


11. Use the results of Exercises 9 and 10 to discuss the motion of 
the polar of P: as P; approaches the center O along a radius. Like- 
wise as P, describes a circle about O as center. 
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12. Prove that with respect to a hyperbola the polar of a point on an 
asymptote, other than the center, is a line parallel to the asymptote. 


102. Pole of a line. Let C be a conic. If the line L is 
the polar of a point P; with respect to C, then the point P; 
is called a pole of the line L with respect to C. 

If the conic C and the line L are given, we find a pole P; 
of L as follows. 

Suppose that the conic is the ellipse or hyperbola 


Az? +- By? = 1. 


The equation of any line which is not a diametral line (or 
asymptote) can be written in the form 


(1) ax + by = 1. 


A point P:(21, 1) is the pole of (1) with respect to the ellipse 
if and only if the line (1) and the line 


(2) Aur + Byy = 1 


coincide; that is, if a, = a/A, y: = b/B. Thus the line 
(1) has the unique pole P,(a/A, b/B). 
The equation of a diametral line (or asymptote) can be 
written in the form 
ax + by = 0. 


This coincides with the polar (2) of a point P,(x, y:) only 
if 
Au :a= By, :b =1:0. 


Since there are no values of (a, y:) satisfying this proportion, 
a diametral line (or asymptote) has no pole. 
Consider next the case of the parabola 
y? = 2px. 


The equation of any line which is not a diametral line can 
be written 


(8) z+ By+C=0. 
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The polar of Pi(x1, y1) with respect to this parabola is the 
line 


(4) YY = px + px. 
These lines (3) and (4) coincide if and only if 


—p:l=y%:B= —pm:C, 
or 
Ti=vC. yi = — Bop. 
Thus there is a unique pole of the line (3); 2 is the point 
P\(C, = Bp) : 
The equation of a diametral line of the parabola can be 
written in the form 
y=. 
This line and (4) coincide only if 
—p:0=yn:1= — py: -b. 
These equations are satisfied by no values of 2, and Yi. 
Hence a diametral line has no pole. 
Combining these results with those already stated for the 
ellipse and hyperbola, we have the theorem: 


With respect to any given conic a diametral line (or an asynvp= 
tote) has no pole, but every other line has a unique pole. 


EXERCISES 


With respect to each of the following conics find the pole of the given line 
and draw the figure. 


A, 2+ ¥ = 36, 382 + y = 6. 
2. 22+ y? = 64, z—y= 165. 
(8. Ox? + 25y? = 225, “Sfqye€ 
4, 2527 + 9y? = 225, zw — 2y = 15. 
(5 2? — y? = 100, 2+ 2y = 3. 
6. 92% — 257? = 225, a+y=0. 

A. y*? = 162, 2— y = 2, 

8 y? = — 82, 4x —y =4. 
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9. (x — 4)? + (y— 3)? = 25, x—y=0. 
10. (y — 2)? = 8(@ — 3), xz =0; also y = 0. 
11. 2? + 4y? + 8x = 0, z= — 8; alsoy = 1. 
12. avy = 16, ety =8. 


13. Prove that with respect to a parabola the pole of a line which 
passes through the focus is a point on the directrix. Is there any 
exception ? 

14. Prove that with respect to an ellipse the pole of a line which 
passes through a focus is a point on the corresponding directrix. Is 
there any exception? 


15. With respect to the ellipse 
Bod y* a 
at Be 
find the pole P; of the line y = &. Discuss the motion of P; as k ap- 


proaches zero through positive values; also through negative values. 
Do the same for the line x = k. 
16. With respect to the parabola 
y? = 2px 
find the pole P; of the line y = ma. Discuss the motion of P; as m 
approaches zero. Do the same for the line y = ma + 2. 


103. Harmonic division. If two points P and Q divide a 
line segment MN externally and internally in ratios having 
equal numerical values, so that 


Q) PN QN 


Fia. 110 


then P and Q are said to divide MN harmonically, and P 
and Q are called harmonic conjugates with respect to MN. 
From (1) it follows that 


PM PN 
- MQ ~ ~ NQ’ 
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Hence if P and Q divide MN harmonically, then M and N 
divide PQ harmonically. 
It can also be shown that PQ is what is called in algebra 
a harmonic mean between PM and PN; that is, that 
Ae, 
PM ' PN” PQ 
If we write 
MP ra 74. 
‘PN rn 
we see from equation (1) that when P divides MN in the 
ratio 71 : 72, Q divides MN in the ratio — 7, : 7. If the co- 
ordinates of M, N, P, Q are indicated as follows, 


(3) M(x, y:), N(@2, ye), Pas, ys), Q(t, ys); 
we have, by the formulas for a point of division, page 44, 


es 11% + To _ T1Y2 an Tey 
Tete rs ntn 
(4) 
ioe + tet | sigs NyY2 + Tyr 
= oe T2 , ae + Ye 


We now state an important property of a pole P and its 
polar L with respect to a given conic C: 


If a line through P intersects 
the conic © at points M and N 
and the polar L at Q, then M and 
N divide PQ harmonically. 


We shall prove this theorem 
for the case where the conic C 
is an ellipse or hyperbola. When 


axes are suitably chosen the Fic. 111 
equation of C is 

(5) Az? + By? = 1, 
and the polar L of P(as, ys) is 

(6) Axis -+ Byys = 1. 
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Let the codrdinates of M and N be (a, y:) and (2, ys) 
respectively, and choose 7; and rz such that MP/PN = r,/re. 
Then the first two equations of (4) are verified, and it will 
suffice to prove that if the last two are also verified the point 
(a4, ys) lies on the polar of P. This is the same as saying 
that (a4, ys) can be substituted for (a, y) in (6); that is, we 
are to prove that 


(7) Ax; + Bysys = 1. 
By using equations (4) we at once reduce (7) as follows: 


2p 2 27-2 Qo).2 24,2 
12°L1" — 11°% Lie a! eae 8 Te 5 
Pi Ts lee a Ye 2 ee a 2 


T22 — ri? T22 — ry? =1, 
(8) — (Ant + Byt) — =", (Ant + By’) =1 
re — ry 1 1 Tt? — 72 2 * 


But since (21, y1) and (ae, ye) are on the conic, each satisfies 
(5), and each expression in parentheses in (8) is equal to 1. 
We at once verify equation (8), and our proof is thus 
completed. 


104. Relations of poles and polars. Theorems concerning 
poles and polars may be stated 
in pairs as illustrated in the fol- 
lowing propositions.* 


Theorem la. If, for a given 
conic, two points P; and P»: are 
so located that P» lies on the polar 


1 of Pi, then Pi lies on the polar 
Fie. 112 of Po. 


Theorem 1b. If, for a given conic, two lines Ly and Ls are 
so located that Ly passes through the pole of In, then Ly passes 
through the pole of Le. 


* In the following theorems only those points and lines which have polars 
and poles are considered. 
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Let us prove Theorem 1a for the case in which the conic 
is an ellipse or hyperbola. When axes are properly chosen 
the equation of the conic has the form 


(1) Az? + By? = 1. 

The polars of Pi(a, yi) and Ps(a, ye) are respectively 
(2) Axe + Byy = 1, 
(3) Amx + Byy = 1. 


By hypothesis P: lies on the line (2); hence 
Axr2 + Byyy, = 1. 
We are to prove that P, lies on the line (3); that is, that 
Amr + Byy, = 1. 
Since the last two equations are identical, the proposition 
follows. 


To prove Theorem 1b for the case of the conic (1), let | 
L, and Lz» be the lines 


(4) az + by = 1, 
(5) age + bey = 1, 
whose poles are, by § 102, Pi(a/A, b:;/B) and Ps(a2/A, bo/B). 
By hypothesis, line (5) goes through Pi; hence 
a201/A + beb,/B = 1. 
We are to prove that line (4) passes through P2; that is, 


that 
(402/A + bibo/B = i We 


Since the last two equations are identical, the proposition 
follows. 
A second pair of theorems is the following: 


Theorem 2a. For a given conic the pole of a line joining two 
points P, and Pp» is the point P of intersection of the polars 
of iE 1 and eae 
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Theorem 2b. For a given conic the polar of the point of 
intersection of two lines Ii and Lg is the line L joining the 
poles of L, and Le. 


To prove the former of these 
theorems, we use Theorem la. 
The pole of P,P» lies on the po- 
lar of P,; it also lies on the 
polar of P:. Hence it is the 
point of intersection of these 
polars. 

The other theorem is proved 
similarly. 

Another pair of theorems is as follows: 


Fig. 113 


Theorem 3a. If a number of lines all pass through a point 
P, their poles with respect to a given conic all lie on a line. 


Theorem 3b. If a number of points lie on a line L, their 
polars with respect to a given conic all pass through one point. 


It is seen at once that, in Theorem 3a, the poles all lie on 
the polar of P, and in Theorem 36 the polars all pass through 
the pole of L. 


105. The principle of duality. As illustrated in §104, 
theorems concerning poles and polars occur in pairs. We 
may obtain one theorem from another by the following 
interchanges of words and phrases: 


point with line; pole with polar; 
lies on with passes through; 
point of intersection of with line joining. 
This is known as the principle of duality. A theorem ob- 


tained from a given theorem by such an interchange is called 
the dual of the given theorem. 
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EXERCISES 


1. Prove that if points P and Q divide MN harmonically, then 
PQ is a harmonic mean between PM and PN (see page 223). 


2. Prove that if a line through P intersects a parabola at points 
M and N and cuts the polar of P at Q, then M and WN divide PQ 
harmonically. 


3. Prove Theorem la, § 104, in case the conic is a parabola. 
4. Prove Theorem 16, § 104, in case the conic is a parabola. 


5. Prove that for a circle of radius a and center O, if the polar of 
P, intersects OP, at P2, then OP; - OP: = a*. 


6. Prove that the polar of a point with respect to a circle is perpen- 
dicular to the diameter (produced if necessary) which passes through 
the point. 

7. Prove that, for a circle of radius a and center O, the polar of an 
exterior point P; is the common chord of the given circle and the circle 
having OP, as a diameter. 


8. For the conic ¥? = 82, find the pole P; of the line which passes 
through P2(2, 2) and P;(4, 4). Also find the equations of the polars 
of P. and P; and verify that they pass through P1. 


9. For the curve 
2+ 4y = 36, 


find the coérdinates of the pole P; of the line which passes through the 
points P2:(2, 0) and P;(0, 4). Find also the equations of the polars of 
P, and P; and verify that P; lies on both of them. 


10. For the curve 
x? — 4y? = 36, 
find the equations of the polars of the three points P:(2, 4), P2(4, 6), 
P;(6, 8) and find the coérdinates of their point of intersection. 


11. Prove that, for a parabola, the pole of the normal at an end of 
the latus rectum lies on a diametral line which passes through the 
other end of the latus rectum. : 

12. Prove that the polar of a point P; with respect to a hyperbola 
whose center is O is perpendicular to the line OP; if and only if Pi 
is on the transverse or conjugate axis of the hyperbola. 

13. Find the conditions under which the polar of a point P: with 
respect to an ellipse whose center is O is perpendicular to the line OP. 


228 ANALYTIC GEOMETRY 


14. Let L, be the polar of P; with respect to a parabola, and let the 
diametral line through P; cut Li at P2 and cut the parabola at Q. Prove 
that PiQ = QP», and that Ly; is parallel to the tangent at Q. 


15. Let L, be the polar of a point P; with respect to an ellipse whose 
center is O. Draw a diameter D through P,;, and its conjugate diameter 
D’. Prove that D’ is parallel to L;. Also prove that if the length of 
D is 2d, and if the line OP intersects L; in P2, then 


OP, - OP: = d@. 


16. Let C and C’ be a hyperbola and its conjugate. For a point P 
let L and L’ be the polars with respect to C and C’. Let D be a diam- 
etral line of C through P, and let D’ be its conjugate diametral line. 
Prove that LZ and L’ are parallel to D’. Show that the distance from 
L to D’ equals the distance from L’ to D’. 


CHAPTER XII 


THE GENERAL EQUATION OF THE SECOND 
DEGREE 


106. The problem of reduction to standard forms. The 
general equation of second degree may be written * 


(1) ax* + 2bry + cy? + 2dz + 2ey +f = 0, 


where the coefficients a, b, ¢ are not all zero. In various 
places in this book we have already studied particular forms 
of equation (1); in Chapters V and VI certain types have 
been designated standard forms for circles, parabolas, ellipses, 
and hyperbolas. 

In Chapter VII we have used transformations of co- 
ordinates corresponding to translation and to rotation of 
the coérdinate axes in order to simplify certain equations 
of type (1). In §§ 107-110 of the present chapter we shall 
use such transformations in order to reduce all equations 
(1) to equations in the new coérdinates which are either 
the standard forms for conic sections or closely related 
forms. By extending our definition of the term conic section 
to include cases where (1) is factorable, and where its locus 
consists of but one point, we shall be able to prove the 
following theorem: 


Every equation of the second degree which has a locus repre- 
sents a conic section. 


In §§ 111, 112 we shall investigate certain expressions in 
terms of the coefficients in (1), called invariants, whose 


* The coefficient of the term in zy is written 2b instead of b in order to 
simplify certain formulas in the following sections of this chapter. For 
similar reasons we write 2d and 2e instead of d and e. 
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values enable us to determine the type of locus represented 
by any given equation (1). 


107. Removal of terms by translation of axes. On page 
143 it was shown that the equations for translating the axes 
to the new origin (h, k) are 

(1) xa=a' +h, y=y +k. 

With the substitutions thus indicated, equation (1) of the 
preceding section becomes 

a(x’ + h)? + 2b(x’ + h)(y’ + k) + ely’ + ky? 

+ 2d(x’ +h) + 2ely’ +k) +f =0. 
When this equation has been simplified it may be written 
(2) ax’? + 2ba'y’ + cy’? + 2d’x’ + e’y'’ +f’ = 0, 
where 
d’ =ah+ bk +d, 
(3) e =bh+ck+e, 
f’ = ah? + 2bhk + ck? + QWdh + QWek + Ff. 
If we can choose h and k so that d’ and e’ are both zero, 


equation (2) will have an especially simple form. The 
equations d’ = 0, e’ = 0 are equivalent to the pair 


ah + bk +d =0, 


4 
(4) bh + ck +e =0. 
We can solve equations (4) by the formulas 
d — be ae — bd 
5 een: Site a= : 
(5) b? — ac s b? — ac 


provided b? — ac # 0. 

The following calculation gives us the value of f’ when 
h and k have the values (5). The last of equations (3) can 
be written 


fi =hah+bk +d) +hQht+ck+e)+dht+ek+f. 
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By equations (4), f’ reduces to 

(6) if = dh + leh ¥f. 
When the values (5) for h and k are substituted in (6) we 
obtain * 


(7) f--,o 
where + 
A = [d(be — cd) — e(ae — bd) + flac — b’)] 
GQ. Ded 
(8) alan yeh 135 
ae 


We summarize these results as follows: 


If b? — ac # 0, the equation 
ax? + 2bay + cy? + 2da + 2ey + f = 0, 

can be reduced to the form 

(9) ax’? + 2ba’y’ + cy? + f’ =0 
by atranslation of axes 

t=eavth y=y +h, 

where h and k (given by formulas (5)) are solutions of equations 
(4), and where f’ is given by formulas (7) and (8), or can be 
computed from (6), and (5) or (4). 

It is to be noted that if b is zero, (9) can be at once put 
into standard forms. Further reduction of (9) by rotation 
of axes in case b ¥ 0 will be considered in § 109. 


Example. — Reduce the equation 
2 — 4y? + 6x + 8y —11 =0 


to a standard form by translating the axes. 


* The symbol in the numerator of formula (7) is the capital Greek letter 
“delta.” 

+ To see that the determinant form given for A reduces to the preceding 
expression in brackets, note that this expression is the expansion of the 
determinant in terms of the minors of the elements of its last column (see 


page 2). 
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Solution. — For the given equation 
a? — 4y?+ 62 + 8y — 11 = 0, 
equations (4) become 
h+Be0, —4 4450, 
giving h = — 8, k =1; and from (6) 


f' = 3h + 4k — 11 = — 16. Fig. 114 
It follows that the transformation 
(10) z=2'-3, y=y4+1 


reduces the given equation to the equation of form (9) 
x? — dy? — 16 = 0. 


In standard form, this last equation is 


(11) c= 2 wl. 


The curve is the hyperbola shown in Figure 114, where the old and the 
new axes, as well as the asymptotes, are also shown. Codrdinates of 
such points as the center, foci, vertices, and equations of axes, direc- 
trices, asymptotes, can be written down in terms of x’ and y’, and then 
expressed in terms of x and y by means of equations (10). For example, 
the foci are 

we =+2 V5; yf =0; 
If these values are substituted in equations (10), we find that the z, y 
coérdinates of the foci are 

g2=+2V5—-3, y=1. 


Similarly the asymptotes are 
g’2 y” 


e-@=% 
or 
lb a Sg Ree | ay 
42 2 Sas 
EXERCISES 


Find the point (h, k) to which the origin must be moved in a translation 
of axes in order to remove the terms of first degree from each of the following 
equations. Obtain the new equation. 


1. 2+ y+ 4a — Qy = 3. 
2. 22? + 2y? — y = 12. 
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3. uw? — 4y? — 22 + 8Yy + 3 = 0. 

4. 3ry — 2x +4y+1=0. 

5. 322 + 4ay + 4x = 2. 

6. 2ay — y? + 8y = 1. 

7. 80 — Gay +y+27+ 2y+1=0. 

8. a? — 2ay + Sy? + 62 — 2y +3 =0. 

9. 22? — 5ay + 2y? — 17% + 19y = 0. 

10. &+aytyte-—y=l. 

For each of the following equations, translate the axes so as to remove 
the terms of first degree, and reduce the new equation to a standard form. 
Draw a figure showing the curve and both the old and the new axes. Find 


cobrdinates of points and equations of lines in the original x, y system as 
indicated for each problem. 


11. a? + 4? — 22 + 4y—2=0. Find coérdinates of center and 
of foci. 


12. zy -—x—y=0. Find equations of asymptotes. 


13. 92? — y? + 2y = 10. Find equations of the line on which the 
transverse axis lies, of directrices, and of asymptotes. 


14. 2? — 4y? + 2x + 8y+9 =0. Find coérdinates of center and 
equations of asymptotes. 


15. 9x? + 4y? — 362 + 8y + 4=0. Find equations of the lines on 
which the axes lie and of directrices. 


16. 4x? + 16y? — 4x + 16y = 11. Find coérdinates of center, of 
foci, and of vertices. 


108. Removal of the xy term by rotation of axes. We now 
consider how the equation 


(1) ax? + 2bxry + cy? + 2dx + 2Zey+f = 0 
may be simplified by a transformation 
(2) x = 2’ cos 6 — y’ sin 0, 
y = x’ sin 6 + y’ cos 8, 
which in Chapter VII, page 147, has been interpreted as a 
rotation of axes through the angle 0. 
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If the substitutions (2) are made in equation (1) and the 
result is simplified, we obtain the transformed equation 


(3) A’x’? + 2B’r'y’ + Cy’? + 2D'e' + 2E'y’ + f =0, 


where 
A’ = acos® @ + 2b sin 0 cos 8 + csin? 6, 
B’' = —asin 6 cos 0 + b(cos? 6 — sin? 8) + csin 6 cos 6, 
(4) C’ = asin? 0 — 2bsin 6 cos 0 + c cos? 6, 
D’ = dcos 0 + esin 0, 
E’ = — dsin 0 + ecos 0. 


We now choose @ so that we shall have B’ = 0. From 
the second of equations (4), the angle @ is then a solution of 

(5) —asin@ cos@ + b (cos?@ — sin?@) +c sin Ocos@ = 0. 

If we divide this equation through by — cos? 6, and, for 
brevity, write ¢ for tan 6, we obtain the equation 

(6) bt? + (a—c)t-—b=0 (¢ = tan 6). 


When b = 0, we take t = 0. If b # 0, equation (6) has the 
two real solutions 


se — (@-0) + Va — 0)? + 4? 


2b 
Since? = tan # = sin 0/cos 0, we have 
(7) sin 0 = t cos 0. 
We also have 
(8) sin? 6 + cos? 6 = 
Equations (7) and (8) are satisfied if we take * 
(9) Sin0 = : cos 9 = 3 


VI+e VI+2 


We summarize these results in the following theorem: 
* Itis possible to make other choices of sin 6 and cos @, in which signs are 


different from those in (9), but we are interested only in finding one transfor-: 
mation which is effective. 


GENERAL EQUATION OF SECOND DEGREE 235 


The equation 
(1) ax? + Qbry + cy? + 2da + 2ey +f =0 
can be reduced to the form 
A'z?? + Cly”? + 2D'x + 2H’y + f =0 
by a rotution of axes 
(2) slap ay! cos 6 — y'sin 6, 
y = x sin 0 + y' cos 0. 


For this purpose we may take sin 0, cos @ as follows: 


6 t 
(9) Bint — VI4GE 


where t is a root of the equation 
(6) b+ (a—oct—b=0. 


PSCC 


TN TTA 
LASER , 


Example 1.— By a rotation of axes, 
transform the equation 


5a? + 6ry + 5y? = 


so as to remove the zy term. 


Solution. — Here we have Fia. 115 
a= 5 b= 8. Sb, d=0" “e= 0.) f= i's. 


A solution of equation (6) is = tan 0 = 1; hence we can take @ equal 
to 45°. If we substitute the values sin 0 = 1/V2, cos @ = 1/V2 in 
equations (4), we have 

A'=8 B'=0, C’=2, D'=0, E’=0, 


and the transformed equation is 8x’2 + 2y’ — 8 = 0, or 
(10) a 4% =1. 


The curve is an ellipse whose semi-axes are of lengths 1 and 2. The 
curve and the two sets of axes are shown in Figure 115. The transforma- 
tion (2) is 
z’—y!' a’ + y 
11 = - = 
es Bag yt ta 
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We can find the coérdinates of the center, foci, and vertices, or the 
equations of lines of axes and of directrices in the 2’, y’ system by inspec- 
tion of (10). Equations (11) can be used to express these codrdinates 
and equations in the x, y system. For example, the directrices are 
y’ = + 4/V3. Ifwesolve equations (11) for y’ we have y’ = (y — x)/V2. 
Hence in the old coérdinates the directrices are 


y-rx=+4 V z 
Example 2. — By a rotation of axes transform the equation 
9x? — 24ry + 16y? — 202 = 50 
so that the x’y' term is absent from the new equation. 
Solution. — We have here 
a=9 b=—-12, c=16, d=-10, e=0, f=-—50. 


Equation (6) is 
— 12 — 7 4+ 12 =0, 


which has the solution t = 3/4. With this value of ¢ we have, from 
equations (9), 


Equations (4) become 
A'=0, B'=0, C'’=25, D'=—8, E'=6. 
The new equation is 
25y’2 — 162’ + 12y’ = 50. 


The equations of transformation are 


1 , , dares OU , 
& = 5 (42' — 3y’), y = 5 32’ + 4y’). 


EXERCISES 


For each of the following equations obtain the equations of a rotation of 
axes that will remove the xy term. Write the new equation, giving proper 
numerical values for the coefficients. 


1. a? + 4ay + y? + Qe = 4. 
2—ar+y+4y =0. 

4x? — 24ry — 3y? + 5a = 0. 

162? + 24xry + 9y? + 2 + Qy = 1. 
w+ 2ey + y — 84+ 8y = 4. 


Late cat 
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6. 2ry + 24 + 4y +3 =0. 

7. 4a? + 24ry + 11y? + 10x — ld5y = 1. 
8. 3x? — day — Vbe = 4. 

9.° 9x? — 24ry + 41y*? = 0. 

10. 42? — Qey + 2y? —2x=0. 

For each of the following equations, rotate the axes so as to remove the 
xy term, and reduce the new equation to a standard form. Draw a figure 
showing the curve and both the old and the new axes. Find coérdinates of 
points and equations of lines in the original x, y system as indicated for 
each problem. 

11. 52? + 6zy + 5y? = 8. Find codrdinates of center and of foci. 

12. 3x? — 10ry + 3y* = 32. Find equations of asymptotes. 

13. 7x? + 48ry — 7y* + 25 = 0. Find equations of directrices. 

14. (12% — 5y)? — 52(5a + 12y) = 0. Find coérdinates of vertex 
and of focus. 


15. 6x? + 12ry + y? = 30. Find coérdinates of center and of ver- 
tices. 


16. 172? + 30xy + 17y? = 32. Find equations of lines of axes and 
of directrices. 


109. Reduction of equations of central type. According 
to the theorem of page 231, the general equation of second 
degree 


(1) ax? + 2bry + cy? + 2dx + Zey + f =0 


can be reduced, by an appropriate translation of axes, to 
the form 


(2) ax’? + 2bx'y’ + cy’? + f’ = 0, 


provided 6? — ac #0. The locus of equation (2) is sym- 
metrical to the new origin x’ = 0, y’ = 0, since the point 
(— 2’, — y’)is on the curve whenever (z’, y’) is so situated. 
The curve is therefore said to have the center x’ = 0; 4° =0, 
and the equation is said to be of central type. Note that if 
6? — ac is not zero, the expression composed of the terms of 
second degree in (1) and (2) cannot be a perfect square. 
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To reduce an equation (1) of central type to a standard 
form we first reduce it to an equation (2) by a translation of 
axes as explained in § 107. We then rotate the 2’, y’ axes 
into a new x”, y’’ set by the methods of § 108, so that the 
final equation lacks the x’y’ term, and hence is of form 


(3) Ax! + Cy" +f’ = 0, 


where f’ is given by equations (7) and (8) of § 107 (page 231). 
Equation (3) is easily reduced to standard forms. 

We now show that neither A nor C can be zero. Equation 
(2) can be obtained from (3) by rotating the axes backward. 
If A and C were both zero, (2) would have no terms of 
second degree. If either A or C were zero, the terms of 
second degree in (3) would form a perfect square, and the 
same would be true of the terms of second degree of (2) and 
(1); this is impossible, since (1) is of central type. 

The coefficient f’ can, however, be zero. If f’ ~ 0, an 
equivalent form for (3) is 

yg’? y'” 

a =77A + =F7e~* 

Equation (4) represents an ellipse, no locus, or a hyperbola, 
according as the two quantities — f’/A, — f’/C are both 
positive, both negative, or of opposite sign. 

If f’ = 0, equation (3) can be factored provided A and C 
are of opposite sign, in which case the locus is a pair of inter- 
secting lines. If A and C are of the same sign, the locus of 
(3) is a point-ellipse whose only real point is x’ = 0, y” = 0. 

The loci for which f’ = 0 are sometimes called degenerate 
conics. Note that these conics are also sections of a right 
circular cone, the cutting plane here passing through the 
vertex. 

We have thus established the theorem stated in § 106 
(page 229), for equations (1) of central type; all such equa- 
tions which have a locus represent conic sections. 
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Example. — Reduce the equation 
(5) 8x? + 122y + 17y? — 282 — 46y + 17 = 0 
to a standard form, and plot the curve. 
Solution. — We first translate the origin so as to remove the terms of 
first degree. Equations (4) of § 107 (page 230) are, for this Example 
8h + 6k — 14 = 0, 
6h + 17k — 23 = 0, 
giving h=1,k=1. By equation (6) of § 107 (page 231), we have 


f’ = — 20. Hence the translation of axes 

(6) see +1, yey +1 
transforms (5) into 

(7) 8x’? + 122'y’ + 17y’2 — 20 = 0. 


To remove the x’y’ term from (7) we rotate the axes through the angle 
6, where tan @ = ¢ is the positive solution of equation (6) of § 108. 
This equation for the present Example is 
62 — 91 — 6 = 0, 
giving t = 2. Hence the transformation (2) of the theorem of § 108 
(page 235) is, with a slight change of notation, 
gl" = oy" - 22" + Vib 
8 te eee [Nee eae 
(8) x Ween y VE 
When we make the corresponding substitutions in (7), the latter equa- 
tion reduces to 
202! + 5y’? — 20 = 0, H k 


or 


119 2, 
@ =-+% =1 5 


This ellipse is readily drawn in = ECY) . 
the x”, y” system. Figure 116 O, Att 
shows the curve and the three 
sets of axes we have used. The x 
axes O’X’, O’'Y’ pass through the 
point 7 =h=1, y =k =1, and 
the angle from O’X’ to O'X"’ is 8, 
where tan 6 = 2; thus O’X” is 
constructed as a line through O’ Fig. 116 
with slope 2 in the 2’, y’ system, and we do not need to look up @ in the 
tables. 

Coérdinates of center, foci, and vertices, or equations of axes and 
directrices, can be obtained for the x’, y"’ system by the methods of 
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Chapter VI. We can reduce these coédrdinates and equations to ex- 
pressions in a and y by means of equations (8) and (6). 


110. Reduction of equations of parabolic type. The 
general equation of the second degree 


(1) ax? + 2bay + cy? + 2dx + 2ey +f = 0, 


is said to be of parabolic type if b2? — ac = 0. We shall now 
show how in this case (1) is reduced to a standard form for 
a parabola, or to related forms. 

Since b? = ac, the coefficients a and ¢ are not of opposite 
sign; if both were negative we could make them positive 
by multiplying equation (1) by — 1, hence we shall take a 
and c positive (or one of them may be zero). Let us write 


(2) a=a?, 2b=2a8, c = B. 
Equation (1) then becomes 
(3) (ax + By)? + 2dx + 2ey +f =0. 


Let us first rotate the axes so as to remove the xy term 
in case b ~ 0. By the theorem of § 108 (page 235), we find 


that we can take t = — a/8, and the equations (2) of the 
theorem can be written 
ay) <2 Beas = — ae’ + By’, 
Vai + B Vat + 6? 


By means of these transformations (3) becomes 


(5) (a? + B?)y’? + 2D'a’ + 2E’y’ +f = 0, 
where 


) GR te da + eB 
6 D SSS Ape => —- 
(6) Voi + B Vaart B 


Even when 6 = 0, the transformation (4) can be used, and 
(5) and (6) are valid. 

We distinguish two cases, the first where D’ ~ 0, the 
second where D’ = 0. 
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If D’ # 0, the translation of axes 


Lape ap = — 5) 
a 1 x 2D’ hj a re B? ? 
y' — y" = E' ; 
a? ae B? 
changes (5) into 
(8) (a? + By" + 2D'a" = 0. 


A computation of the expression A (formula (8) of § 107, 
page 231) for equation (3) gives 
= amy (dB = ea)’, 


so that we have, since a? = a, B? = ¢, 


ee \/—A 
(9) Dat nae 


and we write (8) in the form 


—-A. 
10 112 = 
(10) (a + c)y + 24/2 ot 0. 


This can at once be reduced to a standard form for the 
parabola. Note that the condition D’ ¥ 0 is equivalent 
to A # 0. 

If D’ = 0, that is (from (9)) if A = 0, the translation 


DOK 
cat ahh es (eS ss ee 
oF Dh. YO = a? + B? 


changes (5) to the form 
(11) (a + c)y’? +-F’ = 0, 


where F’ can readily be expressed in terms of the coeffi- 
cients of (1).* Equation (11) has no locus if F’ > 0, since 


* We have 
E” 1 A 
PS f= ae f= i a fxs 
Fi aaa 7 —( —.) (since A = 0) 
a@+ e 
9 ie aoe 
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a+c> 0; it represents two parallel lines if F’ < 0, or the 
single line y/’? = O if F’ = 0. 

Two parallel lines are a section of a cylinder, which is a 
limiting case of a cone. If we regard them, as well as the 
line y’”2 = 0, as degenerate conics, we have completed the 
proof of the theorem of § 106, for we have shown that second 
degree equations of para- 
bolic type that have a 
locus, as well as those of 
central type, are conic 
sections, the degenerate 
conics being included 
under that term. 


Example.—Draw the graph 
of the equation 


a+ 2ey + y? + 2a + by = 0. 
Solution. — Here a = 1, 

Be=1,d=1, ¢=3, f =0. 

Equations (4) are 


Equation (5) is 
2y 


y =0. 


4 8 
(6 eee pues 
va” A v2 
Equations (7) are 
g = 2" — V2, y =y"' — v2, 
4 ar 
and (8) is Dy ei ee, hctaked 8) 
or y!” = V2 2""~ 


The curve and the three sets of axes are shown in Figure 117. 


EXERCISES 


Reduce each of the following equations to either form (3) of § 109, 
page 238, or one of the forms (8), (11) of $110, page 241. If the equation 
has a real locus draw the curve, indicating the three sets of codrdinate axes. 

1. 5a? + 6zy + 5y — 4a + 4y —4=0. 
2. 1322 + 10zy + 13y? — 68x — 4y + 28 = 0. 
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3. 32? + 4ay + 62 + 4y = 1. 
4. 122y — 5y? — 24a + 20y = 56. 
5. a? — Qry + 2 — 4V2x — 4V2y — 8V2 = 0. 
6. 9a? — 24ary + 16y2 = 9V5(4a + 38y + 25). 
7. 822 — 10xy + 3y? — 26x + 22y + 35 = 0. 
8. 11a? + 24ry + 4y? + 4x — 32y — 36 = 0. 
9. 32? + ay + 3y? + 62 + 2y +11 =0. 
10. 52? — 4ay + 2y? + 4a — 4y +2 = 0. 
11. 72? + 48ry — 7y? — 62c — 34y + 73 = 0. 
1S): Sot = Soy — Sy — Be Oy — 08 = 0 
13. 42? — 12cy + 94? + 242 — 36y — 16 = 0. 
14. 42? — 4zy + y? + 16a — 8y + 16 = 0. 
15. 172? + 30zy + 17y? — 128% — 128y + 256 = 0. 
16. 1442? — 120zy + 25y? + 282 — 744y — 116 = 0. 


111. The invariants. Three expressions formed from the 
coefficients of the general conic 


(1) ax? + 2bay + cy? + 2dx + 2ey +f =0 


that have appeared in several places in the preceding sections 
are a + c, b? — ac, and A (see formula (8) of § 107, page 231). 
We shall now show that each of these is an invariant of 
(1) for change of axes; that is, if (1) is transformed * into 
(2) az!’ + OA ene + ca + 2d" x" + 2e!y"" +f” an 0 
by a change of axes, then we must have 
@ it! = 8 16,60 = ae = 0% — ac, A= A: 


where A” is the expression that corresponds to A for equa- 
tion (2). 


* In passing from (1) to (2) we understand that after making the sub- 
stitutions at each step the resulting equation is not multiplied through by 
any number. 
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To prove that a + c and b? — ae are invariants we first 
note, from § 107, that after a translation the new coefficients 
a, b, c are the same as the old, hence a + ¢ and b? — ac are 
unchanged. Let a rotation of axes change (1) into 

(3) A'a’? + PA BUS GT! + Cae + 2D'x' + 2E'y’ + EF’ rs 0. 
Then the first three of equations (4), § 108 (page 234), give, 
after we have made use of the formulas sin? 8 + cos? 6 = 1, 
sin 20 = 2 sin 6 cos 8, cos 20 = cos? 6 — sin? 6, 

(4) ALICE = Ort. ¢, 

(5) A’ — C' = (a — c) cos 26 + 2b sin 26, 

(6) 2B’ = — (a — c) sin 20 + 2b cos 20. 

If we square and add (5) and (6) we have 

(7) (A’ — C’)? ++ 4B”? = (a — 6)? + 42. 

Square (4) and subtract from (7); we readily deduce the 
equation 

(8) B’? — A'C’ = Bb? — ae. 

Equations (4) and (8) show that a +c and b? — ae are 
invariant for a rotation of axes. Since these expressions are 
also unchanged by a translation, they are invariant for all 
changes of axes. 

To show that A is invariant, we use an indirect method, 
since a direct calculation would be tedious. We first note 
that in §§ 109 and 110 we have shown that a suitable change 
of axes reduces the general equation (1) to one of the three 
forms 


De ae OTs 2 = 0 (formulas (8), § 109, 
and (7), § 107), 


(10) toys 24/ a" 


a 


x’ = 0 (formula (10), §110), 


(11) (a+ c)y’? + F’ =0 (formula (11), §110, A = 0). 
We now show that the expression A” for each of the equa- 
tions (9), (10), (11) is equal to A. 
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For (9) we have 
q!! =e a= Oo =n. d’! =e’ =0, f’ = - 4 


ee rev 
We find at once that : 
a= NY. 
A” = AC (5 2 .) 
However, on account of the invariancy of b? — ac, we have 
(12) b2 — ac = b/2 — ac” = — AC. 


Hence A” = A for equation (9). For (10) we have 


av = -@+o~oe] =a 


and for (11), A” =A =0. Thus A” = A for each of 
the forms (9), (10), (11). 

Now, since (2) is obtained from (1) by a change of axes, 
both (2) and (1) are transformable into the same equation 
(9) or (10) or (11). In the preceding paragrdph we have 
proved that (1) has the same value of A as has the equation 
(9), (10), or (11) to which (1) is reducible, and the same is 
true of (2), hence A has the same value for (2) as for (1). 
This completes the proof of the invariancy of A. 

We could similarly prove the invariancy of the expression 
F’ in equation (11) when both b? — ac and A are zero. 


112. Applications of the invariants. In order to express 
all coefficients of the reduced forms (9), (10), (11) of § 111 in 
terms of the invariants we now proceed to examine the 
coefficients A and C in (9). 

On account of the invariancy of a + ¢ we have 


A+C=a+e, 
and from (12) of § 111, 
(1) = AC = b? — ae. 
From the identity 
(fr —A)(? —-C) =r? -(A+C)r+ AC 


Il Il 


r? — (a+ c)r — (6? — ac) 
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it follows that A and C are the solutions of the quadratic 
equation 
(2) r? — (a+ c)r — (b? — ac) = 0, 
which may be written in determinant form 
a-r b 


b c-—?r pet 


(2’) 


If the roots of (2) are r1, 72, we can take either root as A and 
the other as C; for if 7, = A and r, = C, then a further 
rotation of axes through 90°, for which the equations are 
v= —y!", y” = 2'", would change (9) of § 111 into an 
equation of the same form in which A and C are interchanged. 

Since the equation of every conic can be reduced to one 
of the forms (9), (10), (11) of § 111 and since the coefficients 
of these reduced equations contain invariants only, it follows 
that every intrinsic property of a conic, that is, every prop- 
erty not dependent on choice of axes, is determined by the 
values of its invariants. Such intrinsic properties are, for 
example, its eccentricity, length of latus rectum, distance 
from focus to directrix, and lengths of axes if the conic is of 
central type. In particular, we can classify the types of 
locus representable by equation (1) of § 111 in the following 
table, which we shall first present, and then justify. 


A ~ 0 (non-degenerate types) A = 0 (degenerate types) 


b? — ac ~ 0 (central types) 
. b —ac <0 (elliptic types) 1. b? — ac < 0 (point ellipse) 
(a) (a+c)A <0 (ellipse) 
(b) (a + c)A > 0 (no locus) 


. B® — ac > 0 (hyperbola) 2. b? — ac > 0 (intersecting lines) 
b? — ac = 0 (parabolic types) 
. (parabola) 1. (a+ c)F’ < 0 (parallel lines) 
2. F’ = 0 (one line) 
3. (a+ c)F’ > 0 (no locus) 
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This table is verified by an examination of equations (9), 
(10), (11) of § 111. The central types are represented by 
(9), for which we recall that AC = — (6? — ac). If we have 
b2 — ac < 0, then A and C are of the same sign; and they 
are of opposite sign if b? —ac>0. Note also that the 
condition (a + c)A <0 requires that (a +c) and A be of 
opposite sign; similar remarks apply to the conditions 
(a+c)A>0, (a+c)F’ <0, (a+c)F’ >0. With these 
hints the student should be able to check the table for 
himself. 

Note that for all the degenerate types, where A = 0, the 
reduced equation, and therefore the original equation, has 
real or imaginary linear factors. 


Example. — Determine the type of the curve which has the equation 
8x? + Bary — 3y? — 4a + 8Y +1 =0, 
and find its eccentricity. 
Solution. — We have here 
ate=0, B—ac=25, A= — 125. 
The equation represents a hyperbola, since A #0, b? — ac > 0. 


Equation (2) is 
72 — 25 = 0. 


Hence the reduced form (9) of § 111 can be taken as 

5a'? — fy’? + 5 = 0. 
The curve is a rectangular hyperbola; its semi-axes are each of length 1, 
and its eccentricity is therefore equal to V2. 


EXERCISES 


In Exercises 1-10 do not use transformation of codrdinates. Determine 
the type of locus of each of the following equations. If the locus is non- 
degenerate, find its eccentricity. 

1. 52? — 8ry + 5y?— 12a + 6y + 9 = 0. 
2. 5x? — Sry + 5y? — 12e + by + 10 = 0. 
3. 52? — Sry + 5y? — 12¢ + by = 0. 

4, 3y? — 4ey + 4c = 7. 
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5. 4x? — 8ay + 4y? + 122 — 12y+9=0. 
6. 9x? + 4ay + 6y? + 10r + 20y +7 = 0. 
7. v2 — 4ry + y? + 6x — by + 36 = 0. 
8. 92? — 24ry + 16y? + 6x + 242y = 0. 
9. 2a? + Say — 3y? — 32 + 5y — 2 = 0. 
10. 2? — 4ry + 4y? + 22 —4y+5=0. 


The following Exercises, No. 15 excepted, refer to the general equation of 
second degree 


(A) ax? + 2bay + cy? + 2dx + 2ey +f =0. 


11. Express in terms of invariants a condition that (A) represent a 
rectangular hyperbola. 


12. In case (A) represents two parallel lines, find the distance be- 
tween them in terms of invariants. 

13. In case (A) represents a parabola, find the length of the latus 
rectum in terms of invariants. 


14. In case (A) represents an ellipse, find the lengths of the axes in 
terms of invariants. 


15. Prove that if 
ax? + 2bay +eoy+f=0 
is the equation of a hyperbola, then the equation of its asymptotes is 
ax? + 2bey + cy? = 0. 


16. In case (A) represents a hyperbola, find tan @ in terms of in- 
variants, where ¢ is the angle between the asymptotes. 


17. In case (A) represents a central conic, express the eccentricity 
e in terms of invariants. 


18. Express in terms of invariants a condition that (A) represent a 
circle. When this condition is satisfied, express the radius in terms of 
invariants. 


19. Prove by direct computation, using the equations of page 230, 
that the value of A is the same for (A} as it is when formed for any 
equation obtained from (A) by a translation of axes. 


20. Prove by direct computation, using the equations of page 234, 
that the value of A is the same for (A) as it is when formed for any 
equation obtained from (A) by a rotation of axes. 
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113. The system S,; + RS, = 0. If S, and S, are two 
expressions of the second degree in x and y, and k is a con- 
stant, then S; + KS, is of the second degree except in certain 
cases where all the terms of second degree cancel out. The 
equations S,; = 0, S. = 0 represent two conics if each has a 
locus, and S; + kS: = 0 is also a conic (with the exceptions 
noted) provided it has any locus. Every solution, real or 
imaginary, of the simultaneous equations S, = 0, S, = 0 
is a solution of S; + kS, = 0. This may be stated in geo- 
metric terms as follows, for the case of real intersections: 


If 8: = 0, Ss = 0 represent two conics with one or more 
points of intersection, 8; + kS. = 0 7s (apart from excep- 
tional cases) a conic which passes through those points. 


If k is regarded as a parameter, S,; + kS. = 0 is a system 
of conics. 

Among the many applications of systems of this sort we 
shall here consider only two. The first is a method for 
solving simultaneous quadratic equations usually not given 
in elementary texts on algebra, the other is a way to find 
the equation of a conic passing through given points. 

Let two simultaneous quadratic equations in x and y be 
S; = 0, S. = 0, or, written out, 


(1) aa? + 2haey + cy? + Wa + 2ey + f, = 0, 
(2) aga? + 2bery + cy? + 2x + Beoy + fo = 0. 


If one of these equations, say (2), is degenerate, that is, 
if its left member is the product of real or imaginary factors 
of the first degree, we find these factors, equate them to 
zero, and solve each of the resulting equations simultaneously 
with (1) by methods given in algebra. 

When neither (1) nor (2) is degenerate, let us use the 
property that every solution of the system (1), (2) is a solu- 
tion of S; + kS. = 0 for every value of k, and let us choose 
k so that S; + kS: = 0 is degenerate. The necessary and 
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sufficient condition that the general equation of second de- 
gree be degenerate is that the invariant A be zero. Hence 
we choose k so as to satisfy the equation 


a+ ka, b + kbp di + kd, 
(3) bi + kbp a + ken @: + ke.| = 0. 
di + kd, e: + ke. fit kfe 


When the determinant has been expanded we see that 
equation (3) is of the form 


(4) Ask? + Ak? + Bk + A; = 0, 


where As is the invariant A formed for equation (2), and 
A, is the invariant A formed for equation (1). Since we 
have supposed that (1) and (2) are not degenerate, so that 
A; # 0, As ~ 0, equation (4) is of third degree and has at 
least one real root k’ #0. Then S; + k’S: = 0 can be 
factored *; if each factor is solved simultaneously with 
(1) or (2) we obtain all solutions of the system (1), (2). 
Incidentally we thus see that two simultaneous quadratic 
equations have not more than four solutions, unless the 
equations have a common factor that is not a constant. 


Example 1. — Solve the simultaneous quadratic equations 
Qa? —ay—yr+tx—-24—-5=0 (S8:=9), 


e+y= (S2 = 0). 
Solution. — For this pair, equation (3) is 
2+hk —3 ; 
=4 “4% —1| =0. 
3 —1 —5-—5k 


This reduces to 
(2+ k)(5 — 5k?) = 0. 


The roots are k = — 2, — 1,1. 
* In the exceptional case where Si + k’S2 reduces to a constant ~ 0, the 


system (1), (2) has no solution. If S: + k’S2 = 0, all solutions of Si = 0 are 
solutions of S: = 0. 
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The equation S; + k’S, = 0, with k’ = — 2, reduces to 
(1 — y)(@ + 38y + 5) = 0. 
We solve the simultaneous systems 
l1-—y=0, S:=0, andxa+3y+5=0, &=0, 


to obtain solutions of the original pair S; = 0, S2 = 0; these solutions 
are (2, 1), (— 2, 1), (— 2, — 1), (1, — 2). The corresponding points 
are the intersections of the hyperbola S, = 0 and the circle S, = 0, 


Fig. 118 


We could also have obtained the solutions by finding the intersections 
of the two lines represented by S; — 2S; = 0 with the two represented 
by Si — S2 = 0, or the two represented by S; + S2 = 0. 


The other problem we are to consider is that of determin- 
ing an equation of a conic through given points. One 
method of finding the conic 


(5) ax? + 2bay + cy? + 2dx + 2ey +f =0 


passing through five given points (a, y), (2, ye), (ws, ys), 
(x4, Y4), (Xs, Ys) is to substitute these codrdinates in (5), thus 
forming five equations which are to be solved for the ratios 
of a, b, ¢, d, e, f. 
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Another method gives directly as the solution of the 
problem the equation in determinant form 
aS aT apie e sankey 
Br By Yir Ay Hi 
Xa? Tao Yn” a “Ya 
Xs? X33 Ys” Ts Ys 
Xy? Lays Ys? Te Ys 
ist Asis. Ys 5 Us 
To show that (6) is the required equation, we observe that 
it is of second degree, apart from exceptional cases, and 
that it is satisfied, for example, by x = ™, y = y1, because 
of the property of a determinant that it vanishes when two 
rows are the same. 

Another method, usually involving less computation, is 
the following: Find two conics, S: = 0, Se = 0, each of 
which passes through four of the given points; then the 
conic S; + kS, = 0 passes through these four, and by sub- 
stituting the coérdinates of the fifth point we determine k 
so that S, + kS, = 0 passes through this point also.* We 
generally take S; = 0 and S. = 0 as pairs of straight lines, 
each pair passing through the four given points. 


(6) 


Bee eee 


Example 2. — Find the equation of the i 
conic which passes through the points 
P,(1, 0), P2(Q, - 1); P3(1, * 1), P,(2, 2), 
P;(0, 0). i 
Solution. — Lines joining pairs of points ‘| 
are as follows: O } -X- 
PeP3: y + T 0, ,. HPs! 
Pi\Py: 22 -—y—2=0, 
P,P3: w— 1 = 0, 


P.Py: 32 —2y—2=0. 
The degenerate conics Fia. 119 
y+ 1)@2—-y—2)=0, @—1)(8r — 24y — 2) =0 


* If the fifth point is also on S: = 0, we obtain no solution for k, but 
Sz = 0 is an answer to the problem. 
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have the four points of intersection P, P2, Ps, Ps, and hence the conic 
(7) (y+ 1)(Qa — y — 2) + kw — 1)(Bz — 2y — 2) =0 


passes through these points. We now choose k so that P;(0, 0) is also 
on the locus of (7). To do this we substitute z = 0, y = 0 in (7) and 
solve for k; we thus find that k = 1. If k is given this value, (7) is 
the equation of a conic through the five points specified. The equation, 
when simplified, is 

37 — y? — 82 — yy = 0. 


EXERCISES 


Solve the following simultaneous quadratic equations. State which of the 
solutions are intersections of the corresponding conics. 


1. 22? — ay —y? —x— 2y—12=0, 
e— p= 4, 

2. 327 — y? + 2y =0, 
a+ y+ 26 = 0: 

3. 32? — xy + 8y? — 8x = 0, 


az? + 4y? = 42. 
4. 22? — Qry + 5y? — 42 = 0, 
(@@ + y)? = 42. 


Find an equation of each of the conics through the following points. 
5. (8, — 2), (1, 2), (2, 1), (— 2, 3), (— 7, — 2). 
6. (0, 0), (0, 4), (— 3, 0), (— 8, — 8), (1, 4). 
T- (0; = 2); (—:25,0), (2,:0); (0,2); (— 2) — 2), 
8. (2, 2), (0, 6), (4, — 2), (4, 3), (— 2, 0). 
9. (— 1, 0), @, = 8), (4; 2), (2,3); (0, — 1). 
10. (0, 0), (1, — 2), (— 1, — 1), (2, 4), (23:2): 
11. Find equations of two parabolas through the points 
(i, 9); G— 2), (1,—4), 6, — 2). 
Hint. BP —ac=0. 
12. Find an equation of a rectangular hyperbola through the points 


(0.0); (50);  @,— 2); 672): 
Hint. a+c=0. 


CHAPTER XIII 


CURVE FITTING 


“444, Introduction. In the preceding chapters we have 
considered curves which were completely defined by geo- 
metric properties or by equations. We now turn toa different 
type of problem. 

In a multitude of applications of mathematics we obtain, 
by measuring, weighing, counting, or estimating, a set of 
corresponding pairs of values of two variables. Such a set 
may be given in the form of a table. It may also be repre- 
sented graphically by a series of points in a plane. It is often 
an important problem to find a curve which will pass through 
or closely approach all of these points. This is called the 
problem of fitting a curve to the data. 

For example, a wire under tension stretehes. We may 
measure, for a given wire, the stretch / for each of a number 
of tensions 7. The results may be tabulated as follows, 
where 7 is the number of pounds, and J the number of 
thousandths of an inch: 


Taste I. Tension T and stretch l of a wire 


15 


The tabulated values are represented graphically by choosing 
perpendicular axes for 7’ and / and plotting a point for each 
pair of values (Fig. 120). The points fall very nearly on a 
straight line. We wish to find the line which fits the points 
as well as possible. 
The line thus determined may be used to estimate values 
254 
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of J for values of 7 which are not given in the table. Even 
for a given value it is likely that the graph gives a better 
measure of / than was found by experiment, on account of 
errors of observation. 

In the preceding example, the points lay near a straight 
line. Such is not always the case, however. When the 
empirical data are known, there arises first the question of 
the type of curve which we should fit to the data. This is 
frequently difficult to answer. The usual requirements for 


130 4 Tt 


Fia. 120 


practical purposes are that (a) the curve should accurately 


represent the trend of the points and (b) it should be as 
simple as possible to determine. 

The most commonly used curves have equations of the 
following forms: 


y=at be (straight line form), 
y = a+ bx + cx? (parabolic form), 

y = abe (exponential form), 
y = ax? (power form). 


The form to choose is often indicated by some theoretical 
consideration; otherwise we try a form which is suggested 
by inspection of the points to be fitted. The problem is to 
determine the constants in the equation of the chosen type 
so as to get as good a fit of the curve to the points as possible. 
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To solve this problem we must have some measure of good-. 


ness of fit which will permit us to determine the best fitting 


curve. 
There are several methods in use for curve fitting, some of 
which will be described in the following paragraphs. 


Vat5. The method of average points. Suppose we wish 
to fit a straight line 


L=a+07 


to the data of Table I, page 254. There are two constants, 


a and b, to be determined. It will suffice to find two points — 


through which the line must pass. 

By the method of average points, we first divide the set 
of points into two groups and find an average point for each 
group, — that is, one whose coérdinates are the averages of 
the respective codrdinates. We then find the line through 
the two average points. Thus we may take the first four 
points whose codrdinates are given in Table I in one group, 
and the last three in another. The average point for the 
first group is (71, 4), where 

p= S£104 15+ og 
3+64+85+ 115 _ 
4 


The average point for the second group is (7%, 2), where 


_ 25 + 30 +35 
-Stot® 


_ 16 + 17.5 + 215 
- 3 
The line through (74, U,) and (72, 2) has the equation 


e798. OF a 185 
18 — 7.25 3012.5’ 


= 7.25. 


T, — 30, 


I, 18. 
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which simplifies to 
‘ 38, 43 
(1) gt at 
= — .429 + 6147. 


The preceding example illustrates the method of average 
points, applied to fitting a straight line. It is applicable for 
other types of curves. If the type of curve has, for example, 
three constants to be determined, we divide the points into 


BK 
14 


Q HO 20 HTH 380 40 


Fig. 121 


three groups, find an average point for each group, substitute 
the codrdinates of each of these points in the type equation, 
and solve for the three constants. It is to be noted that the 
choice of the points associated in groups is somewhat arbi- 
trary, and that the resulting curve will usually depend upon 
the choice made. Hence there is not a uniquely determined 
curve even of a given type. 


(116. The method of average equations. Let us fit a 
parabola 


(1) y= at be + cx 


to the points given in Table II on the next page. If the curve 
actually passed through these points, the codrdinates would 
satisfy the equation, and we would have 
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5 =a —3b+ 9, 


2 =.a — 2b + 4c, 
O0O=a-— b+ 6, 
3=a4 


4=a+ b+ 6, 
17 =a+ 2b+ 4c, 
25 = a+ 3b + 9e. 


These observation equations, as they are called, are, however, 
inconsistent unless the points all lie on a parabola of type (1). 


Tasie IT 


To determine a, b, c we divide the equations into three 
groups and add those of each group so as to obtain three 
equations; we then solve these equations. If we combine 
the first two of the observation equations, then the next 
three, then the last two, we obtain the set 


7 = 2a — 5b + 18¢, 
7 = 3a + 2¢, 
42 = 2a + 5b + 18¢. 


The solution of these equations is 
a = 1.2, b = 3.5, ers 1.7: 


Hence the equation of the parabola (Fig. 122) is 
y = 1.2 + 3.5% + 1727. 


The preceding example illustrates the fitting of a curve to 
a set of points by the method of average equations. A set 
of observation equations is obtained by substituting codrdi- 
nates of given points in an equation containing constants to 
be determined. These equations are divided into groups and 
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added to obtain as many equations as there are unknowns. 
The resulting equations are solved for the unknowns. The 
work may become complicated if these equations are not 
linear. 

By grouping the observation equations differently we may 
obtain different curves to fit a given set of points. Under 


Fre. 122 


some circumstances these curves may differ markedly. One_ 
must use care in selection of the groups in order to obtain a 
satisfactory curve. 


(EXERCISES 


Find by the method of average points a straight line fitting the points in 
each of the following Exercises 1-2. Plot the given points, the average 
points, and the line. 


A 11 | 14 | 17 | 20 | 23 | 26 
bi Resi] Galeo ales 
“2. 

y | 22 | 24 | 27 | 28 | 30 | 31 | 32 


Hint. In Exercise 2 change the origin to (70, 30) and let 2’ = 4w; 
determine the equation w = a + by’ which fits the points; then return 
to the variables x and y. 
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3. Proceed as in Exercise 1, using the method of average equations. 

4. Proceed as in Exercise 2, using the method of average equations. 

5. Find by the method of average points a parabola of the type 
y =a+ bx + czx* fitting the points of Exercise 1. Plot the points, 
the average points, and the parabola. 

Hint. Change the origin to the point (17, 7) and let 2’ = 3w; 
determine the equation 4’ = a + bw + cw? which fits the points; then 
return to the variables x and y. 

6. Proceed as in Exercise 5, using the points of Exercise 2. 

7. Proceed as in Exercise 5, using the method of average equations. 

8. Proceed as in Exercise 6, using the method of average equations. 

9. In an experiment with falling bodies the distance d cm. through 
which a body fell in ¢ seconds was observed to be as given in the follow- 
ing table: 


7.51 | 28.55 | 62.77 


Assume that there is a relation of the form d = al? between d and ft. 
(a) By the method of average points find the value of a, and use the 
resulting formula to determine how far the body fell in 1, 2, 3, and 4 
seconds. (b) By the method of average equations find the value of a, 
and use the resulting formula to compute how far the body fell in 1, 2,3, 
and4seconds. (c) Compare the results of (a) and (b) with the observed 
values of d. Which method gave the better value of a? 


117. The method of least 
squares. This method 
requires a little more com- 
putation than is involved 
in the preceding methods, 
but it gives more reliable 
results. 

Let (a1, yi), (a2, Y2)) °° *y Fig. 123 
be a set of points to which 
we wish to fit a curve. Suppose first that the curve is of 
the straight line type 


y =a-+ be. 
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For a given value of x, say x = 2, we obtain from the equa- 
tion an estimated value of y, namely a + ba. The residual, 
71, of this value is 


6 Mt | | ied (a + ba). 


There is for each point (a, y1), (%, yo), - + +, aresidual. Let 
S? be the average of the squares of the residuals; thus we 
have 


S? = dog ce tee SMe sd 15,2, 
n n 


where Dr? means the sum of the squares of the 7r’s. Each 
r, and hence S?, depends upon the choice of a and b. The 
criterion of least squares requtres that a and b be chosen so that 
S? is made as small as possible. 

If the type curve is a parabola 


y=at bat cx’, 


the residuals are 
m=Yy1 — (a+ ba + ca), re = Yo — (@+ ba, + cay), - + >. 


We define S? as before, and the criterion of least squares re- 
quires that a, b, and c be chosen so that S? is a minimum. 

It should be clear from these examples how the criterion 
of least squares applies to any type curve. An equation of 
the type curve contains parameters, a, b, c,- - -. For each 
choice of these parameters, there is a residual for each of the 
points (a1, y1) (a2, yz), - - +. The problem is to determine the 
values of the parameters which will make the sum of the 
squares of the residuals a minimum. 

In order to show how this criterion leads to equations from 
which the constants (a and 6 in the case of the straight line, 
or a, b, and c in that of the parabola) are determined we need 
a theorem which we develop in the following section. The 
details of the method of least squares will be shown in later 
sections. 
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118. The minimum of a quadratic function. For the 
quadratic expression Au? + 2Bu + C, where wu is the vari- 
able, we have 


Au’ + 2Bu + C = 4 (A’? + 24Bu + AC) 


4 U(4u BY 4440 = BOY 


Since (Au + B)? is positive or zero and AC — B? does not 
depend on wu, we have the following theorem. 

Theorem. The minimum value of Au? + 2Bu + C, where 
A ts positive, occurs when Au + B = 0; the minimum value is 


(AC — B)/A. 


FITTING A LINE OF THE TYPE y =a BY LEAST 
SQUARES 


119. The arithmetic mean as best value. Let us first con- 
sider the very simple case of fitting a line which is parallel to 
the z-axis; the equa- 
tion has the form 


(1) y= 4, 
where a is a constant. 

The residuals in 
this case for points 
(x1, Yi), (22, Yo); (a he 
are 

Tyr — a) 


1? =a — Gy © or 
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Hence, in the notation of § 117, if S? is the average of the 
squares of the residuals, we have 
nS? = (yi — a)? + (y2— a)? +++ + + Ya — a)? 
(2) = na? — 2a(y + y2 + +++ + Yn) 
+ (YY? + y2 te Pad hy St + yn?) 
na? — 2ady + Dy. 
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We apply the theorem of § 118 to find the value of a which 
makes this quadratic expression ina aminimum. Here 


ay Artie B= — 2y, Crane 


hence for the minimum value of 7S?, and thus of S?, we must 
choose a so that na — Ly = 0, that is, 


(3) eg et es oh ts 
n n 
Thus a ts the arithmetic mean of the y’s for the line of type (1) 
which fits best according to the criterion of least squares. 
From the theorem of § 118, we find, after dividing formula 
(2) of the present section by n, that the minimum value of 
S?, which we shall denote by o?, is 


zy _ (=4) oe ow 


n n n 


(4) = 


We note that o?, from its definition, is the average of the 
squares of the residuals (or deviations) of the y’s from the 
arithmetic mean of the y’s. The number ¢@ is called the 
standard deviation of the y’s. It is a measure of the disper- 
sion of the y’s. If @ is small, the y’s tend to lie close to the 
arithmetic mean; if it is large they are more widely spread. 

It is to be observed that the values x, 22, - - -, played no 
part in the preceding discussion. The results are therefore 
applicable to the problem of finding a single number a which 
best represents a series of values of a single variable y by the 
criterion of least squares. The arithmetic mean of the y’s 
is the required number. 


120. Computation of the arithmetic mean and standard 
deviation. The formulas (8) and (4) of § 119 may be used 
to compute the arithmetic mean a and standard deviation o 
of a set of y’s, but if the y’s are large numbers, the labor is 
reduced by the following device. 
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Let A be a number near the arithmetic mean; we call A 
an assumed mean. Let 

(1) Ce APH, te At 5 
then 


Wyte: + ty = nA + (yi + ye’ + * + Yn Ja 
Hence the mean of the y’s is given by the formula 
(2) a=At—aara 
where 
zy 
8) Patt Fas 


On squaring the equations (1) we obtain 
= AP + 2A! + 11" 
yo? = A? + 2Aye’ ste Yo'”, 
When we add these equations and divide by n, we get 
2 
a ee gaze 4. mb 
nh n 
From (2) we have 


= A? + ree + GL. 


By subtracting the latter equation from the preceding one 
it now follows from (4), § 119, that 


ee 


n n n 


— a”, 


Example. — Find the arithmetic mean and standard deviation of 
the set of numbers 76, 78, 79, 80, 81, 82, 84, 87. 


Solution. — If we use formula (3), § 119, we have 
eae Cor ++ + + 87 sl 


3 = —- = 80.875. 
By formula (4), § 119, we have 
2 2, oe te 
= oe ee ee — 80.8752. 


8 
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To carry through this computation is somewhat laborious, even with 
a table of squares at hand. 

Let us take as an assumed mean A = 80, and use formulas (2), (3), 
and (4) of the present section. The work is carried through most 
readily in tabular form as shown below. 


7 
4 
2 
1 
0 
= 
sy ll 
| 
7 
We have 
a! = | = 875, 
"2 
2y” = 11.375 
n 
Hence 
= 80 + .875 = 80.875, 
= 11.375 — .875° 
= 10.6094, 
o = 3.26. 
EXERCISES 


The following Exercises 1-6 refer to Table I, page 266. In each Exercise 
plot the values of the variable along a line, calculate the arithmetic mean a 
and standard deviation o, and plot the points a, a + o, anda — a. 


1. (a) Grades given by Instructor A. (6) Grades given to Paper I. 
2. (a) Grades given by Instructor B. (b) Grades given to Paper IT. 
3. (a) Grades given by Instructor C. (6) Grades given to Paper III. 
4, (a) Grades given by Instructor D. (b) Grades given to Paper IV. 
5. (a) Grades given by Instructor E. (6) Grades given to Paper V. 
6. (a) Grades given by Instructor K. (6) Grades given to Paper X. 
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TABLE I 


Grades by ten instructors on algebra test papers, each grade 
based on 25 answers (Northwestern University, 1920) 


Papers ‘A OB: Ca DEE Pa Gy A aag.. AS 


I 90 90 89 90 91 92 89.92 91 36 

II 83 82 82 81 82 83 84 85 83 85 
Ill 84 78 81 77 78 75 79 83 85 77 
TV) 44-18) Te 4 72 2 tO) PT, 7 “65 
Nv. 67 68 65 63 67 67 65 66 66 63 
avae 58 59 61 61 61 59 58 63 66 48 
VII 55 58 52 55 57 57 55 52 61 51 
VIII 50 50 46 48 44 49 47 51 60 42 
IX 35 438 38 38 40 41 40 52 28 24 
x 23 25 22 23 26 28 24 27 28 15 


7. If in a series of values of x, the value 2: occurs f; times, the value 
a2 occurs fo times, - - -, show that the value of the arithmetic mean a of 
the z’s is given by the formula 

eae 2iee ; 
ates A he Sal 
and the standard deviation o by 
Zfx? r 


o Le 


8. Use the formulas of Exercise 7 to find the arithmetic mean and 
standard deviation of the heights of students which are given in the fol- 
lowing table, where h denotes height in inches, and f is the number of 
students of the corresponding height. 


Tasre II 


Heights of students 


60.5 63.5 |65.0/ 66.5 | 68.0) 69.5] 71.0] 72.5} 74.0] 75.5 
it 14 | 32 | 61 | 80 | 71 | 35 | 24 2 1 
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FITTING A LINE OF THE TYPE y =a + bx BY LEAST 
SQUARES 


121. The normal equations. In the notation of § 117, we 
are to minimize the value of S*, where 
VS = Dr, 
and 
m=y—(at+bu), Tre = Yy— (at br),--:. 


We find that 


r? = (a + bu) — wm? 
a? + Qaba, + bx, — 2ay, — 2bay. + y2, 
a + 2aba, + ba? — Zay2 — Zxeyo + yr”, 


’ 


ll 


rT? 


and hence, by adding these n equations, we have 
nS? = na? + Qablx + W222? — 2ady — Wray + Dy’. 
This is a quadratic expression in a; to get its minimum 
value, a must be chosen so that (Theorem, § 118) 
na + b&a — Ly = 0. 
The expression for nS? is also a quadratic in b; hence b must 
be chosen so that 
bi2? + atx — Vey = 0. 
These last two equations may be written 
al) aZz1 + bra — Ly = 0, 
(2) azz + b2a? — Yay = 0. 
They are known as the normal equations. We solve them for 
a and b, and substitute in the equation 
(3) ; y=at be 
to get, the straight line of best fit. The line is sometimes 


called the line of regression of y on x. 
Equation (1) is obtained from (3) if x and y in the latter 
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are replaced by the average x and the average y respectively. 
It follows that the line of regression passes through the average 
point. 

122. Aids to computation. The computation involved in 
finding equations (1) and (2) of § 121, and solving for a and 
b, is often very laborious. It is important to find short 
cuts where this is possible. A marked simplification is often 
made by a change of variables from x and y to a’ and y’ by 
the substitution 


(1) rt=h+ uz’, y=k+ovy’, 
provided h, k, u, and v are properly chosen constants. This 
substitution may be regarded as a translation of axes to a 


new origin at (h, k) and a change of units on the axes. 
The equation of the line 


(2) y =at br 
in the new variables becomes, by (1), 
(3) y! = A+ Be’, 
where 
(4) Aagttbhak pu, 
v v 
If we solve (4) for a and 6 we have 
Bo Bo 
(5) a=k+vA—h- Fe Meg 


The normal equations (1), (2) of § 121 may be expressed 
in terms of A, B, x’, y’. We have 


2 =h+ ua’, y= kh + vy’, 
tw =ht Ud.’ , yg = k+ vy’, 
Hence 
De = nh + ude’, Ly = nk + vy’, 
2a? = nh? + Qhude’ + wWtx”?, 


nhk + kuda’ + hody’ + wr2’y’. 


ll 


Daxy 
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On substituting these expressions in (1), (2) of § 121, and 
noting that n = 21, we obtain 
(a + bh — k)Z1 + buda’ — vdy’ = 0, 
(ah + bh? — hk)Z1 + (au + 2bhu — ku)Za’ — hvDy’ 
+ bwdx”? — wdx'y’ = 0. 
Multiply the first of these equations by h and subtract from 
the second, then divide by wv; the result is 
at mnt De’ + oa” ~I2'y’ = 

In view of (4), the first of the preceding equations and this 
one may be written respectively 

(6) AZ1 + B22’ — Ly’ = 

(7) Ada’ + Bra” — Ya'y’ = 0. 


These are the normal equations expressed in terms of the new 
letters. As we have remarked, they are often simpler than 
equations (1) and (2) of § 121. 


Example. — Fit a line to the data of Table I, page 254. 

Solution. — We choose h and k near the arithmetic means of the 
values of 7’ and 1, h = 20,k = 12. It will simplify calculations to take 
u = 5, v = .5, in the substitution T = h + uT’,l = k + vl’, so that 


T — 20 
5 ’ 


| 
So 


T’ = l’ = 2(1—k). 


The calculation of the coefficients in equations (6) and (7) is con- 
veniently carried out as shown in the accompanying table. 


3 
2 
1 
0 
1 
2 
3 
0 
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Thus we have 
Dl =, 22 = 0, 2s = 25 228, 2 = '170: 


Equations (6) and (7) become 


74 +2=0, 
28B — 170 = 0. 
Hence 
mes 85 Po. tei Slim 
A= 7 B= 1 zt gl 
and, from (5), 
= a ee ell 
a=12—-, - 7? b= 597 
so that 
(8) t= — 242 7 = — 286 + 6077. 


This agrees fairly well with the equation found in § 115 by the method 
of average points. 


EXERCISES 
Find by the Method of Least Squares the line of best fit if x and y are 
chosen as stated in each of Exercises 1—7. Plot the points and the line. 
1. As in Exercise 1, page 259. 
2. As in Exercise 2, page 259. 


3. Take x as a grade by Instructor A, and y the corresponding 
grade by instructor B in Table I, page 266. 


4. Take x as a grade by instructor D, and y the corresponding 
grade by instructor E in Table I, page 266. 


La An instructor graded the same algebra test papers in 1920 and 
again in 1922. The corresponding grades are shown in the following 
table: 


Grades in 1920 | 86 85 77 65 63 48 51 42 24 15 


Grades in 1922 | 83 77 72 64 57 47 48 41 25 10 


Let z be the grades in 1920 and y those in 1922. 
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6. A student measured the voltage x and the corresponding amper- 
age y of a Mazda lamp as follows: 


80 90 100 110 
2h axSa. 00) 


7. In another experiment like that of Exercise 6 results were as 
follows: 


90 100 110 


8. In the normal equations (1), (2), § 121, let x and y be the arith- 
metic means of the z’s and y’s, and let 


Dx? Da = Ly? 
Show that the equation of the line of best fit may be written 
y-y=4e-D 
a SP 
Let r= ee 


and show that the preceding equation may be written 


(The line is often called the line of regression of y on 2; and r is called 
the Pearson coefficient of correlation of y and x.) 


9. In Exercise 8, substitute 
ea=htuz’, y=k+oy’, 
and show that if 


, 
ve eee 
n’ n 
24 = ZU io Za'y’ re 
62=——— 24) of =— — — y*, p= vy, 
n n 
then 
Z=h+ur, y=kt+.y 
p' 
s en 2 = ’ = ; 
62 =u o,"7, Cf =vo,?, p = up, r way 


[By proper choice of assumed means h and k and of factors u and », the 
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substitution may replace large values x and y by small values x’ and y’; 
the calculation of z, 7, 02, oy, p and r is thus simplified by first calculat- 
ing 2’, y’, Oz, Ty’, and p’, and then using the final formulas above. ] 


10. By calculating &, 7, 02, oy, p, r, by the method suggested in Exer- 
cise 9, and using the result of Exercise 8, find the line of best fit (i.e., of 
regression of y on x) for the data of Exercise 6. 

11. Proceed as in Exercise 10 using the data of Exercise 7. 

12. By use of the normal equations (1), (2) of § 121, show that the 
expression for nS?, § 121, simplifies to 

: nS? = — ady — bray + Ly’. 
Show that, in the notation of Exercise 8, it follows that 
S? = o,2(1 — r?). 

13. Using results of Exercise 12, show that the points to which a 
line is being fitted lie on a straight line if and only if r = + 1, and that 
for a given standard deviation o, of the y's, the line fits most poorly 


whenr = 0. (In view of these facts S/ o, and r are both used to measure | 


closeness of fit of the line to the points.) 


14. Use results of Exercise 12 to find the value of S? for the data of 
Exercise 6. 


FITTING A PARABOLA OF THE TYPE y=a-+bx-+ cx? 
BY LEAST SQUARES 
123. The normal equations. The discussion for the pa- 
rabola is very similar to that for a straight line as given in 
§§ 121, 122. The resulting normal equations are found to be 
aZ1 + bx + cXa—Yy =0, 
(1) aa + bla? + cla? — Yay = 0, 
azz’ + bLa + cat — Ley = 0. 
From these equations we determine a, b, and c, and have 
the parabola of best fit 
(2) y =at be + ca. 


It may simplify the computation to translate the axes 
and take new units on the axes by the substitution 


(3) e=h+uz’, y=k+ oy’. 
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If the equation of the curve becomes in the new variables 
(4) y = A+ Be' + Cz”, 


the normal equations become 


AZ1 + B2zx'’ + Cix"—- Dy’ =0, 
(5) Ada’ + B&2” + CIx’s — Le'y’ 
Ada” + BIx’ + Cla" — Tr"y’ = 0, 
from which A, B,and C are determined. From equation (4) 
we obtain (2) by using the inverse of the substitution (3), 
, r—h ge ee ke | 


Lo 5) = 
Uu v 


ll 
So 


The generalization of the preceding equations to the case 
of a curve of higher degree is fairly obvious. 


Example. — Fit a parabola y = a + be + cx? to the points (— 4, 3), 
(0, 9), (4, 9), (8, 12), (12, 9), (16, 6). 


Solution. —'The point (4, 9) has a central location; we translate axes 
to this point as a new origin. The values of x have a factor 4, those of y 
a factor 3, and we change units accordingly. We substitute 


a=4+47', y=9+ 8y’. 
The x’, y’ codrdinates of the points therefore are 
(CS 2, - 2), (— 1 0), (0, 0), d, 1), (2, 0), (3, nae i. 


We now have 
21 = 6, the number of points; 
Xa’ = 3, the sum of the 2’ coérdinates; 
2e't = 19, welt =-27,. Det = 115: 
Zy’ = —2, Ze'y’=2, Zaly’= — 16. 


Hence the normal equations (5) are 


64+ 3B+ 19C+ 2=0, 
3A +19B+ 27C— 2=0, 
19A + 27B + 115C + 16 = 0. 


The solution of these equations is 


OAT Fase = 060% Cx < EY = — 0.3393. 


1 
A= = 380 


35 
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The equation of the required parabola becomes 
y’ = 0.4857 + 0.51072’ — 0.33932”. 


On substituting 
, = 9 


ei 5- CAS 4 ? 


and simplifying, we obtain 
y = 7.907 + 0.8922 — 0.06362. 


The graph is shown in Figure 125. 


Fie. 125 


EXERCISES 


Solve by the Method of Least Squares. 

1. Fit a parabola of the type d = a + bt + ct? to the points of 
Exercise 9, page 260. Draw the locus. 

2. Fit a parabola of the type y = a+ bx + cx? to the points of 
Exercise 2, page 259. Draw the curve. 

3. Proceed as in Exercise 2 with the points of Table II, page 258. 

4. Fit a curve of the type y = a + ba + ca + dz’ to the points of 
the Example, § 123. Compare with the parabola shown in Figure 125. 
Do you consider the cubic curve better than the parabola? Why? 

5. Fit a parabola of the type y = a + bz? to the points whose codr- 
dinates are as follows: 


2.58 | 2.56 | 2.52 
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FITTING POWER AND EXPONENTIAL FUNCTIONS 


124. The power function. A function of the type az’, 
where a and 6 are constants, will be called a power function. 
The constant 6 may be positive or negative, integral, frac- 
tional, or irrational. Let us consider how a curve of the type 

(1) y = ax? 
may be fitted to a set of points, by choice of a and 6b. 

The methods of the preceding sections are not easily ap- 
plied directly. A device which is satisfactory is the following. 
Take the logarithm * of each member of equation (1). We 
then have 


(2) log y = log a + b log z. 
Let 

(3) Y=logy, X=logz, A = loga; 
the preceding equation becomes 

(4) Y=A+ bx. 


Replace the points (1%, y1), (2, y2), °° +, by (Xi, Yi), 
(Xe, Y2),- + +, where 


xX, = log U1, ere log Yi) Xo = log Xe, Y, = log Yo, ++ +. 


Let us now fit the line (4) to the points (Xi, Yi), (X2, Yo), 
+ + +, by one of the methods of the preceding sections, thus 
determining A and b. When a is determined from the rela- 
tion A = log a, the problem is solved. 

It is clear from (3) that we can employ this method only 
when a, x, and y are positive, since there is no real logarithm 
of a negative number or zero. In case the x or y coérdinate 
of some point is negative it may be possible to translate the 
axes and find an equation of the type (1) for the new axes. 
The method is illustrated in the Example which is solved on 
pages 277, 278. 


*In this section, and in those that follow, all logarithms are taken to 
the base 10. 


276 ANALYTIC GEOMETRY 


In Figure 126 are shown graphs of curves of type (1); for 
these curves a = 1, and the values of b are indicated. 


a1 
S 
Cav smany 
1 b=0 
a: a 
b= T9 
i 
Fig. 126 


A simple device for testing the adequacy of the power func- 
tion for fitting a set of points is that of plotting the points 
on logarithmic coérdinate paper which will be described in 
the next section. If the points thus plotted lie nearly in a 
straight line the power function may be used; otherwise not. 


125. Logarithmic codrdinates. Let us first draw an X- 
axis with abscissas measured in the usual manner; let X be 


a typical abscissa. To the point X attach now the number 
a, where 

X = log z. 
The scale for z is called the logarithmic scale; that for X the 
uniform scale. In Figure 127 values of X are shown above 


bake See a 1 0 2 ff 6 8: EO. 1B a OLE Uw 20 2a Oe 


Fig. 127 
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the horizontal axis, and values of x below the axis. There 
are no negative values of x on a logarithmic scale. 

If we replace both X and Y of a usual set of rectangular 
codrdinates by logarithmic scales x and y we obtain a set of 
logarithmic codrdinates. In Figure 128 is shown logarithmic 
codrdinate paper. Sometimes decimal points and final zeros 
of numbers are not printed. 


7, 1 2 8 4 6 810 20 8040 6080100 200 300400 
400 400 
300 4 300 
200 200 
100 100 
80 t 5 80 
60 60 
x 
40 x tH 40 
30 30 
20 x 20 
10 { 10 
LJ 
8 
6 tobe 6 
4 a 4 
8 8 
2 2 
1 


4 
1 2-8: é 6810 20 3040 6080100 200 800-400 
x 


Fig. 128 


Example. — In an experiment in an optical laboratory measurements 
were made as shown in Table I, p. 278. Find a formula connecting 
xz and y. 


Solution. — By plotting these points on ordinary rectangular coérdi- 
nate paper we find that there appear to be horizontal and vertical asymp- 
totes at about y = 31 and x =31 respectively. If we set 2 =2— 31, 
y =y — 31, and plot the resulting points (2’, y’) on logarithmic coérdi- 
nate paper, we find that the points deviate noticeably from a straight line. 
Trial shows, however, that if we set 


g=2-29, y =y- 28, 
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getting corresponding values of x’ and y’ as given in Table II, and plot 
these points on logarithmic coérdinate paper, as shown in kigure 128, 
the points lie nearly in a straight line. 


TABLE I TasB_e II 


We therefore fit a curve of the type 
y = az’ or log y’ = log a + b log 2’ 
to these points. For this purpose set 


X=logz’, Y=logy', A =loga. 


Tasie IIT 


Corresponding values of X and Y are shown in Table III. If we fit 
a line 


Y=A+6X 
to these points by the method of average points we obtain 
A = 3.0934, = — 1.0384. 


ee 
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Since A = log a, we have a = 1240. The required formula is therefore 
y — 28 = 1240(@ — 29)-1-03% 


or 
log (y — 28) = 3.0934 — 1.0384 log (x — 29). 


126. The exponential and logarithmic functions. A func- 
tion of the form ab?, where a and 6 are constants, will be 
called an exponential function; one of the form a + 6 log 
a logarithmic function. 

Let us see how a curve of the type 

(1) y = abe 

may be fitted to a set of points. Taking logarithms of both 
members we obtain 

(2) log y = log a + a log b. 

Let 

(3) Y=logy, A=loga, B=logb; 
then 

(4) Y= A4- Be. 

We replace the points (x, y1), (a2, yz), - + + by the points 
(a1, Yi), (a, Ys), - - +, and fit a straight line to the latter 
set, thus finding A and B. Then we find a and 6 and sub- 
stitute in (1) to get the desired equation. 

To test whether an exponential function will give a satis- 
factory fit, we may plot the given points on semi-logarith- 
mic paper, on which one scale is the uniform scale, the other 
the logarithmic scale, as shown in Figure 129. The use of 
the paper is similar to that of logarithmic paper. 

By interchanging x and y in the preceding discussion we 
may fit a curve of the type 

x = ab’, 
or, what is equivalent, the logarithmic type, 
(5) y=a'+0’ loge. 


Semi-logarithmic paper is again useful. 
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Fig. 129 


EXERCISES 


1. Ina certain experiment a body fell a distance d in time t as shown 
in the following table: 


(a) Plot the points (¢, d) on rectangular codrdinate paper. (b) Plot 
them on logarithmic coérdinate paper. (c) Fit a curve of the type 
d = at’ to the points and plot the curve on both the ordinary and the 
logarithmic coérdinate paper. 


2. In an experiment in physics the volume v of a certain amount of 
air depended upon the pressure p to which it was subjected, as shown in 
the following table: 


p |100.8) 98.23 | 95.82 | 91.32 |89.10| 86.81 | 84.33 | 78.20 | 69.60) 55.92 


v |26.45|27.05| 27.70] 29.12 | 29.88 | 30.62 | 31.48] 34.18 |37.98] 47.10 
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(a) Plot the points on ordinary rectangular codrdinate paper. (b) Plot 
them on logarithmic codrdinate paper. (c) Fit a curve of the type 
p = av to the points and plot the curve on both the ordinary and the 
logarithmic coérdinate paper. 


8. In testing a certain Mazda lamp in the physics laboratory, cor- 
responding values of the voltage v and amperage 7 were observed to be 
as shown in the following table: 


Find a formula of the type i = av to fit the data. Represent the data 
and the formula graphically. 


4, The population of the United States at each census from 1800 to 
1870 is shown in the following table: 


Year 1810 | 1820 | 1830 | 1840 | 1850 | 1860 


Population 7.24| 9.64| 12.87] 17.07| 23.19| 31.44] 38.56 
in millions 


Let P be the population in millions and ¢ the number of the census start- 
ing with ¢ = 0 in 1800. Fit a formula of the exponential type P = abt 
to the data. Use the formula to find theoretical populations in 1880, 
1900, 1920, and compare with the census reports which gave 50.16, 
75.99, and 105.71 millions respectively. Draw a figure. 


5. By use of semi-logarithmic paper find which of the equations 
y = ab* or x = ab’ is best adapted to fit the data of the following table, 
and find a formula of that type which is satisfied approximately by the 
values given: 


x 1 2 3 4 5 6 7 8 


y 2.3 at 3.6 | 3.7 | 3.9] 4.0] 4.3] 4.5 
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CHAPTER XIV 
PRELIMINARY DEFINITIONS AND FORMULAS 


127. Rectangular codrdinates. In plane analytic geome- 
try the position of a point is determined by its directed dis- 
tances from two mutually perpendicular lines, the axes of 
coérdinates. In three dimensions the directed distances of 
a point from three mutually perpendicular planes serve to 
determine its position completely. These directed distances 
are the rectangular coérdinates of the point with respect to 
the three planes of reference. 

Let XOY, YOZ, and ZOX be the three mutually perpen- 
dicular planes of reference. They intersect by pairs in three 
mutually perpendicular lines 
OX, OY, OZ. These planes 
and lines are the codrdinate 
planes and axes respectively; 
the point O is the origin of 
coordinates. 

An algebraic number scale is 
attached to each axis, as is done 
in plane analytic geometry, the 
point O being the zero point of 
each scale. The positive direc- 
tion on each axis is indicated by the arrows in Figure 130. 
The units on the three axes are taken of equal length. 

We now proceed to define the rectangular coérdinates of a 
point P in terms of directed lengths on the codrdinate axes 
or on parallels to them. 


283 
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It is clear that the distance from the YOZ-plane to P may 
be determined by drawing through P a plane perpendicular 
to the axis OX; if this plane is cut by OX in the point A (the 
projection of P on OX), the distance from the YOZ-plane to 
PisOA. Let x be the number of the algebraic scale on OX 
corresponding to A. Then z is called the x-codrdinate of P. 
Similarly the y-codrdinate of P is the directed length OB cut 
off by a plane through P perpendicular to OY, and the 
z-codrdinate is the directed length OC cut off by a plane 
through P perpendicular to OC. Thus we have 


w=OAS | oh = OB. 2 =-OC. 


We designate P as the point P(a, y, z). 

If Q is the foot of the perpendicular from P to the XOY- 
plane, that is, the projection of P on that plane, it is evident 
that we may write ‘ 


y= AQ, 2=QP, 


provided AQ and QP are regarded as directed segments whose 
positive senses are the same as those of OY and OZ respec- 
tively. 

It is clear that to each point of space corresponds just one 
set of codrdinates; and to each set of real coérdinates corre- 
sponds just one point. 

For brevity we shall hereafter designate the codrdinate 
axes as the x-axis, the y-axis, and the z-axis respectively, 
and the coérdinate planes as the xy-plane, the yz-plane, and 
the zx-plane. 


128. Drawings for figures. The representation of a three- 
dimensional figure on a plane sheet of paper may be made in 
many ways. The method most generally adopted is shown in 
Figure 130. Though sometimes called a “‘ parallel projection” 
it is not a true projection in the proper sense of the word; it 


is an arbitrary conventional representation. The zy-piane is — 


here considered as horizontal, the other two coérdinate planes 
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as vertical, the yz-plane being regarded as coinciding with the 
sheet on which the figure is drawn. 

The z-axis is represented by a line such that the angle XOY 
is about 135°. The unit on the z-axis is taken as about seven- 
tenths of the unit on OY and OZ. Lengths of two segments 
on the same line or on parallel lines are represented by pro- 
portional segments in the figure. Lines which are parallel 
are represented by parallel lines. 

The position of a point P(2, y, 2) is indicated by drawing 
the dotted broken line OAQP as shown in Figure 130. 


Sec 


EXERCISES 


Draw a figure according to the directions of § 128 for each of Exercises 
1—4 and plot the points indicated. 


1. (3, 1, 4), (4, 3, 1), (4, — 1, 2). 

2. (5, — 2, 4), (— 2, 5, 4), (— 3, 1, 2). 
, 8 (4,2, — 1), (8, 3, — 3), (, 0, 3). 

4. (3, — 3, 3), (— 1,1, — 1), (, — 2, 2). 

5. Draw a figure according to the directions of § 128 in which P is 
so situated that all its codrdinates are positive. By actual measurement 


determine the coérdinates of P, taking the unit on OY as one-half of a 
centimeter (or one-fourth of an inch). 


6. Proceed as directed in Exercise 5, except that P is to be so located 
that its x-coérdinate is negative and its y- and z-codrdinates are positive. 


7. What equation is satisfied by all points of the zy-plane? Of the 
ye-plane? Of the zzr-plane? 


8. What is the locus of points for which both y = 0 and z = 0? 
For which both z = 0 and y = 0? For which both zx = 0 and z = 0? 
For which z = y = 2? 


9. What are the codrdinates of the point symmetric to P(a, b, c) 
with respect to the origin? What are the codrdinates of the points sym- 
metric to P(a, b, c) with respect to each coérdinate plane? (P and P’ 
are symmetric with respect to a plane if the segment PP’ is perpendicu- 
lar to the plane and is bisected by it.) 


10. What are the codrdinates of the points symmetric to P(a, b, c) 
with fespect to each of the codrdinate axes? 
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%y 
Re a Distance between two points. Let Pi(m, y, 2) 
and P2(22, yz, 22) be any two distinct points. Through each 
of them draw planes parallel 
to each of the codrdinate 
planes. A rectangular box is 
thus formed for which P,P» 
is a diagonal. If P,A, P,B, 
P,C are edges of this box 
parallel respectively to the 2-, 
y-, and z-axes, and if the 
fourth vertex of the base is 
designated D (see Fig. 131), 
it is easily seen that we have 


(1) iA = BD=%- m1, a = ¥2— Yy 
P\C = DP, = 2 — z1; 
(2) P,P.’ = P\D? + DP,” = P,D’ + (@ — 2); 
(3) PD? = BD’ + PB? = (a — 1)? + (ye — y)?. 
We at once deduce from (2) and (3) the formula* 
(4) PP = V(x — 1)? + (yw — yw)? +  — 2) 
If P2 is at the origin, (4) becomes 
(5) OP, = Vx +ye + 27. 
130. Equation of a sphere. Let P(x, y, 2) be any point on 


a sphere whose center is Q(a, b, c) and whose radius is R. 
Since the length of QP is R, the equation 


(1) C= a ey sy + fo a 
holds for every point P on the sphere, and for no other 


points; it is an equation of the sphere. If the center is at 
the origin, (1) reduces to 


(2) a+ yte = Re 


Fia. 131 


* The box of Figure 131 flattens to a two dimensional figure if P: and P2 1 


are in a plane parallel to a codrdinate plane, and becomes a line segment if 
P,P; is parallel to a coérdinate axis, but (4) remains true in all these cases. 
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When the operations indicated in (1) have been performed 
and the terms have been rearranged, the resulting equation 
has the form 


3)° #@+y+24+Are+ By+Cz+D= 
where A, B, C, D are constants. Thus every sphere has an 


equation of form (3). The converse is not always true, but 
if (3) is written 


2 2 A? + B+ C2 — 4D 
ET alana (oso) eae 


we see that every equation (3) for which 
A+ BY+ C?-4D>0. 


is an equation of a sphere whose renter is at the point 


(-4 A - A/2, - - BP _ - C/2), and) whose radius Ris given by 
(4) ek | a i ale 2 2 — 4D. 


Example 1. — Find the locus of the equation 
z+ y2+ 2 — 22 + 4y — 8 = 4. 
Solution. — This may be written 
(@ — 1) + (y + 28 + @ — 4) = 25. 
The locus is therefore the sphere whose center is (1, — 2, 4) and whose 


radius is 5. 


- Example 2. — Find the equation of the sphere which passes through 
the points dl, VV, 1); (2, 2, 3), (4, re 2, 2), (0, 0, 0). 


Solution. — Substitute the codrdinates of the given points in equa- 
tion (3); we thus have 


8+A+B+C+D=0, 
“17+2A+2B+4+3C4+D=0, 
21+ 4A—-2B+C+D=0, 
D=0. 
The solution of these equations is A = 1,B = 7,C = —11, D=0. 


Hence the desired equation is 
Pit ee Oo yi gs; 
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We leave it for the reader to verify that the equation to be found can 
. be written in determinant form 


Eli oll pg a x 
NES er Ee ol 1 
eer 2 
44+ (—224+2 4 
OF OF OF 0 


Or WwWrn 
eee ee 
ll 
=) 


EXERCISES 


I 1. Find the distances between the following pairs of points: 
{a) (3, 3, 8) and (0, 0, 0); 
(b) (4, 1, 2) and (4, 0, 2); 
“(c) (3, 1, 2) and (— 3, — 1, — 2); 
(d) (4, 2, 3) and (4, — 2, -~ 3). 
4 } . . . 
‘2. Find the distances between the following pairs of points: 
h(a) (0, 0, 0) and (— 1, — 2, 2); 
(b) (2, — 2, 0) and (2, 1, 0); 
o(c) (2, 6, 9) and (— 2, — 6, — 9); 
(d) (8, 2, 1) and (3, — 2, — 1). 

3. Find an equation satisfied by the codrdinates of every point 
P(z, y, 2) which is equidistant from two given points P;(a1, Ni, 2) and 
P2(x2, y2, 22). Prove from this that every plane has an equation of the 
first degree in 2, y, 2. 

\4, Find an equation of the plane which perpendicularly bisects 
the line segment whose ends are the points (1, — 1, 2), (8, 0, 1). 

6. Find an equation of the sphere whose center is the point (2, 4, 6) 
and which passes. through the point (4, 0, 2). 

6. Find the coérdinates of a point equidistant from the four points 
(0, 2, 0), (0, 0, 4), (— 2, 0, 0), (4, 6, 4). Then find an equation of the 
sphere through the four points. . 

v7. Find the center and radius of each of the spheres whose equa- 
tions are 

(a) a? + y? + 2 — 42 — By + 82 = 7; 
(b) 22 + y?+ 2+ 62 — 8y = 0. 
8. Find the center and radius of each of the spheres whose equations 


are 
(a) 2+ y2?+ 2 — 2y + 42 = 20; 
(O) + y+ 2 + 4x + Qy — 6 = 2. 
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9. Find an equation of the sphere through the points: 
(2, 4, 6), (0, 2, 0), (0, 0, — 4), (0, 4, 2). 
10. Find an equation of the sphere through the points: 
(0, 0, 0), (2, 2, 2), (— 2, 2, 0), (0, — 2, — 2). 


‘131. Direction cosines of a line. Through any point P; 
of a directed line L draw P,X’, P,Y’ , P\Z’ parallel respectively 
to the a-, y-, and z-axes, and 
similarly directed (see Fig. 
132). The angles a, B, y 
which L makes with PX’, 
P.Y’, P,Z’ respectively are 
called the direction angles 
of L. These angles are to be 
taken positive or zero, and 
not greater than 180°. 

The direction cosines of 
the line LZ are cos a, cos 8, 
cos Y, this being the order in 
which we shall always hereafter write them. For brevity we 
shall designate them by 1, m, n, respectively, so that 

l=cosa, m=cosB, n= cosy. 

Let Pi(ai, y1, 2) and P2(x2, y2, 2) be two points on the line 
L whose positive direction is from P; toward P2. By draw- 
ing planes through P, and P, parallel to the codrdinate planes, 
let us form the rectangular box of Figure 132. Since P,A is 
perpendicular to the plane ADP, it is perpendicular to the 
line AP: in that plane. It follows that P,AP> is a right 
triangle of reference for theangle a; hence cos a= P,A/P;P>. 
Similar considerations lead to corresponding expressions for 
cos B and cos y. Thus we have the three equations 


Z| 2" 


Fie. 132 


(1) cos a = fA. cos 6 = ie cos Y = Pic | 
P,P, P,P, P,P» 


From equations (1) of § 129 we have 
P\A = % — X, PiB = y — Y, PiC = & — 2; 
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and let us write, in accordance with formula (4), § 129, 
d= PyP: = V(e2 — mi? + (2 — ws)? + @ — @)* 
By combining these formulas we obtain the following set: 


te — UT pee UL fo — A 
(2) a Sirogers! m= B*, re 
By squaring and adding these last three equations we ob- 
tain the identity 
(3) P+m+r =1, 


The sum of the squares of the direction cosines of a line is 
equal to unity. 

Hence the direction cosines are not independent; when two 
are given the third is determined, except for sign. 


As a special case of formula (2) we note that the direction — 


cosines of the radius vector from the origin O(0, 0,0) to the 

point P(a, y, 2) are 

4 ia = oH = ey Ti 3 
7 r 


where 


In particular, the direction cosines of the positive x-axis are 
t=], m=O) 2=10: 
Similarly, the direction cosines of the positive y-axis are 
1=0, m=1; n=O, 
and those of the positive z-axis are 
C= OS m—n0s). eed 
For configurations in the zy-plane, formulas for three dimensions 
should reduce to those of plane analytical geometry or trigonometry. 
This is often a useful check. For example, we observe that if a line lies 
in the zy-plane we have y = 90°, and 8 = + (90° — a) or 90° + wor 
270° — a; hence 
cosy =0, cos8 = + sina, 
and (3) reduces to the familiar relation 


cos? a + sin? a = 1. 
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438. Direction ratios. From equations (2) of $131 it 
follows that 

(1) T:m:in = (@ — 21): (y2 — ys) : (22 — 21). 

We may state the above formula as follows: 

The direction cosines of a line are proportional to to the pro- 
jections of any segment of that line upon the codrdinate azes. 

This proposition is true no matter which direction on the 
line is taken as positive. 


The proportion (1) is equivalent to two equations of the type 
(2) l _% = v1 


mm 2 ya 
It is to be noted from equations (2) of § 131 that 1, m, or n vanishes 
when, and only when, x2 — a1, y2 — y1, OF Zz — 2, respectively, is zero. 
Hence at least one direction cosine is not zero. We take the two equa- 
tions of type (2) so that the denominators are not zero. 


If a, b, ¢ are any three numbers such that 
(3) lim:n =a:b:e, 


the ratios a:b: care called the direction onratios of thel line whose 


direction cosines jarel, m,n. Ifa, b,c ¢ are given, it is possible - 


to determine l, m, nas follows: Equations (3) are equivalent 
to 


(4) G=7l b=im, ¢= rn, 
where 7 is some constant. If we square and add equations 
(4) we have, since ? + m? + n? = 1, 
V+RP4+ 2 =r + m+ n2) = 7°. 
Hence 
r= +Ve+RP 4+, 


and equations (4) become 


0 ————— en. See 
Va? + Bb? + CF a Eve +R +e 


c 
n= ———— 
+Ve@ipe+e 
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the same sign being used with the radical in the three equa- 
tions. It may be noted that to change the sign preceding the 
radical changes the angles a, 8, y to their supplements; this 
amounts only to a change in the direction that has been taken 
as positive on the line. 

Example. — The direction ratios of a line are 1: —2:4; find its direc- 
tion cosines. 

Solution. — By formula (5) we have 
7 1 ye aed i 4 
#£VEP4+(—2)?+42 +V21’ 


He 
: 


EXERCISES 

In the following Exercises 1-4, find the direction cosines of each of the 
lines through the specified pairs of points. 

A (a) P,(2, 6,0), P20, 2, 4); (b) Pi(2, —4, —4), P2(2, 4, 2). 

2. (a) Pi(—'1, 0,0), P2(1, —1,2); (b) Pi(2, 2, —1), P2(—1, 5, 7). 

18. (a) Pi(0, 0, 0), Pa(1, 1, —2); (b) Pi(0, —1, 2), P2(1, 0, —2). 

4. (a) Pi(0, 0,0), P2(1, —1, 1); (b) Px(2, 0, —2), P2(—2, 4, 2). 

In the following Exercises 5-8, find the direction cosines of each of the 
lines having the given direction ratios. 5 

(B (a) 1:2:—2; (b) 3:0:-4. 

6. (a) 5:—12:0; (6) —1:4:8. 

Ws a) 1201013 (Ob) dated: 

S.Aa) hs 1b) 52050; 

In the following Exercises 9-13 find the direction cosines, and the 


direction angles not specified, when the given relations exist among the 
direction angles. 


(9. (a) a = 60°, B = 45°; (b) a = 135°, B = 90°. 
10: (a) a = 30°; 6B = 90"; (©) a= 1202, (8B = 60% 
1. (a) B = 45°, y = 45°; () a=B=¥. 
12. (a) B = 60°, y = 150°; (6) a = 180° — B = 4. 
18. (a) a = 45°, B = 135°; (b)) a=fh= z. 
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aa Find the direction cosines of the line through the origin which 
makes equal angles with the positive z-, y-, and z-axes and which is 
directed into the first octant (the region where 2, y, and z are all positive). 


15. Find the direction cosines of the line in the zz-plane which bisects 
the angle between the positive z- and z-axes. 

{16. Find the direction cosines of the line in the zy-plane which passes 
through the origin and whose slope is 1/V5. 


17. Prove that if 1, m, m are any three real numbers such that 
P + m + nv? = 1, then there is a line whose direction cosines are 1, m, n. 


133. Parallel lines. If two line LZ; and Lz are parallel, the 
corresponding direction angles are either all equal or all sup- 
plementary according as the positive senses on the lines are 
the same or not. Hence if the direction cosines of L; are 
h, mi, m1, and those of Lz are lz, ms, Ne, we have either 


h La ls, y= ma, = Nay 
or h=-h m=-—-m m= — mM. 
In either case, 

(1) LL: my: m1 = Ip: me: Mm. 


That is, if two lines are parallel their direction ratios are equal. 

Conversely, if the direction ratios of two lines are equal, the 
lines are parallel. To prove this, note that (1) is of the form 
of equation (3) of § 132 if we take 1, m, n as l, mi, m and a, 
b, c as lz, me, m2; hence we may make these substitutions in 
equations (5) of § 132. If we recall that 1,2 + m:? + n” = 1, 
we see that the resulting equations may be written 


h = £4, m = =m, m= +N. 


It follows that the direction angles of one line are either all 
equal or all supplementary to the corresponding direction 
angles of the other line, and the two lines must be parallel. 


134. Angle between two lines. Perpendicular lines. Since 
two lines in space may not meet, we must define with some 
care the angle between them. We adopt the following defini- 
tion: 
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By the angle @ between two directed lines, 1, and Le, we 
mean the angle @ between directed rays Ly’, Le’ whose initial 
points are at the origin, and which are parallel to, and have the 
same positive senses as, Ly and Le respectively. We take 0 as 
an angle not less than 0° nor more than 180°. 


To obtain a formula for cos 8 in terms of l;, m1, 11, the direc- 
tion cosines of Z, (and of Ly’), and of ls, me, ne, the direction 
cosines of Lz (and of Ls’), we pro- 
ceed as follows: Take P; and P: on 
Iy' and L»’ respectively so that 

OP. 1 = OP. oo 1 
Then, by formula (4) of § 131, the 
coordinates of P; are (i, mi, m1), 
and those of P» are (lz, me, ne). 
The Law of Cosines (see page 9) 
applied to the triangle OPP, gives 


(1) P,P. = 1+1— 2 cos @. 


On the other hand we have, from the distance formula (4) of 
§ 129 (page 286), 
(2) Pry = (lk — lh)? + (m2. —m)? + (m — m)? 
= (lk? + m2? + ne®) + (L? + m? + 1) 
— Ahk + mymez + nin) 
=1+4+1 — 24k + mymz + mn). 


From (1) and (2) we derive the formula 


(3) cos 8 = Lk + mm + nim. 


Since cos 0 = 0 if and only if 0 = 90°, we have the fol- 
lowing corollary of the proposition expressed by the preced- 
ing formula (3): 

If the two lines Ly and Ly, are perpendicular, then 

(4) Ll, + mim, + nn = 0, 
and conversely. 
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If a:b:c are direction ratios of Ly, and de: be : c2 are direc- 
tion ratios of Lz, then from formula (5) of § 1382 (page 291) 
and (3) of the present section we have 

Gt sea Oe Ayaz + bib, + cic 
+ Var + be +o? » Var + b2 + o? 
and the lines Li, Le, are perpendicular if and only if 

(4’) a2 + bibe + aie = 0. 


Example. — Determine the direction ratios of a line L which is 
perpendicular to the line LZ; whose direction ratios are 1 : 2:0, and which 
is also perpendicular to the line Lz whose direction ratios are 0: 2: 1. 


Solution. — Let the direction ratios of L be a:b:c. The equations 
(4') which express the fact that Z is perpendicular to L, and Lz re- 
spectively are 

a+2b=0, 2b+c=0. 


Hence 
eae Pa 
(th tog eg ae Nee 
so that 
oebse = — 2:1:—-2=2:-—1:2 
EXERCISES 


-1. Find all groups of parallel lines among the six lines through the 
following pairs of points: 
(a) Pi(2, 4, 0), P2(0, 2, 4); (b) P,(0, 0, 0), Pe(1, 1, 1); 
(c) P,(2, 1, 4), Pa(1, 1, 5); (d) Pil, — 1, 2), P2(O, — 2, 4); 
(e) Pi(0, 0,1), P2Q,1,-—1); (f) Pi(— 1,0, — 1), Pa(1, 2, 1). 
2. Find all groups of parallel lines among the six lines whose direc- 
tion ratios are as follows: 
(a) 1:1:-—1; (6).8s 03-1" (ec) —2:—2:2; 
(dq) —1:-—1:1; (ec) —3:0:—83; (f) 1:-2:-1. 
3. Find all mutually perpendicular pairs of lines among the six 
described in Exercise 2. 
\A. Find all mutually perpendicular pairs of lines among the six 
described in Exercise 1. 
Find the angle between each of the pairs of lines determined by the data 
for the following Exercises on page 292. 
5. Exercise 1, page 292. 
7. Exercise 3, page 292. 


6. Exercise 2, page 292. 
8. Exercise 4, page 292. 


296 SOLID ANALYTIC GEOMETRY 


9. Exercise 5, page 292. 10. Exercise 6, page 292. 


11. Exercise 7, page 292. 12. Exercise 8, page 292. 


13. Find the direction cosines of a line perpendicular to each of the 
lines (a) and (6) of Exercise 1 of the present set. 


14. Find the direction cosines of a line perpendicular to each of the 
lines (e) and (f) of Exercise 2 of the present set. 

(16. Show that the points (0, 1, 3), (— 1, 0, 2), (—1, 1, 4) are 
vertices of a right triangle. Find its area. 

(16. Show that the points (0, 0, 0), (1, 1, — 2), (— 1, 1, — 3) are 
vertices of a right triangle. Find its area. 

(17. Show that the three points (1, 0, — 1), (2, 1, 3), (0, — 1, —5) are 
in a straight line. 

18. Find the direction ratios of a line perpendicular to the plane of 
the triangle of Exercise 16. 

19. Prove that the direction ratios a:b: cof a line perpendicular to 
each of two non-parallel lines having the direction ratios a; : bi: : ¢, and 
2: be: c, are given by the formula 
by Cy 
be C2 


Cy a 
C2 a2 


a:b:c= 


a |: 


a2 by 


20. Prove that if the direction ratios of three lines are a:b; : cy, 
G2: be : C2, Gs: bs : ¢s, vespectively, the three lines have a common perpen- 
dicular if and only if 
a by Cy 
az bz C2 
a3 bs C3 


= 0. 


21. Show how formula (4’) may be transformed into the formula 
mim: = — 1 (page 40) when the perpendicular lines L;, Le, lie in the 
xy-plane. 


22. Show how formula (4) may be transformed into (1), page 40, 
when JL, and J» lie in the zy-plane. 


23. Find the coérdinates of the mid-point of the line segment from 
Pi(ai, yr, 21) to Po(ae, yo, 22). 


24. Prove that if Po(xo, yo, 20) divides the line segment from 
Pi(ai, yi, 2) to P2(ae, ys, 22) in the ratio 1: 72, then 
= Mite M1 | = Ye + Typ | ge = Ah 
rr + 2 ¥ Ti+ 72 rr + 12 


CHAPTER XV 


PLANES AND STRAIGHT LINES 


135. Distance from a plane to a point.* We define the 
normal line ON to a given plane as the line through the origin 
perpendicular to the plane. The positive direction on ON is 
that from the origin toward the plane if the latter does not 
pass through the origin, but is chosen arbitrarily if the origin 
is a point of the ‘plane. 

Let p be the distance OS (positive or zero) on ON from O 
to the plane A BC, and let the direction cosines of the normal 
ON be 1, m, n. Note that 
there is one and only one 
plane with given values of 
p (positive or zero), 1, m, 
and n, provided the lat- 
ter are direction dosines 
(2? + m? + n? = 1). 

The directed distance d 
from the plane ABC to the 
point P(x, yi, 21) is the 
measure of the directed 
segment SR on ON, where 
S is the point at which ON intersects the plane ABC 
and F is the foot of the perpendicular from P; to ON. 
The (undirected) distance from ABC to P; is equal to 
SR =|d|, the numerical value of d. It is clear that dis zero 
if P, is on ABC, that d is positive if. P, and O are on opposite 
sides of ABC, ‘and that d is negative if Pi and O are on the 
same side of ABC. ares SPS 


Fia. 134 


* Compare with § 30, page 73, Distance from a line to a point. 
297 


298 SOLID ANALYTIC GEOMETRY 


We shall now derive the following formula for d: 

(1) d = Ix, + my: + nz — p. 

In the first place, we easily see that (1) is correct if P, is 
at the origin. If P, is elsewhere, take the positive direction 


on the line OP, as that from O to P,, let r: = OP, and let 0 
be the angle between OP; and ON. Then 


(2) p+d =n cos 6. 
The direction cosines of OP; are 
rites eo afte & 
(3) h= Tr m 1 mM rh 
By formula (3), page 294, we have 
(4) cos 6 = Il, + mm + nn. 
Hence from (2), (3), and (4) we have 
= a yn mei. 
(5) pt+d=n(12 + mu +n2) 


We obtain formula (1) by cancelling 7; in (5) and solving 
for d. 


136. Normal equation of a plane. If p, /, m, n are given 
for a plane, then a necessary and sufficient condition that 
P(a, y, 2) be a point of the plane is that the distance from the 
plane to the point, le + my + nz — p (formula (1), § 135) 
vanish. We thus obtain the normal equation of a plane 

(l) ix + my + nz ~ p= 0, 
where p is the distance (positive or zero) from the plane to the 
origin, and J, m, n are cosine directors of the normal ON. 

It follows that every plane has a linear equation in x, y, 2. 


We shall see that the converse is also true, that is, that every 
linear equation has a plane as its locus. Before proving this, 


however, we shall first consider the problem of reducing the — 


general linear equation 
(2) Az + By+Cz+D=0 
to normal form. 
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There is a line whose direction ratios are A: B:C; its 

direction cosines are, from formula (5) on page 291, 
A B 
3 1 = ——__________, = 
I £VA?4+ B40 aid +VA?+ B+? 
C 
+ VA + B+ CP 
This suggests dividing (2) by + VA?+ B?+ C% If we 
choose the + sign so that 
D 


(4) c=. Se ae 
is positive when D ~ 0, we reduce (2) to the equivalent form 
(5) le + my + nz —-p =0. . 
Equation (5) is the equation of a plane in normal form; it 
is the normal form for (2). If D = 0, the + sign to be taken 


_in (3) is determined by the positive direction on ON. 

Since (2) can always be reduced to (5), every linear equation 
has a plane as its locus. 

It follows from the pyeceding discussion that the direction 
ratios of the normal toa plane are A: B:C. 

The rule for finding the directed distance d from a plane 
to a line can now be stated in the following form: 

Reduce the equation of the plane to normal form and substi- 
tute the codrdinates of the point in the expression on the left 
side of this normal form; the resulting number gives the directed 
distance d from the plane to the point. 


n 


Example. — Find the distance from the plane 
32 + 4y +5 =0 

to the point (5, 0, 1). 

Solution. — The equation is reduced to normal form by dividing 
by — V3? + 4 + 0? = — 5. The normal form is 

— 3x — 4y-1=0. 
Hence 
=—-#-5-4-0-1=-4 

The negative sign indicates that the origin and the point (5, 0, 1) are on 
the same side of the plane. 


Xx 


/ 


Xx 
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y EXERCISES 


Write the following equations in normal form; find the distance of each 
plane from the origin and the direction cosines of its normal. 


2. x — 12y — 122 = 34. 
4. 5y — 122 =0. 
6. 2+4=0. 


1. x — 2y + 22 = 3. 
3. 82 —44+5=0. 
5. 8x + l5y = 0. 
} xercises 7-12 find the distance from the plane 
Esti weap decks yeti a point P a and state on which side 
of the plane P lies. 

7. 22 + 4y — 42 =9, P(—1, 1,0). 

8. 12¢ — 3y + 42 = 13, P(0, 0, 0). 

9. 32 — 4y = 10, P(2, — 2, 3). 

10. By + 122 = 26, P(— 1, —2, 0). 

11. 2+ 2y — 32 = 0, P(-1, — 1, — 1). 

19.9e ay = 0, 2) =) 

13. Find the equations of the planes which are at a distance of 
4 units from the origin and perpendicular to the line joining the points 
P,(2, 3, 5), and P2(3, 1, 2). 

14. Find the equations of the planes which are tangent to the sphere 

e+yt+ 2 = 36, 
and perpendicular to the radii whose direction ratios are 2:3: 4. 
15. Find the shortest distance from the plane 
Tx — 24y = 250, 
tc the sphere 
et+yt+e2— w+ 4y = 4. 
16. Find the distance between the parallel planes 
Ba + 4y + 122 = 8, 
6x2 + 8y + 242 = 3. 

17. Find the equations of the planes which bisect the angles between 
a 32 + 4y + 122-13 =0, 7x — 24y + 50 = 0. } 
By showing that their normal lines are perpendicular, show that 
two bisecting planes are mutually perpendicular. 
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18. Find the equations of the planes which bisect the angles between 
the planes 
a—2y+2z=6, 3y —4=0. 


Show, as directed in Exercise 17, that the bisecting planes are mutually 
perpendicular. 


_/187. Angles between two planes. Let two planes inter- 
sect in a line AB. In the respective planes draw AL and AM 
perpendicular to AB. The angles 
between the two planes are LAM 
and its supplement, both being 
taken positive or zero and not 
greater than 180°. Let @ be the 
angle between directed normals to 
the planes. It is readily seen from 
Figure 135 thdt the angles be- 
tween the two planes are @ and 
its supplement. 

If the equations of the planes 
are 


(1) 


Aw + By + Cyz + dD, = 0, 
Aor + Buy + Coz + De = 0, 
the direction ratios for the normals to the planes are, by 
§ 136, Ai: B,:Ci and Az: By: C2 respectively. Hence the 
angles between the two planes are the solutions for @ of the 
equations 
(2) cos 0 = AA, + BiB, + CC, 
+ VAP + BY + CP. VA? + B? + Ce 
The two planes are mutually perpendicular if and only if 
cos 0 = 0, ice., 
(3) A,A, + B,B, + CiC, = 0. 
The two planes (1) are parallel or coincident if and only if 
their normals are parallel or coincident; hence, by § 133, if 


(4) Ai: Bi: C; = A: By: Co. 


Xk a) 


U/ 


, 
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138. Plane through a point and normal to a line. We 
seek an equation of the plane which passes through a given 
point Po(xo, yo, 20) and is perpendicular to a line whose 
direction ratios area:b:c. By § 136, the required equation 
is of the form 

ax + by + cz + D=0, 


where D is a constant to be determined. Since P, lies on this 
plane its codrdinates must satisfy the preceding equation, 
so that 

axy + by) + c+ D =0. 
Substituting the value of D given by this equation in the 
preceding, we obtain the required equation: 


a(x — Xo) + bly — yo) + c(z — %) = 0. 


139. Intercept form. Equation of a plane through three 
given points. If a given plane cuts the codrdinate axes in 
three distinct points, (a, 0, 0), (0, b, 0), and (0, 0, c), then 
a, b, and ¢ are called its intercepts. 

The equation of the plane has the form 


(1) Ax + By+Cz+ D=0. 


Substitute the codrdinate of the points in succession; we 
find that 


Aa+D=0, Bb+D=0, Cce+D=0. 
Hence 
pe ee ewe: eee kc 
a b c 


When A, B, C have been given these values in (1), we trans- 
pose the last term to the other side of the equation and divide 
through by — D. The result is the intercept form: 


ee ee 
(2) hee 


Let us now solve the more general problem of finding an 
equation of the plane that passes through any three given 
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points, Pi(1, 71, 21), P2(a2, y2, 2), Ps(xs, Ys, 2), which do not 
lie on one line. 

The equation has the form (1), where A, B, C are not all 
zero. If we substitute in succession the codrdinates of the 
three points, we have 


Ax, + By, + Ca + D = 0, 
(3) Ax, + By, + Ca + D = 0, 
Az; + By; + Czs + D = 0. 


Since A, B, C art not all zero, it is possible to divide by one 
of these letters and obtain consistent equations in the ratios 
of the other three letters to this one. For example, if we 
divide by A we may have consistent equations in B/A, 
C/A, D/A. We solve for these ratios and substitute in (1) 
to obtain the desired equation. 
The theory of determinants gives us a formula more readily 
written down; it is 
Dee 
DH, 4, “a. 1 
@) Qe Yo e | e: 
Xs Ys 23 1 


To prove that (4) is an equation of the required plane we need 
only note that it is of the first degree * in a, y, z, hence is the 
equation of a plane, and that the determinant in (4) vanishes 
when the codrdinates of Pi, Pe, or P3 are substituted for 
Beane. 
Example. — Find the plane passing through the points (3, 2, 1), 
(5, 0, 2), (0, = 2, 3). 
Solution. — The result of substituting these coérdinates in (1) is 
the system of equations 
34+2B+ C+D=0, 
5A +20 + D=0, 
—-2B4+3C+D=0. 


* The coefficients of x, y, z in the expansion of (4) might all vanish, but 
this can happen only when Pi, P2, P; are on one line. 
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By subtracting pairs of these equations we obtain a pair in A, B, C. 
These can be solved for A/C and B/C, and we can then substitute 
these values in one of the preceding equations and solve for D/C. 
The results are 

A Bra. 

De eee om a 
If we divide (1) by C and substitute the above values for the new 
coefficients we have, on simplifying, the required equation 

y+22—4=0. 
The evaluation of the determinant form (4) is left as an exercise 

for the reader. 


EXERCISES 


Find the angles between the planes of each pair whose equations are 
given as follows. If the planes of a pair are parallel or perpendicular, 
indicate the fact. 


M4. 824+ 4y +122 = 18, 32 — 42 =5. 


2. 2¢+y=2, yt2=3. 

\8% xc+2y—2=4, a—-y—2z2=0. 

4. 2x —y+ 22 =3, — 4x + 2y — 42 = 9. 
\B. 2a + 2y — 4¢ = 1, — 8x — 3y + 62 = 4. 
6 «c—z=0, y=0. 


7 32 + 3y — 8 =5, a— 2y + 22 = 2. 
8. «+ 4y — 8 =0, z=0. 
Find an equation of each of the planes through the following points 
perpendicular to the lines indicated. 
‘9. Point (2, 3, 4); direction ratios of perpendicular, 3 : 4 : 12. 
‘10. Point (0, — 2, 0); direction ratios of perpendicular, 1:0: — 1. 
14. Point (— 1, 2, — 1); perpendicular passes through (3, 1, 1), 
(2, 0, 3). 
12. Point (0, —1, 2); perpendicular passes through (0, 0, 0), 
(1, — 4, 3). 
Find an equation of each of the planes through the following groups of 
three points. 3 
(is. (2, 0, 0), (0, aa dl, 0), (0, 0, 4). 
14. (0, — 2,0), (— 1, 0, 0), (0, 0, —3). 
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4B. ©, 4, 4), (2, 2, 2); (3, 1, 4). 
16. (2, 1, 4), (0, 0, 0), (4, — 8, 2). 
17. (0, 0, 1), (1, 0,0), (0, 0, 0). 
woe — 1; (= 69,9), ee 2, — ©, 


Solve the following Exercises. 
( 19. Find an equation of a plane through the point (1, — 1, 1), and 
parallel to the zy-plane. 
20, Find an equation of the plane through the point (— 1, 0, 1), and 
parallel to the plane x — 2y + z = 0. 
(21 Find an equation of the plane through the point (0, — 2, 2), 
and passing through the z-axis. ; 
22. Find an equation of the plane through the origin, and perpen- 
dicular to each of the planes « — y — z = 0, 2x + 2y = 1. 
23. Find an equation of the plane whose 2z-intercept is a, whose 
y-intercept is b, and which is parallel to the z-axis. 


24. Find the value of cos 6, where @ is an angle between the two 
planes y = mz, y = mr. Find tan @ and compare with formula (1), 
page 40. Explain the similarity. 


(/140. Equations of a straight line. Let Po(Xo, Yo, 20) be a 
point on a straight line whose direction ratios area:b:c. Let 
P(x, y, 2) be any other point on the line. Then, by § 132, 


(1) (a — 20): (y — yo): (2 — 2) = a:b:e. 
This may be written 


X—-—%X Y-Yo_ 2-2 
@) ne is chase oe 
These equations are satisfied by the codrdinates of P if P 
lies on the line, and not otherwise. They are called sym- 
metric equations of the line. 
It should be noticed that there are two independent equa- 
tions in (2), for example, 


© 20 


9! See ee Bir, 04 
(2') a. b b Cc 
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Even if a, b, or c is zero we use the formula (2); but if a, for 
example, is zero, we take the equivalent system (2’) as 


x — xX = 0, yrs 2, 


and if a = b = 0 we take for (2’) 
x—-%m=0, y-y=Q0. 

Each of the equations (2’) is the equation of a plane; 
the locus of the simultaneous equations is the line of inter- 
section of the two planes. 

A straight line is represented by a pair of simultaneous 
linear equations. 

Equations of any two planes intersecting in a given line are, 
taken simultaneously, equations of the line. A line may be 
represented by any one of the infinitely many pairs of such 
equations. 

Equations (2’) are particularly simple in that each equa- 
tion contains only two variables. The first of equations 
(2’) is the equation of a plane through the line and parallel 
to the z-axis. The locus of this equation in the plane analytic 
geometry of the zy-plane is the line obtained by projecting 
the given line on that plane. The plane 

ie g TN es) Re) 
Gwe Ameo 
is therefore sometimes called the plane of projection on the 
xy-plane. Similar interpretations may be given for the other 
equations of (2). 

Let Pi(x1, ys, 21) and P2(x2, y2, 22) be two points of a line. 

The direction ratios of the line are, by § 182, 


(a2 = 21) i (Ye = 41) : (2 7- a). 
Hence, from (2), equations of the line are 


(3) xa yw 7. 
2 1 Yo-y 22 21 


This is the two point form. 
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If, when a, b, and ¢ are given numbers, we let t be the value 
of each fraction in (2), then we may write 


(4) x=x+at, y=y+ Ot, z=2+ct.— 


For each point P the value of ¢ is uniquely determined; but 
it varies with P. Conversely for each value of t there is a 
unique point P(x, y, z), and P varies with ¢. By giving all 
values to t we get all points of the line and no others. These 
equations (4) are called parametric equations of the line, ¢ 
being the parameter. 


Example. — Find equations of the line which passes through the 
point (2, 1, 2) and is perpendicular to the plane 27 — 3y + 4 = 0. 


Solution. — By § 136, the direction ratios of the normal to the plane, 
and hence of the required line, are 2: — 3:0. By (2), required equa- 
tions are 


(5) eG ea 


In accordance with the remarks on (2) and (2’), equations (5) are 
equivalent to 

x—2 -1 

3 -2> and z—2=0. 
The first of these equations is the same as the first of (5); the second 
would be obtained formally from the last of equations (5) by clearing 
of fractions. ‘ 

Parametric equations of the line are 


e=24+%, y=1—-3, 2=2. 


(141. Pairs of linear equations. In the preceding section 


we have remarked that the locus of two simultaneous linear 


equations 
(1) haa =F By + Cyz+ D, 
Age + Boy + Coz + De 


0, 

0, 

is the line of intersection of the corresponding planes (pro- 
vided they intersect). The equation 


(2) ky (Aye + By + Cz “ie D;) 
+ ke Asx + Boy + Cz + D2) = 0, 
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where k, and ke are constants not both zero, represents a 
plane through the line of intersection of the planes (1).* 
Any two different equations (2) taken simultaneously there- 
fore have this same line as their locus. 

In particular we may choose k; and ke so that one variable, 
say z, is eliminated. The resulting equation (2) represents 
a plane through the line and parallel to the z-axis, — it is 
the plane which projects the line on the zy-plane. Thus the 
equations of a line may be taken as those of two of the planes 
which project it on coérdinate planes. The equations (2’) of 
§ 140 are of this type, as are any two of equations (3) of § 140. 

A problem of interest is the reduction of a pair of equations 
(1) to the standard form (2) of § 140. To solve this problem 
we first find the direction ratios a:b:c of the line LZ repre- 
sented by (1). 

Since L is perpendicular to the normal to the first plane, 
of which the direction ratios are A,: B,:C; (§ 136) we have 
(§ 134) 

Aya + Bib + Cre = -()} 


Likewise we must have 
Asa + Bob + Coc =A)" 


We solve these two equations for the ratiosa:6:c. The re- 
sult may be written 


(83) a:b:¢= (BiC2 — BoC) : (C1A2 — C2A1) : (Ai Be — A2By) 


B, C1 Cy Ai A, B, i 
By Ce C2 Ay Az B, 


Having found the ratios a:b: ¢ we now determine a point 
(0, Yo 20) Whose codrdinates satisfy (1).f We can at once 
write down the equations (2) of § 140. 


* The coefficients of 2, y, and z in (2) cannot all cancel out unless the 
planes (1) are parallel or coincident. 

+ This can be done by taking, for example, xo drbieeaxtty and vole 
it for z in (1), then solving for y = yo and z = 2. 
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To reduce (1) to form (3) of § 140, we have only to deter- 
mine two points that satisfy (1) and substitute their coérdi- 
nates in formula (3), § 140. 


Example 1. — Reduce the equations of the line 
2x + 3y —2=0, 
() eee 


38a —y +2 = 2, 
to standard forms. 
Solution. — (a) Equations (3) give 
a:b:c = (8 —1):(—3—2):(—2 —9) = 2: —8:—11. 


To find a point on (4) substitute « = x = 0 and solve for y = yo, 
z= 2. The results are 
aw = 0, yo = 1, 2 = 3. 
With these values for a, b, c, x0, yo, 20, formula (2) of § 140 becomes 
BU Y Sly Ret Be 
6) as Sane 


The direction cosines of the line are 


2 = ae | 
a oh R= —— ae 
+ V150 + V150 + V150 


(b) We have determined one point, (0, 1, 3), of the line. If we sub- 
stitute y = 0 in equations (4) and solve for x and z, we obtain another 
point, (2/5, 0, 4/5), on the line. If we use these two points as (a1, y1, 21), 
(x2, yz, 2), formula (3) of § 140 becomes 


Raya ee 
(6) 2 _ ere ae 


which could be somewhat simplified by multiplying each denominator 
by 5. The result is at once identified with (5). 


(c) In parametric form, equation (4) reduces, through (5), to 

(7) e2=2, yol-—&, 2<=3- 111. 

Example 2. — Find equations of the planes which project the line (4) 
on each of the coérdinate planes. 


Solution. — The required equations are obtained by choosing ky 
and k, in (2) so as to eliminate, in turn, x, y, and z. Thus, to eliminate 
z from equations (4) we take k; = ky = 1 and obtain 


5a + 2y —2 =0, 
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which, interpreted in three dimensions, is the equation of the plane 
projecting the line (4) on the azy-plane, and in two dimensions is the 
equation of the projectedline. The equations in three dimensions of 
this projected line are 
5Sa+2y—-—2=0, 2=0. 
The other required equations are 
lla+2z2-—6=0, lly—5z+4=0. 

Example 3. — Find the equation of the plane passing through the 

point (3, 2, 4) and through the line 
2e+y—z2z=2, 
a+ 2y + 8 =1. 
Solution. — The equation 
(8) ki(2e + y — 2 — 2) + kaw + 2y + 382 — 1) = 0 


represents a plane through the given line; it will also pass through 
(8, 2, 4) if we determine k; and kz so that (8) is satisfied by x = 3, 
y = 2,2 = 4. These substitutions in (8) give the equation 


2k; + 18k. = 0. 


We can therefore take ki = 9, ky = — 1. With these values for ky 
and kz, (8) becomes 
17z + 7y — 122-17 =0. 


EXERCISES 


Find equations for each of the straight lines which satisfy the following 
conditions in Exercises 1-12. 


“4. The line passes through the point (3, 1, 2) and has the direction 
ratios 2:3: — 2. 


(2. The line passes through the origin and has the direction ratios 
8:0:-—1. 


lg. The line passes through the point (0, 0, 4) and has the direction 
ratios 1:0: 0. 


(4 The line passes through the point (7, 2, 1) and makes equal 
angles with OX, OY, and OZ. 


(5. The line passes through the points (2, 1, 2) and (4, — 1, 0). 
(6. The line passes through the points (4, — 2, 0) and 2 — 2, 2). 
7 The line passes through the points (2, 0, 4) and (4,0,4). * 
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& The line passes through the points (0, 1, — 2) and (0, — 1, 2). . 


/9. The line passes through the origin and is perpendicular to the 
plane x + y + 22 = 4. 


dow The line passes through the point (2, 1, 3) and is perpendicular 
to the plane 3x — 2y + 22 = 1. 


ab A segment of the line is the diameter through the point (0, 1, 2) 
of the sphere x? + y? + 2 + 2% + 4y = 9. 


12. The line passes through the point (1, — 1, 3), intersects the 
z-axis, and is perpendicular to the z-axis. 


13. Find parametric equations of the lines in Exercises 1 and 2. 
14. Find parametric equations of the lines in Exercises 5 and 6. 


15. Find parametric equations of the line through Po(xo, yo, 20) 
which has direction cosines 1, m, n, using as a parameter the distance 
s from the point Po(ao, yo, 20) to a variable point P(z, y, z) on the line. 


16) Find the direction cosines of the line 


22 + y+ 22 = 5, 
38a +y+2=0, 
and reduce these equations to the symmetric form. 


17. Proceed as directed in Exercise 16 for the line 
4c —y—2=2, 
12a +y—z2=4. 


18. Find equations of the planes which project the line of Exercise 
16 on the coérdinate planes. 


19. Find the projections on the coérdinate planes of the line of 
Exercise 17. 


20. Find the equation of the plane which passes through the line 
of Exercise 16 and through the origin. 


MISCELLANEOUS EXERCISES 
(1. Find the intercepts of the plane « — y + 22 = 4. 
(2) Find the point of intersection of the three planes 
a+2y—2+3=0, 22-—y+2=11, y—-2+2=0. 
(8, Find the points in which the line 


meets the coérdinate planes. 
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4, Find symmetric equations of the lines in which the plane 
x — y+ 22 = 4 meets the codrdinate planes. 


(6. )On which side of the plane 2x — 3y + 2 = 5 do the following 
points lie: (1, 1, 2), (3, 0, 0), (0, — 1, 2), (2, 0, 2)? 
__—6. Find equations of the planes one unit distant from the origin 
which pass through the line 
{ z—y—z=0 
yte2=3. 
7. Prove that the line of Exercise 6 lies in the plane x + y + z = 6. 


— 8. Find an equation of the plane through the line of Exercise 6 
and perpendicular to the plane « — y + 2z = 2. 


—- 9. Find an equation of the plane through the points (2, — 1, 2), 
(1, 0, — 1) and perpendicular to the plane 3a + y + 2z = 0. 
_—10. Find symmetric equations of the line which passes through the 
point (— 2, 0, 1) and is parallel to each of the planes 
z-—y=0, 2w+y-—2z2=0. 
—11. Find the cosine of an angle between the two lines 


4g —y+2+1=0, eee 
8 —y+1=90, y—z+1=0. 


12. Find symmetric equations of a line perpendicular to each of 
the lines of Exercise 11. 


~— 13. For what value of k do the three points (k, 1, 2), (2, — k, 3), 
(8, — 3, 4) lie on one straight line? 


( 14. Find equations of the locus of a point equidistant from the 
three points (0, 0, 1), (0, — 2, 0), (— 1, 0, 0). 

ify 15. The perpendicular from (2, — 1, 3) to a plane meets that plane 
in the point (— 1, 0,1). Find an equation of the plane. 


© 16. Ifa, b, care the intercepts of a plane, and p is the distance from 
the plane to the origin, prove that 


O 47. Find the perpendicular distance from the point (1, — 1, 1) to 


the line which joins the points (4, 0, — 2), (— 1, 0, 1). 
Hint. Find the point in which the plane through the first given point 
perpendicular to the given line cuts that line. g 
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O 18. Find equations of the line through the point (1, — 1, 1) that 
intersects perpendicularly tne line which joins the points (4, 0, — 2), 
(— 1, 0, 1). 


19. Find the area of the triangle whose vertices are (1, — 1, 1), 
(4, 0, — 2), (eS 1; 0, 1). 


20. Find the volume of the tetrahedron whose base, of area 10, lies 
in the plane 2x — y + z = 1, and whose fourth vertex is (2, 3, 2). 


21. Prove that an angle @ between a line which has direction cosines 
1, m, n, and a plane whose normal has direction cosines I’, m’, n’ is a 
solution of the equation ‘ 


sin 0 = Il! + mm’ + nn’. 


22. Prove that four points (a1, ", 2), (x2, Yr, 22), (as, Y3y 23), (x4, Ya, Z4) 
lie in a plane if and only if 

nu Ym A 

tT Yo & 

Ts Ys 23 

Tr. Ys Bs 


Bee 


23. Write an equation in determinant form which is a necessary 
condition that three planes, no two of which are parallel, whose equa- 
tions are given, have a common line of intersection. 


24, Express in determinant form a condition that three lines through 
the origin with given direction cosines lie in one plane. 


CHAPTER XVI 
SURFACES AND CURVES 


/A42. Equations and loci in three dimensions. We have 
seen that a plane is the locus of a single equation of the first 
degree in three variables interpreted as rectangular codrdi- 
nates. By analogy with the corresponding situation in two 
dimensions we should expect that in general the locus in space 
of an equation other than one of the first degree would be a 
curved surface. This is, in fact, the case, as will be illustrated 
in the present chapter. 

We shall also see that, if they have real solutions, two 
simultaneous equations in 2, y, 2, represent a curve in space, 
the intersection of the two corresponding surfaces. 


(143. Cylinders. It is natural to begin the discussion of 
equations in three dimensions by first considering those in 
which at least one of the variables 2, y, z is missing. We shall 

_see that the corresponding loci are cylinders. 

Consider the locus in space of the equation 

(1) ee = 
Suppose P,(21, y:, 0) is any point which satisfies the equation. 
Then P; lies on a circle in the ry-plane, with center at the 
origin and radius a. It is seen that Q:(a, 1, 2), where 
has any value whatever, also satisfies the equation. By giv- 
ing all values to 2, we get all points on the line which passes 
through P; and is parallel to the z-axis. Hence every point 
on the right circular cylinder whose axis is the z-axis and 
whose radius is a lies on the locus of (1). Also points not on 
this cylinder will not satisfy the equation. The locus of (1) 


is therefore precisely that cylinder. 
314 
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Consider the locus in space of the equation 
(2) x? = py. 


As before, let P:(x1, y1, 0) be a point on the locus; it must lie 
on a certain parabola in the zy-plane. Moreover the point 
Qi(@1, y1, 21), Where 2; has any value 
whatever, also satisfies the equation, 
so that all lines through the points 
of the parabola and parallel to the 
z-axis lie in the locus; and no point 
not on one of these lines will sat- 
isfy (2). The locus is called a para- 
bolic cylinder (Fig. 136). 

In general the locus of an equa- 
tion* 


Fia. 136 


f(a, y) = 0, 


in which 2 is missing, is a ‘surface made up. of straight lines 


in the zy ay-plane whose equation in that plane is f(a, y) = 0. 
The surface is called a cylinder in oy case. The plane 
curve is the generatrix and the lines are elements of the 


cylinder. 
It is obvious that the loci of equations of the forms 


f(, z) = 0, SY, a= 0, 
are cylinders with elements parallel to the y- and 2-axes re- 
spectively. 

Note that planes parallel to the codrdinate planes are 
special cases of cylinders, corresponding to equations in one 
variable only. 

In the following sections we shall consider equations reduc- 
ible to the type f(x, y, z) = 0. To each value of 2, y one or 
more values of z (real or imaginary) correspond, so that the 


loci, if real, consist of one or more surfaces. 


* By f(z, y) we mean an expression in the variables a, y. 
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da, Surfaces of revolution. Consider the locus of the 
equation 

(1) z=av’+ y’) 
where a is positive. The equation in 2, x codrdinates of the 
section of the surface by the zz-plane, is obtained by substi- 
tuting the equation of that plane, y = 0,in (1); the resulting 
equation is that of the parabola z = az*. The section by a 
plane z = 2 parallel to the zy- 
plane, where 2; is positive, has an 
equation obtained by substituting 


Z 
z = 2 in (1); it is a circle Neher 
. 2 = fl, at + ye = a. IN, 


O 
The surface could be generated a 
by rotating the parabola z = az? X, 
about the z-axis. It is called a 
Fig. 137 


paraboloid of revolution (Fig. 137). 
Consider now the locus of an equation of the general form 


(2) i, V2 + y) = 0. 


The section of this locus by the zx-plane, y = 0, is the plane 
curve 

(3) f(z, x) ae 0, Y= 0. 
The section by a plane z = 2 parallel to the zy-plane, is the 


plane locus 
= Zl, f(a, Vx? oF y’) =. 


If this last equation is solved for Vx’ + y’, we get an equa- 
tion, or a set of equations, of the form Vx’ + y’ = constant, 
hence its locus is a circle with its center on the z-axis, or a set 
of circles with centers on the z-axis. The locus of (1) is there- 
fore the surface generated by rotating the plane curve (3) 
about the z-axis. 

By interchanging 2, y, and z in (1) we obtain the equations 
of surfaces of revolution about the other axes. 
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EXERCISES 
Describe the locus in space of each of the following equations. 
at yi 2 
Lat a So ae 
 y-—-2=0 4. 2 =a’. 
5. z=siny. |6. z= log a. 
e+e yt 2 yte2 
ie a iad ale 8. = eater 1; 
9. a? + y? = daz. pn a Ae 
a a 
11. 22+ 7 = sin’ z. 12. Y+2 = 2, 


Find an equation of the surface of revolution obtained by rotating each 
of the following plane curves as indicated. 


8° 2? = 2px about the z-axis. 


14. aoa Ba 1 about the z-axis. 


2 2 
yn = - i =] about the y-axis. 


a’ 
16. z + ate 1 about the z-axis. 
Gs 8 
17. y = mz about the y-axis. 
18. y = sin about the z-axis. 


145. Surfaces. If an equation 
(1) z= f(x,y) 


is such that a real value of z corresponds to each point (2, y) 
of a region R of the xy-plane, possibly including the whole 
plane, then the locus is clearly a surface. Likewise, as noted 
on page 315, an implicit equation 
(2) f(z, y, 2 = 

will have a surface for its locus in the general case in which 
the equation determines one or more real values of z for each 
point (z, y) ina region R of the zy-plane, In the latter state- 
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ment the letter z may be interchanged with x or y. We shall 
consider a number of such equations in the following articles. 

The appearance of the surface can be ascertained by find- 
ing its traces on the coordinate planes, that is, the curves of 
intersection with those planes, and by finding the intersec- 
tions with planes parallel to the coordinate planes. It is 
sometimes useful to test for symmetry of the surface with 
respect to the coordinate planes and lines, and with respect 
to the origin (see Exercises 9 and 10, page 285). In some 
cases it is desirable to find the curves of intersection with 
planes other than those just mentioned. These procedures 
are illustrated in the next few articles, where we discuss the 
loci of certain second degree equations, the so-called quadric 


surfaces. 


146. The ellipsoid. The locus of the equation 
x y’ 4a i 1 
@° ep’ 
is called an ellipsoid.* Its trace on the xy-plane, where z = 0, 
is the ellipse 
a? y 
a BP 
Likewise the traces on the other codrdinate planes are ellipses. 


The intersection with a plane z = 2, parallel to the zxy- 
plane, is, if a? < c’, the plane curve 


= 1, z=0. 


xv y? ae 
py dogs Tt oe? 2= 4. 
The axes of this ellipse are of lengths 2aVc? — a’/c and 
2bVc? — z:2/c, which decrease as 2;° increases; there is no 
real intersection when 2? > c?. 

Intersections with planes parallel to the other codrdinate 


planes are also ellipses. 


* We assume that a, b, c are positive numbers. 
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The surface is symmetrical to the codrdinate planes, since 
the equation is not changed by changing the sign of any one 
of the codrdinates. The surface is shown in Figure 138. 


If a = b ><, the ellipsoid can be generated by rotating 
the ellipse of the za-plane 


ae’ ge. 
about its minor axis. The surface is an oblate spheroid. 


If a> b = ¢ the ellipsoid can be generated by rotating 
the ellipse about its major axis; it is a prolate spheroid. 


147. The hyperboloids. The trace on the zy-plane of the 
surface 


x? 2 z 
(1) ath ant 
is an ellipse, on the zz-plane a hyperbola, and on the yz- 
oe a hyperbola. The plane z = 2 cuts the surface in the 
ellipse 
; Bie 2 2 
atprlt> Z2= 4. 


The axes of this ellipse are of lengths 2aVc + 22/c and 
2Ve2 + 2:°/c, which increase as 2, increases. The plane 
y = y: cuts the surface in the hyperbola 


i Es 
a aa a 
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for which the transverse axis is on the z-axis if yi? < b?, and 
on the z-axis if y? > b?. 

The surface is symmetrical to the codrdinate planes; it is 
shown in Figure 139. It is called the 
hyperboloid of one sheet. This sur- 
face can be shown to be a ruled 
surface, that is, a surface through 
each point of which passes a straight 
line which lies in the surface. In 
fact two such lines pass through each 
point of the hyperboloid of one 
sheet; for example, the plane y = b 
intersects this surface in the two lines 
through (0, b, 0), 


ames 
BO ee ee Fig. 139 
The trace on the xz-plane of the surface 
x y’ 2 
Q, dgtga- ea 
is the hyperbola 
Aig 22 
am eee 


The trace on the yz-plane is the hyper- 
bola, 

y 2 

Piige © 
but there is no trace on the xy-plane, since 
the locus of 


> ak” Fic. 140 


is imaginary. 

A discussion similar to that for equation (1) indicates that 
the surface is as shown in Figure 140. It is known as the 
hyperboloid of two sheets. 
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148. The elliptic paraboloid. The traces of the elliptic 
paraboloid 
2 2 
(1) s-5+5 
on the zz-plane and yz-plane are the parabolas 
2 2 


x 
a= y = 0; 2= 0 z= 0. 


The section of the surface by a plane z = “, where z > 0, is 
the ellipse 
x y? 


oat be, 2= %. 


The lengths of the axes of this ellipse increase indefinitely 


with A. 

The surface is symmetrical with 
respect to the yz- and zax-planes, since 
the equation is unchanged by chang- 
ing the signs of x and of y respectively, 
but it is not symmetrical with respect 
to the xy-plane. In fact there are no 
points on the surface below the zy- Xs 
plane (Fig. 141). 


i 
H 
Fig. 141 


149. The hyperbolic paraboloid. If we change a sign in 
equation (1) of the preceding section, we have the equation 
x? y 
(1) a at ge 
The locus is a surface which is cut by the zr-plane in a parab- 
ola, 2 = — 2?/a?, y = 0, whose axis is the negative axis of z. 
It is cut by the yz-plane in a parabola z = y?/b®, x = 0, 
whose axis is the positive axis of z. The xy-plane cuts the 
surface in two straight lines whose equations are 


322 SOLID ANALYTIC GEOMETRY 


Frid 2 
-o+ 5 =0, 2=0; 
these lines intersect at the origin. The plane z = 2 cuts the 
surface in a hyperbola 


yg? y? 
© eet ay = Bs 2 = 2: 


If 2; > 0 the transverse axis is parallel to the y-axis; if a: <0 | 


it is parallel to the z-axis. The locus is called a hyperbolic 
paraboloid (Fig. 142). It can be shown that this is a ruled 


surface; through every point of it pass two straight lines 
which lie on the surface. 
The locus of the equation 


(2) z= kxy 
is also a hyperbolic paraboloid. To prove this rotate the 2- 
and y-axes about the z-axis through an angle — 7/4 into new 
z’- and y’-axes. The transformation is 
g! + y’ = a’ + y’ 
r= — => 
Sif a v2 


Equation (2) becomes 


kere wigs 


lee ileal 


2 2 
which is a special case of (1). ’ 
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150. The cone. The locus of the equation 
xz ae 
(1) ie ee 


is cut by the zz-plane in two straight lines which pass through 
the origin, O, their equations being 
2 2 
- 2m 0, y=Q0O. 

We shall show that any plane whatever which contains the 
z-axis likewise cuts the locus in two straight lines which pass 
through 0. To do this, we rotate the x- and y-axes about the 
z-axis through an angle 0. The new coordinates of a point 
being zx’, y’, 2, the relation between z, y and x’, y’ is given by 
the transformation (page 147) 

z = 2’ cos 6 — y’ sin 0, 

y = a’ sin 6 + y’ cos 0. 
Substituting in (1), and then setting y’ = 0, we obtain the 
intersection of the zxz’-plane with the locus; we have 


4 (= 6, sin? °) a 
Ei a 


@ te) e"% 
y' — 0, 

which are the equations of two 
straight lines through O. Since 0 
may be chosen so that the za’-plane 
is any plane whatever containing 
the z-axis, we have established the 
proposition which we were to prove. 

A plane perpendicular to the 
z-axis, z = 2, cuts the locus in the 


ellipse 
eo yf a? 
oe 


The locus of (1) is an elliptic cone (Fig. 143) ifa 4b. If 
a = bit is a right circular cone. 
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EXERCISES 


Describe the locus of each of the following equations, and discuss its 
traces on the coérdinate planes. 


Pare ge yy 2 ni 
a pra! or ee ae Rad 
=£4% aoe. 
3 t=EBta 4. =a 2 
Us ee ety #2 
gop y 6 SEP 45-1 
Bayete ee @+y? #2 
te Soy aa} 5 0 
(9% 4a? + 4y? + 92 = 36. 10. 2? = 4(y* — 2%). 
11. + 4y=24 9. (aoa = y— 2. 


Find, by rotating axes in the xy-plane, the type of curve in which each 
of the following surfaces is cut by every plane through the z-axis. 


#¢ oe Se ee aa 
13. G+tRptanl 14. at BR aml. 
2 2 2 
ww. —-5-84+5-1 6 2 = ax? + by’. 


Discuss the following surfaces, specifying their symmetry with respect 
to the origin, the axes, and the coérdinate planes. Describe their traces 
on the codrdinate planes, and their intersections with planes parallel to 
those planes. 

17. v8 + y+ 28 = 1. _ 18. a + yf + a = 25. 

19. ry = 2. , ayz=1. 


(4151. Space curves. The locus of a pair of simultaneous 
equations 
(1) f(a, y, 2) = 0, (2, y, 2) = 0, 


is in general a space curve, the curve of intersection of the 
two surfaces whose equations are (1). Thus the locus of 
the pair of equations 


2 
s5=1, 2=0 
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is an ellipse in the zy-plane; the locus of the pair of equations 
PE ee 2 2 2— Re 
ake eh: eb ye eae, 
is the curve of intersection of an ellipsoid and a sphere, and 
is in general not a plane curve. 
The curve (1) lies on every surface 


kif (x, Y; z) ats kod (x, Y; 2) = 0, 
where k; and ke are any constants not both zero. 
A space curve may be described by a set of three para- 
metric equations 


(2) = fi), Y= fro), @ =fs(t), 
with ¢ as parameter. Corresponding to each value of t, per- 
haps limited to some range of values, there is a point (2, y, 2), 
and as ¢ varies the point describes a curve in space. The 
curve lies on every surface whose equation, F(x, y, z) = 0, is 
obtained by eliminating ¢ from equations (2). 

An illustration is furnished by the helix, the curve of mo- 
tion of a point P(x, y, z) which starts from the position 
(a, 0, 0) and whose projection M on the zy-plane describes a 
circle with uniform angular velocity w, the point P receding 
from the xy-plane at a uniform rate 6, so that z = bt. At the 
end of time ¢ the radius vector OM makes the angle wt with 
the z-axis, and we have x = a cos wt, y = a sin wt. Thus — 
the desired parametric equations of the helix are 


(3) t=acoswt, y=asinwt, 2 = bt. 


This curve lies on the cyclinder zx? + y? = a?. 

If we modify the motion of P in the preceding illustration 
so that M starts at the origin and recedes from it at a uni- 
form rate c while continuing to revolve about the origin as 
before, equations (3) are replaced by the following: 

(4) x=ctcoswt, y=csinwt, z= bt. 

From these equations we find that 
ge yt 2 
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This last is the equation of a right circular cone on which the 
curve (4) lies. Hence this modified helix is called a conical 
helix. 


162. Projection of a curve. Let the equations 
(1) f(z, Y; 2) = 0, o(z, Y; 2) = 0, 


(1’) z=filit), y=f), 2= f(t), 
define a curve C in space. If we eliminate z, or z and t, we 
obtain an equation 

(2) F(z, y) = 0 
which is satisfied by all points of C, and is an equation of a 
cylinder with elements parallel to the z-axis. The curve C 
lies on this cylinder. 

To project a point of the curve C on the zy-plane, a line 
is drawn through the point parallel to the z-axis. This line 
therefore lies on the cylinder (2). The curve obtained by 
projecting all points of C on the zxy-plane is therefore the 
curve (2) (or a part of it) considered-as a plane curve in 
x, y coérdinates. 

Thus the projection of the helix 


or 


x = a cos ut, =asinw, 2 = bi, 
on the zxy-plane is the circle 
e+ y= a; 


on the za-plane the curve 


— We. 
«w = a4 COs if 


and on the yz-plane the curve 
we 
<< 
The projection of the conical helix 
x= ccoswi, y=csnw, z= Ui, 
on the xy-plane is found to be 
(te ae 


= ta 
ove + ¥ ad 


y = asin 
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EXERCISES 
Describe each of the following space curves, giving its projections on 
each of the céordinate planes. 
it cg=?, y=2t, 2=t. 
2. 2=acos0,, y=bsnd, z= cb. 
Soer+yt+e=47, P+y-27=a0% 
4 2+Y¥=2, x+y =z. 


2 
Le 244+ Sel ete team. 
oa 2 
6. yo =1, T=Yy. 


Prove that each of the following sets of simultaneous equations represents 
a plane curve. 


[hi e=t-2, yot+2, z= 8 

8. 2 =cos6, y=sin$, z= sin? 0. 

C8 2@+y¥+2=a v+y—-2=a'. 

10. 2@-2-y=0, #-2-y =0 (two plane curves). 


A 


} Fm pKa - Orne varia 


CHAPTER XVII 
SYSTEMS OF COORDINATES 


153. Translation of axes. If the codrdinate axes are 
moved so that the new origin has codrdinates (xo, Yo, Zo) with 
respect to the first axes, the directions of the axes remaining 
unchanged, the old codérdi- 
nates (a, y, 2) of a point Z Z' P 
P are expressed in terms H 
of the new coérdinates 
(x’, y’, 2’) by the equations 


x= &! +} X55 y =y' + yo, 
Z= 2'+ Z. 


1 
2 


! 
! 
’ 
4 
\ 
' 
' 
i] 
' 
1 


By means of such a transla- 

tion of axes we are some- 
times able to simplify an 
equation and more readily 

to determine its locus; this is illustrated in the following 
example. 


Fie. 144 


Example. — Determine the locus of the equation 
x? — 4y? — 922 + 8y — 362 = 56. 
Solution. — We write the equation 
2 — 4(y* — 2y + 1) — 92 + 42 + 4) = 16, 
and translate the axes, taking the new origin at (0, 1, — 2). We have 
s=e’, yey til, 2z=2 -2, 
and the equation becomes 
gl? y'? 22 = 
16 4 16/9 
The locus is therefore a hyperboloid of two sheets, with center at 


(0, 1, — 2) and semi-axes of lengths 4, 2, and 4/3 respectively. The 


z’-axis cuts the surface. 
328 
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154. General rotation of axes. Let us consider two 
systems of rectangular coérdinates with the same origin O. 
The codrdinates of a point P 
with respect to the first system 
will be called x, y, z, and with 
respect to the second system 
wy’, 2. 

Let the direction cosines of 
the z’-axis with respect to the 
x-, y-, and z-axes be lh, mi, m1. 
The positive x’-axis is the nor- 
mal to the y’z’-plane; hence the 
equation of this plane in the x, — 
y, 2 system is (page 298) 

he + my + nz = 0. 
The coédrdinate x’ is the distance of P from the y’z’-plane; 
hence, by the formula (page 298) for the distance from a plane 
to a point, 


xv’ = he + my + mz. 
We obtain similar equations for y’ and 2’. If lz, me, nz and 
Is, ms, Ns are the direction cosines of the y’-axis and 2’-axis, 
we thus have 


x’ = 1x + my + mz, 

(1) y’ = bx + my + mz, 

Zz’ = 13x + my + n3z. 

These three equations are the equations of transformation 
for a general rotation of axes. The nine direction cosines 
satisfy several equations. First, we have 

lL? + m2? + n?2 = in 
L? + m? +n? = 1, 
Is? + ms? + ns? = 1. 
Since the axes are mutually perpendicular, it follows that 
Lh + mum, + mn = 0, 
hls + myms + mnz = 0, 
hls + mgms + nens = 0. 
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Furthermore the direction cosines of the x-, y-, and z-axes 
with respect to the x’-, y’-, z’-axes are ly, ls, Is, and mm, mez, Ms, 
and m1, N2, 23 respectively. Hence we have 
2+ 12+ 13? = 1, lm + lyme + lyms = 0, 
m2 + m2 + m? = 1, hm + bm + I3n3 = 0, 
nm? + no? + ne? = 1, mn + Mn + M3nz = 0. 
We express the old coérdinates in terms of the new by the 
equations 


= ha’ + ley’ + 132’, 
my’ + my’ + mz’, 
= mea’ + ney! + N32’. 


rnee 
ll 


A rotation of axes changes an equation f(z, y, z) = 0 of 
degree n into an equation F(x’, y’, 2’) = 0 of the same 
degree. This property may be used to prove the theorem 
that every plane section of a quadric surface ts a conic section in 
the general sense of Chapter XII, or a straight line; for we 
may take the cutting plane as the new 2’y’-plane; the new 
equation of the quadric surface is still of the second degree, 
and its section by the plane z’ = 0 has an equation of not 
more than the second degree in x’, y’. In particular this 
proves the statement of page 110 that every plane section of 
a right circular cone is a conic section. 


EXERCISES 

By translation of axes determine the loci of each of the following equations 
1-6. 
a? + 25y? + 2 — 2x + 50y = 10. 
4a? — y? — 922 + 4y + 182 = 4. 
a? + 4y? — 922 + 8x 4+ 362 = 21. 
a+ 422-22 —y = 0. 
w@— 474 8y¥+2=0. 
4a? + 4y? — 2 — 22 = 1. 
7. Show by actual substitution of new codrdinates in place of the 


old that the equation of a sphere whose center is at the origin has the 
same form after a general rotation of axes. 


So PoP r 
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8. Find the equations of the general rotation of axes for which 
lL = 3, m = 3, m is negative, l, = 3, m2 = 3. 

9. Find the general rotation of axes such that the new positive 
z/-axis passes through the point whose old codrdinates were (1, 1, V2), 
the y’-axis through (1, 1, — V2), and the z’-axis through (1, — 1, 0). Use 
this transformation to prove that the surface 2? + y? + 22? + 2zy = 8 
is a cylinder. ‘ 

10. Find the equations of the general rotation of axes for which the 
a'y'-, y'z'-, 2’x'-planes are respectively 
a+2y+2z=0, 2+y-—2z=0, 2—2y+2z2=0. 
11. Use the rotation of axes described in Exercise 9 to discuss the 
1 


section of the cone 2? + 7? = (: = A) by the plane y = z. 

155. Cylindrical codrdinates. Thus far in solid analytic 
geometry we have employed only rectangular coérdinates. 
Another useful system is that of cylindrical coérdinates, in 
which the z-coérdinate is defined 
as in the rectangular system, 
but x, y are replaced by polar 
coérdinates r, 0 in the xy-plane. 
Thus in Figure 146, where M is 
the foot of the perpendicular 
from the point P(a, y, z) to the 
xy-plane, cylindrical coérdinates 
of P are (r, 0, z) as shown. We 
have 


Fia. 146 


r=OM, 6@= ZX0OM, z= MP. 
The equations which express the rectangular in terms of 
the cylindrical coérdinates for Figure 146 are 
(1) <= 7 COSOm aye 1 sin O,. 2 =.2. 
The loci r = a, 6 = 6, z = c, where a, b, c are constants, 
are as follows: 
r =a isa right circular cylinder about the z-axis. 
6 = b is a plane through the z-axis, 
z=c is a plane perpendicular to the z-axis. 
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156. Spherical codrdinates. Another system, that of 
spherical (or polar or geographical) codrdinates, is also il- 
lustrated in Figure 146. Here the spherical codrdinates of 
P(a, y, 2) are * (p, 0, &) where 


p=OP, ZXOM=0, ZZOP= ¢. 


For a point P on the surface of a sphere p = constant, we 
call 6 the longitude and ¢ the co-latitude of P. 

The spherical and cylindrical codrdinates of P are related 
as follows: 


i =Vrt 7 = Peak See ’ 
(1) p ip we a G= 0; cos Vrep 


r = psin ¢, Z=pcos®¢. 
The following relations hold between rectangular and 
spherical coérdinates: 
(2) x=psingdcos0, y=psindsiné, z=pcos®¢. 
The loci p = a, 0 = b, @ = c, where a, b, c are constants, 
are as follows: 


p =a isa sphere whose center is at O, if a is positive. 

6 = b is a plane through the z-axis. F 

@ =c is a nappe of a right circular cone whose axis is 
the z-axis and whose vertex is at O. 


EXERCISES 


Describe the locus of each of the following equations, or sets of equations, 
tn cylindrica: codrdinates; transform to rectangular coérdinates. 


1. r=acos@. Dart m2, 

3. 2 + 2 = a?. 4. 1 = a? cos 20. 

5B. r=a, 0=b. 6. 7 = a, 2'= 5. 

7. § =asin 0, 2 = b. 8 r= a, 0 = bt, z= ct. 


* p is the Greek letter ‘‘rho.”’ 
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Describe the locus of each of the following equations, or sets of equations, 
in spherical codrdinates; transform to rectangular coérdinates. 


“9. p =acos ¢. 10. psin d =a. 

A1. .p? cos 2¢ = a’. 12. p = asin 6 cos ¢. 

AZ. p =a, 0=b. 14. p=a, ¢=c. 

MB. 6 =b, d=. : 16. p =a, p? cos 2g = a’. 

AT. p=at, 0=bt, d=c. 18. psin 6 =a, pcos 6 =bi, 0 =ct. 


Express each of the following equations in cylindrical and in spherical 
coérdinates. 


AX @t+yt2=a’ 20. 22 + y? = a? 
AL, 2=2+ y'*. 22. 2=2. 
(ote te fol) Jaa al 
23. a taal 24. a al 


INDEX 


NUMBERS REFER TO PAGES 


Abscissa, 13 

Addition formulas, 8 

Algebraic equation, 193 

Analytic geometry, 19 
n-dimensional, 20 

Analytic proof, 47 

Analytic solutions, 90 

Angles, between two lines, 40, 294 
between two planes, 301 
positive or negative, 5 

Area of a triangle, 51, 78, 79 

Arithmetic mean, 262 

Asymptotes, 128, 130 
horizontal and vertical, 160 

Auxiliary circles, 138 

Average equations, method of, 257 

Average points, method of, 256 


Bisector of an angle, 75 


Cardioid, 177, 178, 181 
Cassinian oval, 152, 180, 181, 196 
Central type, equations of, 237, 
246 

Characteristic of a logarithm, 4 
Circle, 95-109 

auxiliary, 138 

director, 207 

imaginary, 96 

length of tangent to, 107 

nine point, 109 

of infinite radius, 103 

point, 96 

polar equation of, 105 

three conditions for, 98 
Cissoid, 180, 181, 196 
Co-latitude, 332 
Conchoid, 180, 182, 196 
Concurrent lines, 88 


Cone, 323 
Conic, general definition, 139 
in polar coédrdinates, 139 
through given points, 251 
Conic sections, 110 
Conjugate diameters, 212, 213, 216 
Conjugate hyperbolas, 131 é 
Constants, 16 
Construction of tangent, 210 
Contact, point of, 198 
Coérdinate axes, 13, 283 
Coérdinate planes, 283 
Coérdinates, Cartesian, 22 
cylindrical, 331 
oblique, 22 
polar, 22 
rectangular, 13 
spherical, 332 
Correlation, Pearson coefficient of, 
271 
Cosine curve, 168 
Cosines, law of, 9 
Curve fitting, 254, 255 
Curves, projection of, 326 
space, 324, 325 
Cusps, 194 
Cycloid, 198, 194, 196, 197 
Cylinders, 314, 315 


Damped vibration, 173 
Degenerate, conics, 238, 246 
Degree of an equation, 2 
Descartes, 12 
Determinants, 1 
Deviation, 268 
Diameter, of a conic, 211 

of a hyperbola, 213 

of a parabola, 215 

of an ellipse, 212 
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Diametral line, 212 
Directed line segments, 31, 32 
Direction angles, 289 
Direction cosines, 289 
Direction ratios, 291 
Directrix, of a conic, 139 

of a hyperbola, 133 

of a parabola, 111 

of an ellipse, 122, 123 
Distance, between points, 33, 49, 

286 

from a line to a point, 73 

from a plane to a point, 297 
Dual, 226 
Duality, principle of, 226 


Eccentric angle, 138 
Eccentricity, of a conic, 139 
of a hyperbola, 132 
of an ellipse, 122 
Ellipse, 18, 116, 145, 238 
center of, 119 
constructions for, 136, 137 
major axis of, 119 
minor axis of, 119 
point-, 238 
reflection property of, 209 
standard equation of, 117 
tangent to, 200 
Ellipsoid, 318 
Epicycloid, 194 
Equation of a locus, 151 
Equivalent equations, 182, 183, 184 
Equivalent forms of equations, 65 
Euclid, 12 
Excluded values, 137 
Exponential curve, 171, 172 
Exponential function, 279 


Factorable equations, 163 

Focal radii, 116 

Foci, of a hyperbola, 125 
of an ellipse, 116 

Focus of a parabola, 111 

Folium, 189, 194, 201, 205 


Generatrix of a cylinder, 315 
Graphs, in polar coérdinates, 26 
in rectangular coérdinates, 16 


Harmonic conjugates, 222 
Harmonic division, 222 
Harmonic mean, 223 
Helix, 325 
conical, 326 
Higher plane curves, 196 
Hyperbola, 19, 125, 145, 238 
conjugate, 131 
conjugate axis of, 127 
constructions for, 138, 139 
equilateral, 148 
rectangular, 134 
standard equation of, 126 
transverse axis of, 127 
Hyperboloids, 319, 320 
Hypocyeloid, 182, 189, 195 


Imaginary numbers, 13 
Inclination of a line, 35 
Initial line, 23 
Tnitial side of an angle, 5 
Intercepts, 57, 154, 175, 302 
Intersections, in polar codrdinates, 
184 
of a curve and a line, 165 
of curves, 165 
orthogonal, of circles, 108 
Intrinsic property, 246 
Invariants, 243-247 
Inverse trigonometric functions, 
25 
Involute, 195 


Latus rectum, 114, 119, 127, 202 
Least squares, method of, 260-274 
Lemniscate, 178, 179, 181 
Limagon, 179, 180, 181 


Limit, 198 
Line, equation of, in polar co- 
ordinates, 69 


intercept form, 57 
normal form, 61 
point slope form, 53 
slope intercept form, 57 
two point form, 54 
Line, equations of (three dimen- 
sions), 305-307 
parametric, 307 
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symmetric form, 305 

two point form, 306 
Linear equations, 58, 59 

pairs of, 307 

reduction to normal form, 63, 

298, 299 

Lines, concurrent, 88 

parallel to axes, 52 

through intersections, 83 
Lituus, 180 E 
Loci in three dimensions, 314 
Locus of an equation, 16, 151, 154 
Logarithmic coérdinate paper, 277 
Logarithmic coérdinates, 276, 277 
Logarithmic curves, 171, 173 
Logarithmic function, 279 
Logarithmic scale, 276 
Logarithms, 4 
Longitude, 332 


Normal, 202, 203, 205 
length of, 203 
to a plane, 297 
Normal angle, 61 
Normal equation, of a line, 61 
of a plane, 298 
Normal equations, 267 
Normal intercept, 61 


Observation equations, 258 
Ordinate, 13 
Origin, 13, 283 


Parabola, 18, 111, 145, 189, 272 
axis of, 111 
constructions for, 135 
reflection property of, 208 
semi-cubical, 201 
standard equations of, 112, 113 
tangent to, 200 
Parabolic type, equations of, 240, 
246 
Paraboloid, elliptic, 320 
hyperbolic, 321 
of revolution, 316 
Parallel lines, 39, 40, 86, 293 
Parallel projection, 284 
Parameter, 80, 187 


Parametric equations, 187, 189, 
307 
Perpendicular lines, 39, 40, 87, 294 
Plane, equation of, intercept form, 
302 
normal form, 298 
through given points, 304 
through a point and normal to a 
line, 302 
Plotting, 14 
Point circle, 96 
Point of division, 43, 44 
Polar, 217 
for a conic, 218, 223-226 
for an ellipse, 218 
Polar axis, 23 
Polar coérdinates, 22, 49, 69, 105, 
139, 140, 175-185 
Pole, 220, 221, 224-226 
Pole of polar coérdinates, 23 
Power function, 274 


Quadratic equations, 1 


Radian, 6 

Radical axis, 102 

Radius vector, 23 

Regression, line of, 267 

Residual, 261 

Rose, four-leaved, 177 
three-leaved, 180 

Rotation of axes, 147, 233-235, 329 


Semi-logarithmic paper, 280 
Simultaneous equations, 2, 21, 249 
Sine curve, 168, 169 
Sines, law of, 9 
Slope of a line, 36, 206 
Sphere, equation of, 286 
Spheroid, 319 
Standard deviation, 263 
Standard forms, 52, 229 
Strophoid, 191, 201, 205 
Subnormal, 203, 204 
Subtangent, 203 
Surfaces, 317 

of revolution, 316 

ruled, 320 
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Symmetry, 154-156, 175, 285 Transcendental equation, 193 
Systems of circles, 103 Transformation of coérdinates, 142 
of conics, 249 Translation of axes, 142, 230, 231, 
of lines, 80 328 
Trigonometric curves, 167-170 
Tables, of logarithms, 10 Trigonometric functions, 6, 7 ANSWERS 
of square roots, 10 Trochoids, 194 


Answers to even-numbered problems are not given here. Answers to 
odd-numbered problems are omitted in a few cases where nothing would 
be left for the student to do if the answer were given. Where approximate 


of trigonometric functions, 11 
Tangent, equation of, in terms of | Uniform scale, 276 
slope, 206, 207 


$5 tixale: 200 Varikbicnie results are required, numbers are given to one place after the decimal point 
he curve, 198 Venioai al angle, 23 except in Chapter XIII, and angles are given to the nearest number of 
to a hyperbola, 201 Vertex, of a hyperbola, 127 Rees: 
to a parabola, 199, 201 of a parabola, 111 Page 15 
to an ellipse, 199-201 of an ellipse, 119 : ; 
Tangent, length of, 203 5. (a 2), qd, = 2), (- i; a 2). Na (a) First. (b) Third. 
Terminal side of an angle, 5 Witch, 190, 201, 205 9. (a) A straight line parallel to the y-axis and five units to the left 
of that axis. 
ll. y=-x2. 13. (a, b), (— a, b), or (a, — b). 
Page 20 
1, 3, 5, 7, 9. Straight lines. 11, 18. Parabolas. 
15. Circle. 17. Ellipse. 19, 21. Hyperbolas. 
23. Circle. 25. Ellipse. 
Page 22 
1r=4 y= 3% 2 = 5,y = — 1.5. 
5 c2=2,y=1; andz=.5,y = — 55. 
7. 2=3,y = —4; andz = —14,y = 48. 


9. 2 =2,y=0; anda = 2.5, y = 1.5. 


ll. = 3.2, y=12; 2=3.2, y= —12; = —32, y= 1525 
and z = — 3.2,y = — 1.2. 


13. 2 = —3,y =0; x= —1l,y =5.7; andz = —1,y = — 5.7. 


Pages 29, 30 
7. A: (4, 405°), (— 4, 225°), (— 4, — 135°), ete. 
, B : (1, 820°), (— 1, 140°), (— 1, — 220°), ete. 
C : (2, — 90°), (— 2, 90°), (— 2, — 270°), ete. 
9. A(4.2,4.2), B(4.2, — 4.2), C(— 4.2, — 4.2), D(4.2, 4.2). 
11. A(1.7, — 4.7), B(— 3.8, 1.4), C(0, — 2), D(O, — 3). 
13. A(— 3.5, 2), B(4, 0), C(4.2, 4.3), D(2.5, — 5.5). 
, 1 


ANSWERS 


. A: (2.8, 45°), (— 2.8, 225°). B: 
C : (5, 127°), (— 5, 307°). DD: 
. A: (8, 90°), (— 3,270. B: 
C : (2.7, 292°), (— 2.7, 112°). D: 


(1.4, 315°), (— 1.4, 135°). 
(5, 233°), (— 5, 53°). 

(3, 180°), (— 3, 0°). 

(5.5, 235°), (— 5.5, 55°). 


19. tan 6 = 1, or 8 = 45°. 21. rcos 0 =a. 
23. r(a cos 6 + bsin 8) =c. 25. r = cos 0. 
27. r sin? 0 — 4cos@ = 0. 29. 7? cos 24 = 16. 
31, r? sin 20 = 5. 33. y = (tan 1)a, straight line. 
35. x? + y? = 100, circle. 37. x = 4, straight line. 
39. x + 2y = 4, straight line. 41. 2+ y? = 10y, circle. 
43. 2cy = 25, hyperbola. 45. 22 + y? = 10(y — 2), circle. 
Pages 34, 35 
1. —1,4; — 8, —8; 9,4. 3. —1,-—4; 4,4; -— 3,0. 
5. V17; 8V2; V97. NINA AV 23-8, 
17. Not a rectangle. 19. A rectangle (square). 
Pages 38, 39 é 
5. (a) 1, 45°; (b) — 1, 185°; (c) 3, 71°; (d) 34, 58°. 
Pages 42, 43 
1, 99°. 3. 100°. 
5. A = 45°, B = 90°, C = 45°. % A= STB =) 75°,.C. = 488 
9. A = 99°, B = 49°, C = 32°, 11. m= —3. 
13. m = —1. 15. Not a rectangle. 
17. A rectangle (square). 19. A rectangle (square). 
Pages 46, 47 
1. @) (-4), O(-4£9, ©@-5, @@,-5). 
5. ce $; 4); Ge 6, 5). 7. (0, 2), (= 2, 5). 
9% @, — 4). 11. (tes, waetn), 
3 me 
Pages 50, 51 
5. — 4, —-3. 9. 78°. 
11... (1, 4), (3, 8), c= 1, eF 4). 13. a = $ b= 42, 
16.. 2, — 4. 17. (35, 44). 


com 
SF 
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ANSWERS. 3 
Pages 55, 56 
(a) = —3. 
(a) z+y=0; (b) 22 — 3y — 2 = 0; 
(c) 5 + 4y + 8 =0; (d) x—-2y—5=0. 
(@) t-y=0; (b+) V3z —y+2=0; 
(c) t+y+2=0; (@) V3za++y—2=0. 
(a) y = 0; (b) 7z — 2y —1 =0; 
(c) 8a + 7y + 15 = 0; (d) « =0. 
(a) 4; (6) — $; (c) “3 (d) 0. 
(a) tz—-y+2=0; (6) t+y+2=0. 


(a) t+y—-—3=0; (b) t-y-—8=0. 


Pages 59, 60 
(a) y=—2; (b) y=—z. 


. (Simplest forms) (a) 22 -—y+2=0; (b) 324 2y + 6 =0; 


(c) x — by —4=0. 


Oil, O —1,-1; ©1,-3 OW +h 5 
7 @L-1 ®-1-1; ©4-% @ -§, =e: 
9. y = m(x — a). il. e+y= 6. 
13. tan @ = 7. mie: 
a 
Pages 67, 68 
1. (@)2=0; @e+y+2V2 =0. 
3. (a) 0°, 0; (d) 215°, 1. 
5. (a) 0; OF Ol WF 
7. 5a + 12y — 169 = 0. 9. Distance = 1. 
. 1 r 
11. (a) 32; (b) AL 13. (a) V5; 48,13. 
Pages 69, 70 
1. (a) rsin@ = —1; (b) 0 = tan-4; (c) rcos (0 — 45°) = V2. 
3. (a) rcos?=1; (6) 9 = 3, (c) r(3cos0 + 4sin 0) = 5. 
5. (a) y =2; (b) «-y=0; () e+y—5V2 =0. 
T. 2453p, 9. r (cos @ — 3 sin 0) = 1. 11. -— 1. 


7. 


. (a) e-y—1=90, 


. Center, (1, 1); radius, 5. 
. 82 — by —21=0, 54+ 3y—1=0. 


ANSWERS 
Pages 70-72 (Miscellaneous Exercises) 
z+4y —10=0. 3. $. 
(4, 3). 7. 32 — 2y = 30. 
0, — 48: 11. (— 3, 0). 


5a -y—7=0. 
aty+4v2=0. 


a+ Sy +9=0, 
e+y—4v2=0, 


. (a) 8a —5y+6=0, r+3y4+2=0, 5¢+y-—18=0; 


(b) 8a — 5y — 22 = 0, + 3y —12=0, 52 +y+10 =0; 

(c) Su +38y—7=0, 3a -y—4=0, 22—-10y —2=0. 

4n-—y—3=0, x-—4y—2=0; 

2a + 38y —4=0, 81+ 2y —5=0. 
27. 90°, 45°, 45°. 


OeS=yotT= 0; 


Pages 79, 80 


(a) 12, opposite sides; (b) VY 18, same side; (c) 1, same side. 
14x — 112y + 365 = 0, 642 + 8y — 235 = 0. 
(2V2 — V5)e — (V5 — V2)y + 4V2 + 5 V5 =0. 
2y+5=0, w+y=0, 2x-—y—5=0. 

- 5. 13. 16. 15. 15. 17.-2. 

Pages 82, 83 

Ax + By = 0. 6 ectytk=0. 
2Q2+y+tk=0. 11. y-intercept = 2. 

. Slope = 1. 15. 2¢-—y+4=0. 


. ety—10 =0,27 — 4y=0. 
. ct+2y+10V5 =0, 2+ 2y —10V5 =0. 


Pages 85, 86 
(a) y+ 2xa2—3=0; (6) 54+ 5y — 12 =0. 
by -9=0; 54-—3=0. 
3c — 38y —-5=0, e+y—-3=0. 


A parallel liné whose distances from the given lines are propor- 


tional to the numerical values of kz; and k:, provided Ai = Az. 
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Page 92 


1. (c) and (¢) are parallel; (a) and (d) are perpendicular; (b) is 


9 


perpendicular to (c) and (e). 


Pages 92-94 (Miscellaneous Exercises) 


(a) r—2y=0; (6) 2e+y=0; (c) gv5. 
(a) 9 —y+29=0; (b+) x+9y—15=0; (c) 33V82. 


. (a) tan A =3; (b) (2V2 + V5)2 + (V5 — V2)y = 0; 


(c) area = 6. 


- (a) tan A = — 42; 


(b) (2V5 — 3)z + (4+ VB)y — (17 — 4V5) = 0; 


(c) area = 33. 


. (a) (lL + 22x) + (3 + V2)y — (182 + 14) = 0; 


(6) 7x + y— 58 =0; (c) area = 15. 


- (@) (34+ V2)x + (2V2 — Ly + (OV2 + 2) =0; 


OG) te — Tyi— W210; (c) area = 32. 


.e-y=0, (V24+1ety= V2, 24+ (V24 Dy = V2. 
. e+5y+3=0, T+ 3y—13=0, 8r-y—8=0. 

- (— 3,9), (1,1), (15,38); area = 60. 

. Area = 372, 


21. On the same side. 
y+2=0, 7x — 24y + 50 = 0, 4c — 3y — 10 = 0, 
3x2 + 4y — 10 = 0. 


Pages 97, 98 
(a) 2+ y — 8y — 20 =0; (0) &+y— 1224+ 4y 415 = 
(c) 2+ y+ 6r — 8y —1=0. 
(a) (4, 0), 4 (6) (— 2, 4), 5; 
(d) imaginary; (e) (— 8, — 2), 12 


(c) (8, — 4), point circle; 


. a + yf — We — 4y — 20 =0. 


x — 4y—19 =0. 9. (48, — 28). 


Pages 100, 101 
2+ y — 62 + 10y = 0. 
4x? + 4y? — 79x — 32y + 190 = 0. 
v’+y + 8x — by = 0. 
82? + 8y? + 792 + 32y + 95 =0. 
Y?+y-+t 62+ 8y=0. 


15. 


, LD. 


5. 
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. 3602? + 360y? — 1202 — 1680y + 1441 = 0. 
» P+y—44—4y+4=0. 
. e+ y — 27 — V17)(e@ + y) +: 1815 — Vi7) =0. 


a+ y+ 6x + 8y — 56 = 0. 


. 2+ y? + br — l6y + 48 = 0; 


+o — we — tty — Same = 0. 


- 2+ 4? — Te + by — 14 = 0. 
. Center (0, 0), radius = 4. 


25. Center (42, — 2), radius = 5. 


Pages 104, 105 


. 4a? + 4y? — Or — 25 = 0. 
. (a) 4e+1 =0; 
. (B, 32). 


(b) 4a —6y+3=0; (c) 8a — l5y = 4, 


Pages 105, 106 


- (a) r? — 4r (cos + sin 0) + 4 = 0; 


(b) r =2cos0+2V3 sin 0; (c) r =4 cos 0. 


T 37r 
, (4, 5) 4, 9. (5, 3) 5. 
. (4, 4) 4, 13. (3, 0), 5. 
(10, a 3). 10. 21. V25 — 12V2. 


Pages 107-109 
4x? + 4y2 — 422 + 9y = 0. No. 
2+ y + 382 — 9 =0. 


Pages 114, 115 
(c) VO, 0), F(O, 1). 
(a) V(O, 0), FCG, 0); 
(c) Vo, 0), El 4; 0). 
(a) ¥ = 202; (b) ¥ = 162; 
(c) a = — 16y; (d) 2° = 40y. 
(a) (y— 4)? = 8@ = 2)3 — (b) (y — 4)? = 16(@ — 2). 
1622 — 24ry + Oy? + 72x + 96y — 144 = 0. : 
yf = — 122. 


(6) V(O, 0), FO, — 1); 


ee 
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Pages 121, 122 


ae ae Rages (> 
169 + 14 =? 5. 300 + 356 = 1 
a+ 2. ee 
* for a % 35 + og = 1 
i ; ee le 
31. The ellipse which has the equation 36 +f 27 = 


Pages 124, 125 


a Tee ok 4a 4y* 8 

a I at aioe 3. 305 + 81 =1. 
a, 1607 _ 

5. 576 14,400 — a 
ns ae 1b? 

© gator 4 sige t im * 


9. (+ 4,0), 4, 7 = + 38. 


11. (4 25,0), T=. 18. 0, 44), f y= tH 


Pages 129, 130 


5 z- y =1; F(+v13,0); V(+3,0); latus rectum, s, 
asymptotes, y = + $2- 
2 
7. z-§% =1; F(+6V2,0); V(+6,0); latus rectum, 12; 


asymptotes, y = + 2. 
' 2 ae 4 
9. x -§ =1; F(+2V26,0); V(+10,0); latus rectum, 5} 
asymptotes, y = + 42. 
2 
11. a = 5 =1; F(+2V6 , 0); Vise 0); latus rectum, 144; 
asymptotes, y = + 8x 


13. y E =1; FO,+ V13); V(O, +2); latus rectum, 9; 
asymptotes, y = + jz. 
15. ¥- a =1; FO,+ 6V2); V(@, +6); latus rectum, 12; 


asymptotes, y= +2. 
17. ¥ =1; FO, +2V26); V(0, +2); latus rectum, 100; 
asymptotes, y = = $2. 
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Sed RE pe 9 : 9. 
1% G- Gp = 9G BE V65); VO, +9); latus rectum, 35; 
asymptotes, y = + 82. 


je ae oo & oe a 

21. 36 64 7 23. 9 aah 25. 49 49 = 1- 

¥ Ny. a a Ae 

a7. = 30 =1, 29. 16 5 eon 31. 16 a=) 
Page 134 


7. Positive z-axis through F, perpendicular to directrix; origin 


2 P. j units from directrix. 
Page 141 
8. e = 1; directrix, r cos 0 = 8. 
5. e = 4; directrix, r cos 0 = §. 
7. e=&; directrix, r cos? = — 42. 
9. e = 3; directrix, r cos 9 = — 3. ° 


Pages 143, 144 
1. A(4, 3), B(— 3, —3), C(— 2, — 5). 


3. x2 + y’? = 25. 5. 2’? ate y"? ert 
7 y% = 62. 9. 4c + Oy” = 16. 
11. 162? + Oy” = 49. 13. 9x’? — 4y’? = 36. 


Pages 146, 147 

1. .V(2, 0); F(2, 4); axis, 2 = 2; directrix, y = — }. 

3. V(— 4, — 6); F(— 1, — 6); axis, y = — 6; directrix,x = — 7, 

5. Vertices, (1,1), (— 9,1); foci, (— 4 + $V3, 1); axes, y = 1, 
x = — 4; directrices, = —44+ 1oV3. 

7. Vertices, (1, — 5), (1, 13); foci, (1,4 +6V2); axes, x =1, 
y = 4; directrices, y = 4 + azv/Q. 

9. Vertices, (0, 0), (— 20,0); foci, (— 10 + 10V2, 0); axes, y = 0, 
zx = — 10; directrices, x = — 10 + 5V2; asymptotes, y = + (x + 10). 

11. Vertices, (1, —1), (1, —9); foci, (l,-—5+4V10); axes, 


g=1,y=—-5; Se RE ee } asymptotes, y + 5 


= + 3(74—-1). 


ANSWERS 9 
13. (y — 4)? = + 8(2 — 8). 15. (c& + 4)? = — 8(y — 2). 
17, GH Woe a. 19, GTAP Wa a 
21. e—2F _ y ots . 1. 23. ws = ee i 
- v(- - rs B, (- 4AC ot + 1), 


Pages 149, 150 
1. A(6, 0); BO, — 6); C(3, 3). 
3. A(1 + V3, 1— V3); B(2V3, 2); C(- 1, V8). 
5. A(— 3, —3V3); B(—2+2V3, — 2 — 2V8); 
Ll — 2V3, 2 + 2V3). 
7. x — y? = 36, rectangular hyperbola. 
9. x? + y? = a’, circle. 
11. x? = 25, pair of straight lines. 
13. 2? = — 2py’, parabola. 
15. by? — ax’ = a’b*, hyperbola. 


Pages 152, 153 
1. If A is (7, 0) and BC is « = — 3, the equation is y? = 282, 
parabola. 
3. If the points are (+ a, 0), and k is the constant, the equation is 
P?+y= ; — a’, circle. 


5. If the points are (+ a, 0), and k is the constant, the equation is 
[@+a?+ y¥I][@—-a?+ 7] =k. 


Dey 2)) : 

Wh 0) + > a gag 1, ellipse. 
—_! .. 

9. 16 es 1, hyperbola. 


11. (x + y)? = 8(@ — y + 2), parabola. 

13. 7x2 + 2ay + 7y? — 8x + 8y — 16 = O, ellipse. 

15. 2? — 4ay + y? + 162 — 16y + 32 = 0, hyperbola. 

17. (1 — &)a? + y? + 2epr — ep* = 0, conic section. 

19. (¢ — y)? = — 2(5V2 + 20)(z + y) + (5V2 + 20), parabola. 


10 ANSWERS 
21. The left branch of the hyperbola x? — ¥ = 1, and the right 


2 y od 
branch of the hyperbola iit" i. 


23. 92? — 16y? — 272 — 20y — 236 = 0, hyperbola. 
Page 156 
1. Intercepts, 0,0; symmetrical to origin. 


3. Intercepts, + 5, + 5; symmetrical to origin and both axes. 
5. Intercepts, x = + 2, no y-intercept; symmetrical to origin and 


both axes. 


7. Intercepts, 0,0; symmetrical to z-axis. 

9. z-intercepts, 0, — 1; y-intercept, 0; symmetrical to z-axis. 
11. Intercepts, 0,0; symmetrical to z-axis. 
18. Intercepts, 0, 0; symmetrical to origin. 
15. x-intercepts, — 1, 0, 1, y-intercept, 0; symmetrical to origin. 
17. Intercepts, + V7, + V7; symmetrical to origin. 


, Page 159 
1. No excluded values. 3. N egative values of x are excluded. 
5. Curve bounded by x = — le=9y=-5y=5. 
7. Curve bounded by « = — 627=6y=-4,y=4. 
9. Values of x between — 2 and 2 are excluded. 


11. Values of x between — 4 and 2 are excluded. 

13. Negative values of x are excluded, and values of y < — 4, 
15. Curve bounded by x = — l,z=3,y = —4,y =0. 

17. No excluded values. 

19. Curve bounded by x = — 4,¢=4,y= —V2,y = V2. 


_~ 21. All values of x such that x < — 2, and all such that 1 < 2 < 5, 


are excluded; all values of y between — 4(V7 + 2) and — V7 — 2), 
and all between 3(V7 — 2) and 4(V7 + 2), are excluded. 


Page 167 
1. (3,1). 8. (2+ §V2,— 3 — $v2), (2-—$v2,-34 §V2). 
5. (8, — 3), (— 6, 4). Te (2p 28) 5 (2h ON 8) 
9. (2, 4), (4, 2), (— 2, — 4), (— 4, —2). 


1 6), (6, 1), (— 1, — 6), (- 6, — 1). 
18. (g V2, $V2), (— V2, — $v2). 


ANSWERS 11 


Page 180 
25. 2 +y— 102 =0, 22+ 4 — 10y =0, 
(x? + y?)® = 100(a? — y*)?, x = 10. 
27. (2? + y + bx)? = a(a? + y*), the origin excepted if a> b, 
x(a? + y*) — 2ay? = 0. 
29. (r2 — 2r cos 0)? = 16. 81. (r+ 4 sin 6)? = 4, 


Pages 180, 182 


ee weory | 3. 1? = 2a? cos 20. 

5. r = 2a(1 + cos 8). 7. r? = a?(cos* @ + sin® 6), 
Page 186 

1. (4, 3) (4 5): | 3. (2v3, 3) (2v3, =r). 

5. (1, 3) (1, s) (2, 5) and the pole. 


7. (0.219, 231°), (0.219, — 51°), (1, 180°), (1, 0°), (0.5, 210°), 
(0.5, — 30°), and the pole. 

9 (V2, — 30°), (V2, 30°), (V2, 150°), (V2, 210°), and the pole. 

11. (0.92, 262°), (0.92, 278°), and the pole. 


Page 189 
1. y=3e4+4. 3. 2? + (y — 2)? = 36. 6.3? =a: 
xf = y 1 9. 2? + y® = 8azy. ad) (@ = 45° 


ae 16 
13. Yes, for the example given, but not for some other examples. 


Pages 194, 195 


3at _ _3at?_ 
ds nae Teacge oT ae 
3. c=a0—Isin0, y=a—Icos8. 
5. r = 2a(l — cos 6’), where (r, 0’) are polar codrdinates of P. 


9. x =acos*#, y =asin' 6. 
11. °z = (a+b) cos 6 — Leos “+ 6, 


: b 
y = (a +6) sin 0 —Vsin 2 0. 
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Pages 201, 202 
1. mr = ply+y). 3. ut — yy = a. 
5. mx + yy = ale + 2%). T. axmx + b(my + wx) + cry =0. 
11. (x? — ay:)(e — a1) + (ys? — ami) (y — ys) = 0. 
18. (822 + y:? + 2ax)(x — m1) + 2y(m — a)(y — ym) = 0. 
15. 22-+y+2=0. 17. 22 + Ty = 53. 
19. 3x + 4y = 26. 21. 22+ V5y = 8. 
23. « + 2y — 18 = 0. 
QT. 8a + 2V3y = 24, lz — 12V3y = 56. 


15. 
17. 


Pages 204, 205 
4x — 8y = 0, 29, 5, — 38, 3. 
32 + 2y—51=0, 6V13, 4V13, 18, -—8. 
8¢ — 8y 18 = 0, 3V73, 3V73, —38, 3. 


. 162 + 5y—170 =0, 2281, $V281, 32, — §- 


5a —6y+15=0, §V6l, V6l, — 48, 6. 


.42+y+10=0, 2V17, }V17, 8, —}. 


2 — 38y—28=0, gVvi0, 8V10, 3, — 24, 
22 —y —3a =0, aVv5, 5 V5, — 2a, 3° 
xz + 6 = 0, length of tangent and subnormal do not exist, length 


of normal = 15, subnormal = 0. 


Page 207 
32 + 4y — 25 = 0, 3x + 4y + 25 = 0. 
8a + 4y.— 13 = 0. 
x — y — 2V37 = 0, x—y +2V37 =0. 
2a—y+9V3=0, 2e—-y—9V3 =0 


Page 213 


Page 215 
y = 2, 5& y= —8. 72=8 


ANSWERS 13 


Pages 218, 219 
Polar of A, 32 + 3y = 15; of B, 6a — 5y = 15; 
of C, 4a + 5y = — 25; of D, 4% = — 25; 
of E, 18a — 50y = — 225. 
Polar of A, 32 — 5y = 15; of B, 6” + 10y = 15; 
of C, 62 +5V3y = —15; of D, 42 = — 25; 
of E, — 18a + 50y = 225. 


Pages 221, 222 


(18, 6). 3. (28, ). 5. (292, ba 290), 
(— 2, 8). 9. (— 21, 28). 11. (— 8,0); (— 4,4). 
Pole of y = kis(o, zi of 2 = kis (F 0). 
Page 227 
(18, $). 
Pages 232, 233 
h=-—2,k=1; 22+ y2=8. 


h=1,k=1; v2? — 4y2+6=0. 

h=0,k=—1; 302+ 42'y’ = 2. 

h=4, K=11; 822 — 62’y' + y?+16 =0. 
h=3,k=—1; 2x? — 52’y’ + 2y? —35 =0. 

a’? + 4y = 4; center, (1, — 3); foci, (1 + V3, — 3). 


. 9x’? — y® = 9; transverse axis on y = 1; 


Vis 
directrices, 2 = + aS asymptotes, 92? — (y — 1)? = 0. 


9x + 4y’2 = 36; lines of axes, x —-2 =0,y+1=0; 
directrices, y = — 1 + 2V5. 


Pages 236, 237 


Rs ep zg’ , 
a= tye ae 82" — y2 + Va! — y’) = 4. 
_ da! — 4y/’ _ 4a’ + 3y’, 
= 5 p= 5 , 
— 1222 + 13y” + 82’ — 4y’ = 0. 
Fes at , , 
ee ae Qn" + 8V2y! = 4. 


c= 2 ae tad V2 


14 ANSWERS 
_ 3¢! — 4y’ _ 4a’ + 3y’, 
.o2= aa aie Zi? Me 5 , 
20x’? — 5y" — 62’ — 17y’ = 1. 
32’ — y’ gq! ste 3y’ ; F 
% c= —— yy = ——; 52’? + 45y’2 = 0. 
Saree et ip eee ee 
11. = ae e =1; center, (0, 0); foci, (— V3, V3), (V3, — V9). 
13. y? — 2 =1; directrices, 3c — 4y + §V2 = 0. 
ees ieee 0, 0); 
Ib, age ee eds center, (0, 0); 
vertices, (8V;, 2V 3), (— 3V 3, — 2V3). 
Pages 242, 243 
1. 40/2 + y’2? -—4=0, 3. 42/2 — y’2-—4=0. 
6. yy’? + 42” = 0. 7. g/t — Ay’? = 0, 
9. 2a’? + y/24+4=0. ii. 2/2 = 7'2 4+ 1 = 0, 
13. y’27 —4=0. 15. 16x’ + 7/2 = 0. 
Pages 247, 248 
1. Point ellipse. 3. Ellipse; e = + : 
5. One line. 7. Hyperbola; e = 3V3. 
9. Intersecting lines. il. a+c=0. 
2 —A 
7 at+cYat+c 
17. e= yi - 3, where 7; and 7: are roots of the equation 
2 
7 — (a + c)r — (b — ac) = 0, such that (rn — 72) A > 0. 
Page 253 
1. 2 = $V3, y = —3V8; 2 = — $V3, y = 3V3; 
z= — § y= — 3. All are intersections. 
3 2 =0,y¥=0; x=4, y=+¢. Both are intersections. 
5B e+ yt 4e + 4y —17 =0. 
7 @-—-ayty=4. 
% 2—y+%2¢+1=0. 


2 — Qry + y — 9x + by + 8 = 0; 
+ 2ey+y—2+ 2y =0. 


ANSWERS 


Pages 259, 260 


y = 11.64 — 0.242. 8. y = 11.64 — 0.242, 

= 2 

y = 12822 — 976e + 198 — 15.0 — 0.738 + 0.01442", 
323 

y= 18,974 — 9630 -+ 1924 


1260 = 15.1 — 0.764” + 0.015122. 


. (a) a= 10.76; 10.76; 48.04; 96.84; 172.16. 


(b) a=7.174; 7.17; 28.70; 64.57; 114.78. 


Page 265 


- (@) a= 61.9; o = 208. (b) a = 90.0; o = 1.75. 
; (a) @ = 60.7; “o = 20,2, (b) a = 79.7; o = 8.20. 


(a) a= 61.8; o = 19.4. (b) a = 65.7; o = 1.62. 


Pages 270-272 


_ 1817 — 342 


= hha = 11.01 — 0.2062. 


_ 326,426 + 38,586x 


43,369 = 7.53 + 0.8902. 


_ — 8872 + 12,5497 
~ Seer = — (0.264 + 0.9470. 


PA — O58 1 00TH e = — 0.0307 + 0.006712. 


= 60; y = 0.372; o = 31.6; o, = 0.212; r = 0.9988; 


z 
y = — 0.0307 + 0.006712. 


Page 274 


d = 0.494 — 1.314¢ + 7.532. 


_ — 125,296 + 44522 — 232% 
= 2688 
— 46.61 + 1.6562 — 0.00855722. 


Pages 280, 281 
d = 7.399t!-%9, 3. 7 = 0.0034750!-1354, 
a = (0.08462) (2.820). 
Page 285 
z2=0; ~=0: y=0. 
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Pages 288, 289 


1. (a) V82; (6) 1; (c) V56; (d) V52. 


3. 2(a1 — a2)x + 2(y1 — yo)y + 2a — zz 
= af — oF + yn? — yt + 2:7 — 2,3. 
5. (x — 2)? + (y — 4)? + (2 — 6)? = 36. 


7. (a) C(2,3, — 4), R=6; (b) C(—3, 4,0), R=5. 
9% 2+ y+ 2 — 46x — 22y + 142 + 40 =0. 


Pages 292, 293 


tik es 4 8 
1 le) Sy Ee ae rt Se es: 
eT et ee eel SO ORS PRL | 
+V6 +V6 + V6’ +V18 +V18 + V18 
ie ey ige 3 a4 
5. (a) 3’ 3’ +3) (b) Be 0, Bel 
1 1 1 1 1 
ae -» 0, ——=;} b Se ’ 
earey, akan: igeriacy, aarigt  aRae 
1 1 1 ; 
9. (a) l= > eae, 4 n= +5; y = 60° or 120 
ikaw mate EES GH Shoe 1 
} V2 ’ V2’ a + 
11 (a) 1=0 ee Ae ye oe a= 90° 
: 7 Fi 5 5 
+1 +1 +1 
b) l = == —  fpcecs = car = 54°44’ 
(6) ue ee eras B=7y=54 


or 125°16’. 
13. Of z-axis, 1=1, m=0, n=0. 


Pages 295, 296 
1. (a), (d), and (e); (6) and (f). 


8. (a) and (b); (b) and (c); (6) and (d); (a) and (e); (c) and (e); 


(d) and (e). 


5. oog-1 2 7. cos! st 5 


15 3V3 


4 +11, 
15 


9. cos 


« cog”? 


ANSWERS 


13. i= 


a 
+ V2 
a + y+ ye 
23. a amon aes 
Page 300 
a — fyt+4z—1=0; 1; 4, —%, 4 


omer oe — LOS, 1s) 4, 0, f: 
: we + Hy = 0; 0; tr, +, 0. 
- — 4%; same side as the origin. 


4; opposite side from the origin. 


. 0; point is on the plane. 
. 2— Qy—32z+4V14=0. 15. 4, 


8a + 4y + 122 — 13 _ 4 1a — 2dy + 50 
13 7. 25 


Pages 304, 305 
cos! + 3, 3. 90°. 5. Parallel. 
ea © heel i dy 4: Tiss 


z+y—2z-3=0. 


13..22 —4y+2=4, 
.e+ty=4, 17. y =0. 19. z2=1. 


= Se 
-yt+2=0. ose © A 


Pages 310, 311 
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Pages 311, 313 


f Liat eg =i oe 
L443 ji (Ta 2 O. (F 0, =) (0, aes >). 
5. Below; above; on; above. 9. 5¢ — Ty — 42 = 9. 
11. 2}. 13. k= 1. 16. 3x —y+2z24+1=0. 
| = A BG 
| 17. Bd 19. Ri $8 |-A, Bi | 3 
| As B; C3 


Pages 326, 327 
1. Projection on zy-plane is a parabola; on zz-plane, a parabola; 
on yz-plane, a straight line. 


3. Projection on zy-plane is a circle; on xz-plane, a part of two 
lines parallel to z-axis; on yz-plane a part of two lines parallel to y-axis. 


5. If no two of a, b, c are equal, the projection on each cobdrdinate 
plane is an ellipse. ‘ 


Pages 330, 331 
1. Ellipsoid of revolution. 3. Hyperboloid of one sheet. 
5. Hyperbolic paraboloid. 
a’ ty’ + V22’ a! + y’ — V22! zi —y’ 
= aT aT , y= 8 oe ’ 2 V2 : 


Ca 


Pages 332, 333 
1. Right circular cylinder; a? + y? = 2ax. 3. Sphere. 
5. Line parallel to z-axis. 7. Circle parallel to ry-plane. 
9. Sphere. 11. Hyperboloid of two sheets. 
13. Circle. 15. Straight line. 17. Conical helix. 
\ 19. A+ 2 = ats p =a. 
21. z=; psin ¢ tan ¢d = p. 


Le Nae oe sin? d | cos? d\ _ 
3. ate=h p(t + a )-1 


